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ITPEANUCJIOBUE

Hacrosmas xkHura npeacTapiseT cCOOOM 3alKMCKE CEMECTPOBOIO KypCa
JEKIIAU [0 CIEKTPAILHON TEOPUHU, IPOUIUTAHHOTO aBTOpoM B HezaBucumom
MOCKOBCKOM yHuBepcurere B BecenreMm cemectpe 2003 r. Ilomumo marepua-
JIa, U3JIAraBIIET0Cs Ha JEKIUAX, B TEKCT BKIIOUEHO TOKA3ATEIBCTBO TEOpe-
MBI O KJAACCH(PUKAIINN TIPEACTABIEHNN KOMMYTATUBHBIX C*-a1reGp B cema-
pabembHBIX MMIBOEPTOBLIX MPOCTPAHCTBAX (Ha JEKIUAX DTa TeopeMa ObLIa
chopMyaupoBaHa 6e3 JOKA3aTENIbCTBA U3-33 HELOCTATKA BPEMEHN).

OCHOBHOW HIPUHINII, KOTOPOI'O MBI CTAPAIACH IPUIAEPKUBATHCA B HTUX
JEKITAX, COCTOUT B TOM, YTOOBI PACCMATPUBATE JTUHENHBIE OMEPATOPHL KaK
TIPEACTABIEHNA DABIUIHBIX Aaredp, COCTOAMMNX u3 (HYHKIIUU, ONPETETeH-
HEIX Ha TOXOJAINX TOJIMHOXKECTBAX KOMILVIEKCHOU IIOCKOCTHU (WaM, 9TO
SKBUBAJEHTHO, KaK MOAyau Hajg stumu aarebpamu). Taxou amreGpaumde-
CKUU TOAXOJ K TEOPUHU OMEPATOPOB 3a4aCTyIO MO3BOAAET G0Jee HATJLALHO
IpPEeICTaBUTE ce6e MeOMETPUIECKYIO KAPTUHY, CTOSMILYIO 34 TeM WA WHBIM
omepaTopoM, femaeT GOPMYJUPOBKN M AOKA3ATENHCTBA MHOTUX KJIACCHIe-
CKUX DPe3yJbTaTOB 0oJee MPO3PAYHBIMU U KOMIAKTHBIMH M, B KOHEYTHOM
UTOre, OTKPBIBAET IMIMPOKNE BO3MOXKHOCTH [JIA PABIUIHBIX 000OIIEHNN —
B TOM YHCJE Ha MHOTOMEPHBIN ciaydau. B kadecrse npumepa 3pdeKTUBHO-
CTU yKa3aHHOrO 1oaxoaa ormeruM reopemy [lx. Taunopa (cm. [45]) o roao-
MOPQHOM HUCIUCAEHAN OT HAGOPA KOMMYTHUPYIOIIMX OIIEPATOPOB HA UX CO-
BMECTHOM CIIEKTpE (CaMo OmpeeleHne KOTOPOro TaJeK0 He OUeBUIHO U TI0-
TPeGOoBaJO PA3BUTHUA AJEKBATHON aarebpandeckon TexHuku). Jpyron He-
JABHUU [IPUMEP — y2Ke U3 TEOPUH «OLHOr0 omeparopar — pemenue 2K. ITu-
3pe (cM. [44]) usBecTHon npoGaemsbr I1. Xanvoia 0 TOM, BCAKME U LOLM-
HOMUAJIBHO OrPAHWYEHHBLIM ONEpaToOp B 6AHAXOBOM MPOCTPAHCTBE II0I00eH
cxaTuio. [Ipn perennu >Ton TpPOGIEMBI CYIIECTBEHHO UCTIOIB30BAICA TOT
dbaxT, 9TO TOTMHOMUATLHO OT'PAHUIEHHBIE OIIEPATOPHEL — DTO TO Ke CaMoe,
4TO MpeCTaBICHAA JUCKOBON anre6prr <7 (D), B TO BpeMa Kak OmepaToph,
NOAOGHBIE CKATHUIO, — 3TO B TOYHOCTU TAK HA3BIBAEMBIE BIIOJHE OPAHU-
YEHHBIE MPEJCTABICHUS 3TOU aareOphl.

Bnpotewm, Bce 5Tr HegaBHME PE3YIbTATHI B KHUT'Y IO TTOHATHBIM TPUTIH-
HaM He porm. Hama 6osee ckpOMHas 11elb COCTOUT B TOM, ITOOBI MTO3HA-
KOMUTD YATATENS C KIACCHIECKIMU PE3YIbTATAMU CIEKTPAJLHOU TEOPUN
(mostyueHHBIMU B [IepBOU HOAOBUHE XX B.), UCHOAL3Ys [P DTOM COBDEMEH-
HBII A3BIK ¥ COBPEMEHHYIO TEePMUHOJOIUIO, U IOATOTOBATDH €0 T€M CaMbIM
K BOCIIPHUATHUIO O0OJ€e CIIENMAILHON JUTEPATYPLI IO TAHHOMY IPEIMeTy.



IIpeguciosue 7

[maBHBIM MHCTPYMEHTOM, MO3BOAAIONIMM CMOTPETh HA JUHEUHBIE OIE-
pPaTOpPHL KaK HAa NpeIcTaBleHus (MYHKINOHAJILHBIX aJredp, ABIAIOTCA BCe-
BO3MOXKHBIE TE€OPEMBL O (DYHKIMOHAJIBHBIX NCIUCICHUAX — [OJOMODPGRHOM,
TVIAKOM, HEITPEPHIBHOM, OOPENTEBCKOM U T.M. deM 6omee 6OTATHIM (DYHK-
IUOHATBHBIM HMCUMCJIEHUeM O0JafaeT OmepaTop, TeM OH WIYUINey ¢ TOYKH
3PEHUA CIIEKTPATLHOU TEOPUM. B 3TUX JEKIUAX MBI CTAPAIUCH IO BO3MOXK-
HOCTH IBUT'ATHCA B HAIPABIEHNN YOBIBAHEA OOMIHOCTH — OT TEOPEMEL O T'O-
JOMOP(QHOM HCUUCICHUY, CIPABEIIUBOA I JI000r0 OMPAHUYEHHOIO OIle-
paTopa B 6aHAXOBOM MPOCTPAHCTBE, 10 TeopeM 0 6opereBCKoM u L°°-uctn-
CIEHUAX M HOPMAJBLHOT'O OMEPaTOpa B MMILOEPTOBOM TPOCTPAHCTRE.

IMocnemuue Tpu TIABBI TOCBAMIEHB OJHOMY M3 OCHOBHBIX DE3YJBLTATOB
KJIACCUYIECKON CIEeKTPAJBLHOU TEOPUU — CIEKTPAJILHON TEOPEME IJd HOp-
MaJIBHOI'O OIIEPATOPA B €€ Pasan<HbIX hopMmyaupoBkax. B wacTroCTH, B 110-
CIeTHEN TJIABE, MOCBAMIEHHON TEOPUU KPATHOCTH, MBI OOCYXKIAEM TCeoMe-
TPUYIECKYIO MOJEIb HOPMAIBLHOTO orneparopa (uwim, 6omee o6muM 06pasoM,
TUILGEPTOBA MOAYJA Hal KOMMYyTaTUBHON C*-aireGpoln), ONpemeaieMyo
B TEPMUHAX U3MEPUMBIX I'MIBOEPTOBLIX PACCAOEHUN (T.€. U3MEPUMBIX 110~
Jell ruiIb0epTOBLIX IPOCTPAHCTB) U UX IPAMBIX UHTEIDAJIOB, U JAeM IOJ-
HYO KAACCUPUKAIUIO TAKUX OMEPATOPOB € TOYHOCTHIO 10 YHUTAPHOU SKBU-
BAJEHTHOCTH.

IMoMuMo TeopeM 0 PYHKITNOHATBHBIX UCIUCICHUAX U CIEKTPATILHON Te-
OPEMBI, COCTABIAIIINX AAPO KYyPCa, MBI TAKKe BKIIOYUMIN B JEKITUU PA3HO-
06pasHBIll MaTepual, HeOOXOAUMBIN (& MHOr4a GOPMAIBLHO He sBJISIOMIUICS
HEeOOXOAUMEIM, HO [IOJ€3HBIN) Ajs1 NOHUMaHusa >Tux TeopeM. K rakomy ma-
TepHuaLy OTHOCATCSI 6a30BbIe CBeaeHus 0 6aHaxoBeIX u C*-anrebpax u crek-
TPax UX BJIEMEHTOB, TOJMHOPMUPOBAHHBIX (T. €. JOKATbHO BBHIMTYKJIBIX) TIPO-
CTPAHCTBAX U aaredpax, KAaTeropuax u GpyHkKTopax u T. A. [lpuammn, koTo-
PEIM MBI PYKOBOJCTBOBAIUCH IIPU OTOOPE DTOIO MATEPUAIA, COCTOAL B TOM,
9TOOLL He XXKaleTh BPEMEHH U MeCTa Ha 00ImeMaTeMaTuIeCKue KOHIEIIN,
HCIONB3yEeMEIe 10 XOLY Aedd, MOCKOAbKY OHH 339aCTyI0 IIOMOTAIOT BUIETH
TO 00IIee, ITO €CTh B PA3HBIX 00JACTAX MATEMATUKH.

AsTop BEIpakaeT nybokyo OrarogapaocTs A. f1. XeseMckomy, HayIuB-
meMy ero GYHKINOHAJLHOMY aHAIN3Y U MHOTUM IPYIUM BEIIaM U JI00e3HO
IPEeIOCTABUBIIEMY B PACIOPAXKEHNE aBTOPA 3aIUCKWA CBOUX TOIJa elle He
O1y6JIMKOBAHHEIX Jekuul [30], KoTopble ObLIKM CYyLIeCTBEHHO UCIOIb30BAHEL
TpU TMOATOTOBKE JAHHOTO Kypca. ABTOD Takke TPU3HATENEH BCEM CBOUM
CTYIIATEIAM 33 BHUMAHWE, TTPOABJICHHLIN WHTEPEC, TEPIEHNEe U O/ IePiK-
Ky. JIroObIe 3aMeYaHus 1 TPEIOKEHNS 110 TIOBOAY COAEPKAHUI KHUTU Oy Iy'T
¢ 6JAaroJapHOCTLIO MPUHATHL IO agpecy pirkosha@yahoo. com.



1. BBEAEHUE: 3AJAYA O ®YHKIIMOHAJIBHOM
NCYUCJIEHUN

Bo mHOrux o61acTax MaTeMaTUKH U MATEMATHIECKON (PU3UKU [TPUXO-
IUTCA UMETh AeI0 ¢ (PyHKIUAMYA OT JUHEMHBIX OMepaTropos. BoT mpocren-
IIIIW TIPUMEP, 3HAKOMBIM BaM CO BTOPOTO KypCa: YTOOBI PeriaTh CACTEMEI
JUHENHBIX AP EPEHITNATLHBIX YPABHEHUN, TTOJE3HO YMETh OpaTh DKCIO-
HEHTY OT omeparopa. JIpyrol MCTOYHUK TAKUX 3a4a4d — KBAHTOBASA ME-
XaHuKa. B MaTeMaTu4ecKou MOJEIN KBAHTOBOU MEXAHUKU, [IPEII0KEHHON
¢on Hoimanunom B 30-x Ir. IPOILIOrO BEKA, JUHEHHBIE ONEPATOPHI UI'PAIOT
POJL HAGMIOAAEMEIX (T. €. TeX WM UHLIX (PU3NIECKUX XAPAKTEPUCTUK UCCIe-
IYEMOU CHCTEMBI, KOTOPHIE MBI XOTUM U3MEPUTH, TAKUX KAK KOOPJAUHATA,
UMITYJIbC, SHEPTUA U T. 11.) JacTo 6BIBAET TAK, 9TO O4HA HAGIIOT1aeMAs ABJA-
ercsa QYHKIUEN OT APYrOM WM HECKOJIbKUX APYruxX (HaIpUMep, SHEprus
BLIPAKAETCA 4epe3 KOOPAUHATY U UMIYyJAbC). Bor u npuxomurcs noxcra-
BJATH B Ka4eCTBE apTyMeHTOB (DYHKIIUY He UCAa, a onepaTopsl. OcHOBHAA
CIIOXHOCTH B TOM, 9TO OTEPATOPOB OOBIYHO HECKOIBKO U OHU HE KOMMYTH-
pytoT. Mer 6ynem uMeThb Aed0 ¢ PYHKIUAMEA OT OJHOTO OTIEPATOPA; HO YIKe
U B 5TOM CJIy9ae, KaK Mbl BCKOPE YBUAMUM, €CTh MHOT'O WHTEPECHBIX 3a1ad4.

loBopsi HecTporo, 3agada 0 (PYHKIUOHAIHLHOM WCYUCICHUA COCTOUT
B TOM, YTOOBI HAYIUTHCs IPUIABATE cMblca Berpaxkenuto f(T), rae T: E —
— F— IMHeWHBIN OmepaTop B KOMILIEKCHOM' JMHEHHOM MpPOCTPAHCTBe I,
a f— Qyukuma, 3ajaHHad HA KAKOM-TMOO TMOAMHOXKECTBE KOMILIEKCHOU
TIOCKOCTH.

Ber, KoHEUHO, XOPOIIO 3HAETE, YTO OT JIO0r0 JUHEHMHOT'O OIEPATOPa
MOXKHO «6paTh MHOrOwIeHbh: ecau p € Ct] — muorounes, p(t) = a,t" + ...
...+ a1t + ag, To p(T) —>T0 omeparop a,T" + ...+ a1T + aplp (3mecw
u panee 1p— ToxkpecTBennbin oneparop B F). Kakue eme Gyrkmum MoxHO
opate or 17 YT0oOB paszsobpaThbCa B DTOM BOMPOCE, MOCMOTPUM HA ABA
MPOCTHIX, HO BaXXKHBIX IIPUMEPA.

IIpumep 1.1. llyctes £ = C", u nycts oneparop T 3anucbiBaeTcs B Ka-
KoM-160 Gasuce IUMAarOHAALHOU MATPULIEH:

A1 0
T= .
0 An

1B ranbHefmenm Bce COGBLITHA Gy [y T PA3BOPAMHBATLCA HA,L HOJEM KOMILIEKCHBIX “THCEL.
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Jlerko nposeputsh, ¥To musa aro6oro Muorowrena p € C[t] oneparop p(T)
3alMCLIBAETCA B TOM 2Ke Oa3uce Tak:

(A1) 0
p(T) = -
0 p()‘n)

IIpaBas vacTh moCJeqHErO PABEHCTBA MMEET CMBICH, €CJAU BMECTO MHOI'O-
WIEHA P B HEe MOACTABUTL JO0YI0 PYHKINO f,— JIUIIL 6Ll OHA ObLIA OLmpe-

OEIEHA B A1, ..., Ap. llodTOMY mis sroboro nogmuoxkectsa M C C, cogep-
KAIMIETO Af,...,An, 1 Jooon ¢pyukmun f: M — C MOXHO IOJOXKUTHL 70
onpedenenuio
f(A1) 0
f(T):=
0 f(An)

Kakumu cBouicTBaMu 06Ia0a€T MOCTPOEHHOE «PYHKIMOHATLHOE KUCYIHU-
CJIEHUuEe» OT T, nMeeT JA OHO IIPAaBO TaK HA3BIBATHCA X ITO CJIEeAyeT Ha3bIBaThb
QYHKINOHAILHEIM UCIUCJACHHEM B OOMIEM cay4dae (T.e. MU TPOU3BOJIBLHO-
ro T)? O6IenpuHATHHT MOAX0I K MOHATHIO (hyHKINOHATLHOTO UCIUCICHUA
BHIVIAAUT caeayiommM obpasom. Q6osHadnm 4depes £ (E) mpocTpaHCTBO
BCEX JIUHENHBIX OMEPATOPOB, IEUCTBYIONMX B K, 1 paccMOTpUM 0TOOpaXKe-
uwe v, : C[t] — Z(F), conocrapiusmomniee KaxxI0My MHOIOIEHY D OIIEPATOD
p(T). DT0 0OTOGpAKEHNE HABBLIBACTCA NOAUHOMUAAL HbLM UCUUCAEHUEM OT T
OueBngHO, OTOOPAKEHHE Y, 00IALAET CIETYIOMNMA CBOUCTBAMMU:

1) vy, AuHENHO;

2) 1 (f9) = (f)p(g) A1 moberx f, g € Ct];

3) (1) = 15;

4) vp(t) =T (rze t € C[t] — «uesaBuCcuMasA HepeMeHHA ).

YenoBusa 1)—3) 03HAYAIOT B TOYHOCTH, €UTO 7y, — FOMOMOpPGU3M atredp,
a ycaoBue 4) OJIHO3HAYHO OnpeneaseT >ToT roMmoMopdusm. [Ipocrenumin, HO
BECHMA, TIOJIE3HBIN TPUHIINIL, JCXKAIMUA B OCHOBE ajre0panmIecKoro moaxona,
K TEOPHH OMEPATOPOB, COCTOUT B CICAYIOIEM.

3adame aunetinvii onepamop T: E — E —smo ece pasno, umo 3adamp
2omomoppusm Clt] — Z(E).

B camom gerne, kax e onepatop T 3agaet romomopdusm vy, : Clt] — Z(E),
u o6paTHO, mobon romoMopduaM ¢: Clt] — £ (E) apiseTcs MOIMHOMUATL-
HBIM ucHucjaenueM ot oneparopa 1 = ¢(t).

Teneps MBI MOXKEM CHOPMYJIAPOBATHL 33434y O (PYHKIIHOHAJILHOM KC-
gncaenun 6omee crporo. Ilycts M C C, u mycts A — xaxas-qu6o aaredpa
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dyuxuuit Ha M (OTHOCUTEIBHO IOTOYEUHBIX ONEPALH ), COAEPKAIIAA OTPa-
Hudenus Ha M Bcex muorourenos. O6osuadum gepes r: C[t] — A romomop-
dusm orpammaenus: r(p) = ply. 3amgada 0 QYHKIMOHATEHOM WMCIUCTEHUN
CTAaBUTCA TaK.

Cywecmeyem au eomomopduzmya: A — L(E), deaarowui duaepammy

Clt] — 2= Z(E) (1.1)

KOMMYMAMUSHOU?T

O6osuauum uepes F'(M) anrebpy BCeX KOMILIEKCHO3HAMHBIX (DYHKIIAN
na muoxecrse M C C. Peayabrar, nomnydennnin B mpumepe 1.1, Temepn
MOXKHO nepedOpMyIMPOBATE CIEAYIOMEAM 0OPAa3OM.

Mpegnoxenne 1.1. [Tycms E = C". IIpednoaoscum, umo onepamop T €
€ Z(E) 8 nexomopom 6asuce 3anuchiéaemcs Ouaeonaabnoti mampuyet
C WUCAAMYU A1, ..., N, Ha Jua2onasu. Toeda das a106020 MHOMNCECTNEA
M C C, codeprcaweeo Ay, .. ., Ay, 3adaua (1.1) paspewumna das A= F(M).

Ynpaxuerue 1.1. Hokaxwure, aTo ycaosme M D {\1,..., A\, } HE TOTBKO
JOCTATOYHO, HO N HeOOXOAUMO 47151 pazpenmmoctn 3aga4n (1.1) ¢ A=F(M).

MuoxectBo {A1,...,A,}, durypupymomee Bblile, — 3T0 He 4TO UHOE,
kak cnektp o(T) omeparopa T. HamoMHUM, 9TO cnexmpom JMHEXHOTO
onepatopa 1T € Z(F), IeUCTBYIOIIETO B KOKEUHOMEPHOM BEKTOPHOM TIPO-
CcTpaHCTBe F, HA3BIBAETCA MHOXKECTBO €r'0 COOCTBEHHBIX 3HAYMEHUH, T. €. Ta-
kux yucena A € C, ywro T'r = Ar 114 HEKOTOPOIr'o HEHYJIEBOIO BeKTopa x € E.
([Jas n1pousBOJABHOIO BEKTOPHOI'O mpocrpancrsa E cuekrTp ounpenessercs
no- ApyroMy; 06 5ToM — 9y Thb mo3xke.) CUTyanus, ONMUCAHHAA B IIPEIIOKE-
Huw 1.1 u ynpaxserun 1.1, COBEPIIEHHO TUTTUYHA A TEOPUU OMEPATOPOB;
OHA YKA3BIBAET HA B3AMMOCBA3L MOHATHHN CIEKTPA U (HYHKINOHATLHOTO UC-
YUCACHUSA. Y TBEPKACHUA TUINA «Makot-mo onepamop T obaadaem @ynk-
YUOHAALHBIM UCUUCACHUEM 0% MAKOU-Mmo aszebpur A na mnoncecmse M
moeda © moavko mozda, xkozda M codepacum o(T)», Bcrpersarcs HaM HA
MPOTSKEHUY KYPCa HEOTHOKPATHO.

Nrax, HaMm IpeIcTONT UMeTh 1e10 ¢ 3agadamu tuna (1.1). B kauectse F
y Hac 6yeT BHICTYIATh OECKOHEIHOMEPHOE 0AHAXOBO (MU Haxe TUIbOEp-
TOBO) IIPOCTPAHCTBO, & ONEPATOPLL 6YIYT OrPAHUYEHHLIMU (TaK ITO BME-
cro Z(E) B guarpamume (1.1) 6yzer crosrs aarebpa HB(E) orpanudeHHbIX
omepatopoB B E). Anre6pur A u A(E), kak npasuio, GyIyT CHAGKATLCA
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KaKUMU-I100 TOMOJOTUAMUE; IIPU 3TOM MBI OyaeM TpeOoBaTh, YTOOEL TOMO-
MOpdu3M 74 ObLT HEPEPBIBHLIM.

Ilo cpaBHEHMIO C CHTyamuen, pacCMOTPEHHOH B mpumepe 1.1, B Gecko-
HETHOMEPHOM CJIyYae BO3HUKAET IEIasd Cepus BOMpOCOB. Bo-mepBwIX, Ha-
M0 IATh «IPABAILHOE» ONPENeJeHNe CIeKTPa OMepaTopa: AeI0 B TOM, ITO
COOCTBEHHBIX 3HAYCHUN Y OMEPaTOpa B GECKOHETHOMEPHOM MPOCTPAHCTBE
MOXET MONPOCTY He OKazaTbesa. [lajee, ecid MBI peruM CTPOUTH YHK-
[MOHAJBLHOE UCUUCICHUE TI0 aHAJIOruH ¢ npuMepoM 1.1, TO HAJO BBUICHUTD,
KaKye OmepaTophl IMPUBOIATCA K «IMATOHATBHOMY BUAYY, W BOOOIIE, WITO
TaKOE «TUATOHAILHBIM BUI» OTIEPATODA.

OnuH U3 HEHTPATBHBIX PE3YIAbTATOB KIACCUIECKON CTIEKTPATILHON TEO-
PUU— CNEKMPAALHAA MEOPEMA— KAK PA3 U TNO3BOJAET IIPUBOIUTE CAMOCO-
NPANCEHHBIE ONEPATOPHL B IIBOEPTOBOM IIPOCTPAHCTBE K « TUATOHATILHOMY
BUIY», IPUAAET TOUHBIA CMBIC HOCAETHEMY MMOHATUIO W 3A0JHO MAET BO3-
MOXKHOCTB CTPOUTH (PYHKIMOHATBHEIE UCIUCACHUA IJIA TAKUX OMEPATOPOB.
YT0o6B! TPUOINBUTEAHLHO MPEICTABUTEL cele €€ POPMYINPOBKY, TTOJE3HO 3a-
nucaTh oneparop u3 mpumepa 1.1 B 6eckoopanHATHOU (opMe.

Urak, nycte H = C", u nycts T — onepatop B H, npo KOTOpPBIA
JOMOJHUTEIBLHO M3BECTHO, 9TO B HEKOTOPOM OPTOHOPMUPOBAHHOM 0a3u-
Ce OH 3aNUCHBAETCA AVATOHAJBLHOM MATPUIEN C JEUCTBATEILHBIMU -
CIAMYM Ha AuaroHamu. (DTO O3HAYAET B TOYHOCTH, 9TO ONEPATOD CAMO-
conpsken.) Iycts Ay,..., \y — €ro pazsuunbie COOCTBEHHBIE 3HAMEHUA.
YoopsgourM wX 1m0 BO3pacTaHumio: A < ... < Ag. [as kaxmoro A € R
nycte H(A) = {x € E: Tz = Az} — coorBeTcTByIOIEe COOCTBEHHOE MO~

npoctpancTso. lanee, monoxum Hy = @@ H(u) u o603HauM epes Ey op-
HEA
TOrOHAJILHBIN MPOoeKTOop Ha Hy. Mbl mosydaeM HENOYKy MOANPOCTPAHCTB

{Hx}xer, BroxkeHHBIX Apyr B apyra: Hy C H, mpum A < p. Kpome Toro,
Hy=0mpu A< A u Hy=H upu A > A;. OTmeTum, 4TO IpPOCTpaH-
cto H) He MeHseTCs HA TMOAYUHTEpBate [A;, A\j+1) (TaM OHO COBHAJaET
¢ Hy,), a B KaxXI0M COOCTBEHHOM 3HAYEHUN A; OHO JTEMAET «CKAYOK»: K HEMY
nobasisercs npaMoe ciraraemoe H(A;). Torga ot dakr, aro oneparop T
IUATOHAIM3UPYETCA, O3HAIAET B TOIHOCTH, ITO
k
T=> XN(E\ —E_,) (1.2)
j=1
(3mece mbr momaraem Ey, = 0). PyHEKIROHAIBHOE HCIUCIEHNE, TIOCTPOEHHOE
B mpumepe 1.1, 3agaetca ¢popMmyaon

k
f(T) = Zf@\j)(EAj —Ex_y)-
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CrnekTpaibHas TeopeMa MPeACTaBAseT cobou 0000IneHne AByX MO-
crequx (POpMyJa HA CIydaln GECKOHEYHOMEPHOT'O TMALOEPTOBA IPOCTPAH-
crea H. B ri. 8 MBI ee cdhopMmymupyeMm u JOKaKeM, a Cer¥aC OrpaHuU-
YUMCSA HECKONBKUMH HECTPOTUMU 3AABICHUAMU PEKJIAMHOTO XapaKTepa.
s 106010 CaMOCOTPAXKEHHOTO onepaTopa 1’ B THILOEPTOBOM TPOCTPAH-
crBe H Gyger mocTpoeHo HeKoe HEYyORIBAIOINEE CEMENCTRO TIOAITPOCTPAHCTB
{H)}rer (BO3pacraromiee, 04HAKO, yXKe HE «CKadKOOOPa3HO», a Gosee Wiu
MEHee IPOU3BOJILHEIM 00pa3oM), Taxkoe, 4ro oueparop I’ npeicraBiaercs
B BUIE

T://\dEA,
R

re HHTErpal MOXHO IIOHUMATL KaK MpeneJ MHTErPAIbHBIX CYMM BH-
a (1.2). ®yukuuonansHoe ucuucienue or 1' 3anaercs GopMyIon

A1) = / f(\) dE;.

B oTimiue 0T KOHEIHOMEPHOrO COoydas, HOCAETHUN WHTErPAT CYIIECTBYET
He U1 BCeX (PYHKIWHA, ONpPEIeTeHHBX Ha cnekTpe oneparopa T (4To u mo-
HATHO — He JIOYI0 XKe (QYHKINI MOXKHO HHTEIPUPOBATH!), HO BCe Xe s
BECHMA, MIUPOKOI'0 UX KJIACCA.

Kakx u mMHOrme gpyrue BaKHBIE YTBEPXKJEHUs B MaTEMATHUKE, CIEK-
TPaIbHAA TEOPEMA UMEET HECKOIHKO (POPMYIUPOBOK, II0 CyTH DKBUBAJIEHT-
HBIX OPYT APYTy. YHOMsaHeM (OMATL-TAKM B PEKTAMHBIX IIENAX) eme 00
omuon. CHOBa BepHEMCA K KOHedHOMepHOoMy caydaro H = C". Tor daxr,
uaro oneparop 1 € £ (H) nuaroHaqusupyeTcs, 03HAIAET B TOIHOCTH, UTO

H = & H(A). Cam oneparop mpu 5>TOM Da3laraeTcs B OPAMYIO CyMMY
AER
CKaJIAPHBIX (T.€. KPATHBIX TOXKAECTBEHHOMY) OLEePATOPOB

T=E M,

A€ER

a GYHKINOHAJILHOE UCYUCAEHNE IPROOpeTaeT BU

() =D fM)1u.

AER

OxkasbiBaeTcs, u 31U GOPMYJIL 0600IIAIOTCA HA OECKOHETHOMEPHBIA CJIY-
Yal, TOJABKO B HUX BMECTO IPAMON CYMMEI OyAeT CTOATL TaK HA3BIBACMBIN
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«IPSMOU MHTErPay:

(&)
T= / M) du(N),
R

D
(1) = / FO Ly du(V).

Kowneuno, mpocrpanctea H () yxe 6ombine He 00S3aHBI GBITH COOCTBEHHBI-
MU TIOATPOCTPAHCTBaMY onepaTopa T’ (HAOMHIM — COGCTBEHHBIX TOATPO-
CTPAHCTB BOOOIIE MOXET He GBITh); 60Mee TOrO, OHU HE ABIATCA, CTPOrO
roeops, nognpocrpancTsaMu B H. Opna u3 nenen Hamero Kypca — npu-
IATH CMBICT BCEM DTUM MOKA ITO BECHMA TYMAHHBLIM 3agBICHUAM.

Urak, oT caMocompskeHHBX omepaTopos B C" MoxHO OpaTh JH00BIE
dyHKIIMU, ONpeeSeHHbIE HA CIEKTPE. ITO MOXKHO CKa3aTh MPO HECAMOCO-
NPsKEHHBIE ONEPATOPBI — OMATh-Taku, Kid Hadana, B C"? IocmoTpum Ha
CHAEIYIOIIMAY IIPUMEP.

Ipumep 1.2. Iycts onepatop T € £ (C?) sanuceBaeTcsa B KAKOM-I60

Oasuce MaTpULIEn
01
T= (O 0) |

fcno, uro o(T) = {0}. Tlo ananorum ¢ mpumepom 1.1 xoTenock ObI HAYINTH-
ca 6paTh OT HAMErO OmepaTopa (YHKINN, ONPEACJCHHEE B HYJE, — XOTA
61 menpepruBHEE. Ho, KaK BUAHO M3 CAEAYIOMETO yIPAKHEHU, TPOOIEMEL
BOBHUKAIOT yiKe ¢ mpocTeiimen yuxmuent f(t) = /1.

Yupaxuenue 1.2. Ilycte T — oneparop us npumepa 1.2. [lokaxure, 1T0

1) e cymecTByeT Takoro omeparopa S € £ (C?), aro S? =T}

2) Gonee ob6mmM 06PA3OM, IpPHU N 2> 2 HE CYMECTBYET TAKOTO OMEPATOPA
S e Z(C?), aro S” =T}

3) maa omeparopa T sanada (1.1) mepaspemmma (gaxe) nua A = C(R).

OKa3bIBaeTCs, IMHCTBEHHOE MPEATCTBAE COCTOUT B TOM, ITO (PYHK-
s Y/t me muddepennmpyeMa B HyJe. UTOOH B 3TOM yOEAUTHCA, CICTANTE
clegyiolliee yIpaXkHeHHe.

Ynpaxuerue 1.3. 1) ToxaxuTte, 9To A1 onepaTtopa T n3 npumepa 1.2
sagada (1.1) paspermmva gia A = CH(U), rae U C R — m06as OKpecTHOCTD
HyJIA.

2) Mycte T € Z(C™). Tpeanonoxum, aro o(T) C R. [Tokaxure, 910
st aoboro orkpeiroro Muoxecrsa U C R, cogepxawero o(T), 3aza-
1a (1.1) paspemmma aaa A= C" ' (U).
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IIpumep 1.2 mokaswviBaeT, uTo oT omeparopoB B C” MOxHO 6paTh Wb
JOCTATOYHO Diankue QyHKIWH. 3aberas BOEpen, CKaXKeM, 9TO OT Orpa-
HUYEHHBIX OIEPATOPOB B HAHAXOBOM IPOCTPAHCTBE MOXKHO OpaThb, BOOOIIE
TOBODA, TOMBKO aHATUTHIECKE QyHKImU. deMm omeparop «rydme» (¢ To9-
KU 3PEHUA CIEKTPAILHON TEOPHUM), TeM GOJBIIE 3amac (pyHKINN, KOTOPIe
MOXKHO K HEMY NPUMEHSTh.



2. CIIEKTP M ET'O IPOCTEVIINE CBOUCTBA

§2.1. Anre6psl ¥ CIIEKTPHI UX JJIEMEHTOB

CaMO HOHATHE CIEKTPA HOCUT YUCTO AIreOpandecKuil XapaKTep U UMe-
€T CMEICT He TOJLKO A JUHENHLIX ONePaTOpPOB, HO U A BJEMEHTOB TPO-
M3BOJBLHBIX aCCOIMATUBHEIX aareOp. HamoMuuM caenyioliee onpeneteHue.

Ompegenenne 2.1. Aseebpoti (TouHee, KomnaekcHol accoyuamuenol a-
2e6potl) HA3BIBAETCA BEKTOPHOE MpOocTpancTBo A Haa nojem C, cHabkeHHOE
OununenHbM oneparopoM A X A — A, (a,b) — ab, ynoBieTBOpAOMMM TO-
xpecrBy (ab)e = a(be) mus Beex a,b,c € A. Ecau ab = ba nus Bcex a,b € A,
TO aaredpa A HA3LIBAETCA KOMMYMaMuenot. Jrement 1 € A HazeBaeTCs
edunuyet, ectm 1-a=a-1=a gaa Bcex a € A. Anrebpa, 0063 1ar0MAAg
eIVHUIIEHN, HABBIBACTCA YHUMAAbHOL.

Kaxk Bcerma, korma MBI IMeeM Me7I0 C HEKUM KJIACCOM MHOYKECTB C TOTOJ-
HUTEIBHOU CTPYKTYPOU, HYKHO BBECTU OTOOPAKEHUA, KOTOPHIE 3TY CTPYK-
TYPY «YBaXKaIOT».

Onpegenenne 2.2. [Iycre A, B—anre6pul. OTobpaxenue ¢: A — B Ha-
3BIBAETCS 20MOMOPPU3MOM, ecau OHO JuHenHo, u p(ab) = p(a)p(b) nusa Bcex
a,be A. B cayuae, korga anrebpol A u B yauranessel, a 14 u 1p—ux equ-
HUIIBI, TOMOMODP(MU3M ¢ HABBIBACTCS yHumasbhbim, ecia (1) = 1p.

Anre6phI, ¢ KOTOPLIME HAM B JAIBHEUINEM TIPEICTOUT UMETD TeJI0, MOXK-
HO YCJOBHO PAa3JedUTh Ha ABa KAACCA: aareGphbl (hYHKIUA U OTePATOPHBIE
anrebpwl. Ilo cytu gesa, PyHKIMOHATBHBIE UCIUCICHUSI OT OMEPATOPOB —
3TO TOMOMOP}U3MEI U3 IEPBHIX BO BTOpbIe. BOoT HeCKONIbKO 6a30BBIX IpU-
MEpOB.

Ipumep 2.1 (aare6pb «byakmmin). 1. Anre6pa muorowtenos' C[t].

2. Anrebpa F(S) (o6o3magaemasn Taxxe gepes C7), cocToaman u3 Beex
(PYHKIIUE Ha MHOXECTBE S, CHAOGXKEHHAA MOTOYETHEIM yMHOKEHUEM.

3. Ee mogamaretpa £°°(S), cocTosmas u3 OrpaHuIeHHBIX (DYHKIAN.

Ecniu ma mMuOX)ecTBe S BBegeHA Kakas-1u00 NOMOJHUTENbHAS CTPYKTY-
pa, To B F(S) mossasercs mogairebpa, COCTOAMAA U3 HYHKINN, KOTOPHIE

1Kak y4aT B Kypce aire6phl, MHOIOWIEH — DTO He GYHKIHMA, 8 HEKOe «(HOPMAIbHOE
BeIpaxkeHue». Ho mockoasky name ocuosroe noste C 6eckonedno, Met Bcerga OygeM 0To-
XK IEeCTBIATH MHOT'OYIEH C COOTBeTCTBYOmen dpyuknuen Ha C.
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¢ DTOU CTPYKTYPOU coracoBaubl. [[puBegeM Tpu TUMUYHBIX TPUMEPA, Ta-
KuX aiareop.

4. Amreopa C({) HENPEPLIBHLIX (QYHKIUN HA TOMOJOTHYECKOM TPO-
crpanctse ().

5. Aurebpa C°°(M) ruagkux QyHKUUE HA IVIATKOM MHOI000pasuu M.

6. Anre6pa 0(V') ronoMopdHbIX QyHKIUN HA KOMILIEKCHOM MHOO0Gpa-
aum V.

Caenyromue nBe anrebpbl COCTOAT, CTPOrO I'OBOPs, He u3 (PYHKIUN, HO
HMEIOT ¢ aarebpaMu (PyHKIUH MHOT'O OGIIEro.
7. Aure6pa C(t) paunoHAJIBHBIX (DYHKIUN.

8. Anre6pa C[[t]] popmanbubix crenenunix pagos. Hamomuum, 4ro ona

o0
cocTouT m3 (HOPMATBHBIX BHIDAXKEHWA BUAA Y a,t" (rae a, € C— mobbie

n=0
ant") (Z bnt") =3 ent?,
rae ¢, = . a;bj (tak aro C[t] aprserca nogarredpon B C[[¢]]).
i+j=n

q1UCAA), & YMHOXKEHUE 33,1aeTCA (POPMYION (

ITpumep 2.2 (anre6ps oneparopos). Ha nepebix mopax HaMm XBaTUT CJle-
OYIOIIAX TBYX [IPUMEPOB.

1. Aurebpa ‘Z(E) Bcex AMHEUHBIX OLEPATOPOB B JUHEMHOM IPOCTPAH-
ctBe .

2. Amre6pa Z(FE) BCeX 02panuyuennbls JUHENHBIX OMEPATOPOB B HOPMU-
POBAHHOM JUHEUHOM TpOCTpancTse K.

Onpegenenune 2.3. [Iycte A — yuurancuas aareGpa. daement a € A Ha-
3BIBACTCHA 06PAMUMBIM, CCIM CYLIECTBYeT TAKOH aaeMeHT a ' € A, 4ro

aa~! =a"la=1. Drement a~! HasEIBaeTCA 06pAMMHLIM K a.

Yopaxuenue 2.1. /lokaxuTe, 9TO €Cau 2JIEMEHT g 0OpaTUM, TO Y HETO
€CTh TOJBKO OJMH OOPATHBIN DIEMEHT.

MHOXeCTBO BCEX 0OPATUMBIX BJEMEHTOB anre6psl A o6pasyeT rpymnmy
10 YMHOXKeHUIO. B caMoM fene, eciin 3JeMeHTHL G, b 00paTUMEL, TO IeMEHT
b~la=! aBmserca obparHbiM K ab. I'pymma o6paTUMBIX 3JEMEHTOB aJre-
6per A o6osmauaeTcs aepes Inv(A4).

WHorga TpuxoguTCsa UMETh AeI0 CO CASTYIOMNM CBOUCTBOM «OTHOCTO-
POHHEN OOPATUMOCTH.

Onpegenenue 2.4, [Iycte A — yuuTtansaas anrebpa. daeMeHT a € A Ha-
BBIBAETCA 00PAMUMbIM CA€6G (COOTBETCTBEHHO 00PAMUMbLY CIPABA), €C-
JE CYIeCTByeT TAKO# »ieMeHT a, ' € A (coorsercTenno a;! € A), 1aro
a;'a=1 (cooreercTrenno aa, ! =1).
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Yupaxuenue 2.2. 1. Ilycrs saement ¢ o6patum ciaeBa. O6A3aTEIBHO JU
BJIEMEHT a[l €UHCTBECHHBIN !

2. [lokaxuTe, ITO €CaM DJEMEHT a 0OpaTUM U CJAEBA, W CIPaBa, TO OH
obpatnvM m a; ' =a; ' =al.

3. MokaxuTe, 9T0 ecan arrebpa A KOHETHOMEpHA U DIeMeHT a € A o6pa-
TUM CJeBa (WU CIPaBa), TO OH OOPATUM.

4. BepHuo Jin npeapIayIiee yTBEPK AeHNE IS IPOU3BOALHOU aaredpnr A7

IMocMoTpuM, Kak BBEITIAIAT OOpPATUMBIE DIEMEHTHI B PACCMOTPEHHBIX
BBIIIIE TPUMEPAX.

IIpumep 2.3. 1. B anre6pax C u C(¢) mobon nenyneBon saemMeHT 06pa-
THUM.
2. Muorounen p € C[t] obpatum < degp = 0 (T.e. p — MOCTOAHHAS
dbyHKIHA).
o0
3. ©opmanbHEIA CTENEHHOU pag a = Yy, ant™ € C[[t]] obparum < ag #0
n=0
(mposepbTe!).
4. dnement f € F(S) obparum < f(z) # 0 au ausa xakoro z € S. To xe
camoe BepHO u B anredpax C(Q), C*(M) u O(V).
5. Duaement f € (°°(S) obparum < cymwecrByer rakoe € > 0, 4To
|f(z)] > e nna Beex z € S.
6. Oneparop T € Z(E) obpatuMm < OH GUEKTUBEH.
7. llycte E — Gamaxoso mpocrpancTeo. Omneparop T € #(E) obpa-
TUM < OH OMEKTUBEH.

3ameuanue 2.1. B orauuve oT m. 6, KOTOPBIN TPUBUAJEH, T. 7 — DTO
caencTBue (Ha CaMOM Jlesie DKBUBAJCHTHASA (GOPMYJINPOBKA) meopemvt Ba-
#axa 06 06pamMMOM ONEPaAMope: €CIn JUHENHBIN OTPAHUYEHHBIN OMEPaTOD
Mex 1y 6aHaXOBLIMU IPOCTPAHCTBAMU OMEKTUBEH, TO OOPATHLIN OIEPATOP
TOXKE OIDAHIIEH.

Yupaxuenue 2.3. Bepuo au yrBepxkaenue w3z m. 7, ecaim E — (Bcero
JIUIIb) HOPMUPOBAHHOE IIPOCTPAHCTBO?!

Bor, HakoHell, 0CHOBHOE ONpefeNeHue.

Ompegenenwe 2.5. [Iycte A — yuuranbHas aarebpa, u mycts a € A.
Cnexmpom >IEMEHTA ¢ Ha3bIBAETCA MHOKECTBO

oa(a) ={\ € C: saemenT a — A\l HEOOpaTUM}.
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IIpumep 2.4. llycte A = F(S), u nycre f € A. C y4erom npumepa
2.3 (4) MEBL BUIEM, 9TO

A€o(f) < f— Al meobparum < Jz € S: (f —A\)(z) =0 =
< JxeS: fla)=X < Ae f(9).

Taxum o6pazoM, o(f) = f(S) (cuekTp PyHKIUEM COBIATAET C MHOXKECTBOM
ee sHadeHun). O9UEBUIHO, AHATOTUIHAA CUTYAINA UMEET MECTO B aarebpax
C(Q),C>(M)un O(V).

3amedanue 2.2. U3 npenniayiiero mpuMepa BUIHO, ITO CIHEKTP DJIEMEH-
Ta, aIreSpul MOXKeT OLIThH JMI0OLIM HemycTeIM noaMuokecTBoM B C. B camom
nene, eciu gaHo noaMuokecTBo S C C, S # &, 10 S =0 4(a) naa A = F(S)
u Gpyskunm at) =t.

Ynpaxunerue 2.4. Ilycte f € £2°(S). Hoxaxute, 910 04 (5)(f) = f(95)
(saMpikamme MHOKecTBa f(S5)).

Ynpaxuenue 2.5. 1. Omumure crnexrper saementos aaredp Clt], C(¢)
u C[[¢]].

2. Ipuaymanre atrebpy A u smementT a € A, cuekTp KOTOPOro mMyCT.

Ipumep 2.5. llycte A = Z(E), rae E — KOHEYHOMEPHOE BEKTOPHOE
npoCcTpaHcTBo, u nmycth 1 € £ (E). Torna

o(T) = {A € C: Ker(T — \p) # {0}}

— MHOXK€CTBO COOCTBEHHEIX 3HAYeHUN omepaTopa 1. DTo cpasy ClIeIyeT u3
TOro (PaKTa, ITO NHHECKTUBHLIA OIEPATOP B KOHEIHOMEPHOM IIPOCTPAHCTBE
obpaTum.

Yupaxuenue 2.6. Ilokaxxure, 9T0 B caytuae GeCKOHETHOMEDPHOI'O IIPO-
crparcTBa E 510, BOOOIIIE TOBODS, HEe TaK.

3amedanue 2.3. KomeuHo, COOCTBEHHLIE 3HAYCHUA OIMEPATOPA BCETIA,
NPUHALJIEKAT €0 CIEKTPY, BHE 3aBUCUMOCTH OT TOI'0, KOHEIHOMEPHO IIPO-
cTpaucTBo F win Het (HQHHBQKTHBHbIﬁ omepaTop He MOXKeT ObITh 0OpaTu-
MBIM).

[MocMoTpuM, Kak BeAyT cebsA CIEKTPHI IO JeUCTBUEM TOMOMOP(MU3MOB.

Mpegnoxenne 2.1. Tycmb p: A — B — ynumaavhbili 20mM0omopPusm.

(1) Ecau saemenm a € A obpamum, mo u saemenm p(a) € B obpamum
up(a)~! = pla™).

(2) Aas arwboz2o a € A cnpasedauso sxanvenue og(p(a)) Coala).

Hoxazameavcmeo (nabpocox). Yreepxkgenue (1) TpusBraibuo, a g g0-
KazaTenbcTBa (2) mocTaTouHo nmpuMeHuTH (1) K saemenTy a — Al. O
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Jameuanue 2.4. Kak ciencTBue um3 mpebLIyINEro NPENJIOKEHUs, €CIN
A — yauranbuas aarebpa, a B C A — noganrefpa, cogepkaias eIuHuIly
arre6per A, To 04(b) C op(b) ann mo6oro b € B. Ilpu 5TOM MOXKET OKa-
3aThes, 9T0 04(b) # op(b) (cp. ynpaxuenne 2.4 u mpumep 2.4).

Onpegenenne 2.6. [Iycro A — yuuranbnas airebpa, a B C A— noxan-
rebpa, cogepxaman equany A. Torga nmogaare6pa B HA3LIBAETCA HANOA-
HENWHOT, €CIN KX BN €€ dJIeMeHT, o0paTuMein B A, o6paTtum u B B.

IIpenmoxenue 2.2. [Iycmv A —ynumasvnas asecebpa, B —ee nanoanen-
naa nodaszebpa. Tozda 4(b) = op(b) das wwboeo b€ B.

Hanpuwmep, ecau 2 — Tomonorudeckoe npocrpanctso, To C'(Q) — na-
noauexnas noganredpa B F(2). C gpyrou cropossl, as ao60ro 6ecKoHe -
HOro MHOXecTBA S nogamre6pa (°°(S) C F(S) manoaneHrON He ABIAETCH
(cm. mpumep 2.4 u ynpaxuenue 2.4).

Eute 0110 T0O6OMEITHOE CBOMCTBO CIEKTPA COCTOUT B TOM, 9TO CIEKTP
OPOU3BENEHUA (IIOUTH» HE 3ABUCUT OT MOPALKA COMHOXKUTenen. IlycTs,
no-npexnemy, A— yHuTaabHas airedpa.

Jemma 2.1. Saemenm 1 — ab o6pamum < saemenm 1 — ba obpamunm.

Hasodawee coobpancenue. Ilpemqnonokmm, aro A = C, u 3abygem, IT0
ymuoxenne B C kommyTarusso. IIpennonoxum rakxe, 9to|a| < 1 u |b| < 1,

o0
u nooxuM ¢ = (1 — ab)~t. Torga c= 3 (ab)™. C apyrout cTOpOHHL,

n=0
(1—ba) "= Z(ba)” =1+b(1+ab+ (ab)’ +...)a= 1+ bca.
n=0

[owxazameavcmeo. Ilycrs anement 1 — ab o6patum u ¢ = (1 — ab) L.

Ionoxkum d =1 + bea. Ilpsvas uposepka nokassiBaer, uro d(1 — ba) =
=(1—-ba)d=1,T.e. d=(1—ba)"'. O

Ipepnoxenne 2.3. Jas ar0bviza,b € A cnpasedauso pasencmso o(ab) U
U {0} =o(ba) U {0}.

Joxazameavcmeo. Uycts X ¢ o(ab) u X # 0. Torga saement 1 — A~tab
o6parum. Ilo memme 2.1 axement 1 — A~1ba o6parum. IosToMy 1 3/1eMeHT

ba — Al ob6parum, T.e. A ¢ o(ba). O

Yupaxuenue 2.7. 1. [locTpouTe mpumep Takon arrebps A u Takux pie-
MEHTOB a, b € A, uro o(ab) # o(ba).

2) Hokaxure, uTo ecau aurebpa A koueanomepua, o o(ab) = o(ba) nis
JMO0HIX a,b € A.
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§2.2. BanaxoBsl aare6pst

Urak, B 9MCTO aarebpamvdeckon CUTYAIWN CIEKTD JIEMEHTa alreOphI
MOXKET OBbITH JIOOBIM HEMYCTHIM TOAMHOXKECTBOM KOMILIEKCHOU TIIOCKOCTU
(3ameuanue 2.2); a Moxer ObITh U nycThiM (ynpaxuenue 2.5). C zpyron
CTODPOHBI, Mbl BUAELY, YTO CUEKTP JI0O0ro aieMenTa airedpet £7°(S) koum-
makTeH u HemycT (ympaxuenue 2.4). Hama Ommkaiinasn mens — IOKA3aTh,
YTO MOCJEHEE CBOUCTBO UMEET MECTO B JII000N 6anazosot aaredpe.

Onpegenenne 2.7. Hopmuposanmas aseebpa—:>TO HOPMUPOBAHHOE IPO-
ctpanctBo A Hag C, cHaOKeHHOE CTPYKTYPOU aare6psl Tak, aTo ||ab|| <
< |la|||1b]| A BCex a,b € A. Ecan anrebpa A yHUTATBHA, TO TOTOIHUTEIBHO
TpebyeTcs, 9T00BI BRIIONHAIOCH yeaosue ||1|| = 1. Banazosa azebpa—>1o
IOJHAsA HOPMUPOBaHHAA aiaredpa.

Yeaosue ||abl| < ||a]|||b]| (masbBaeMOe cyOMYsbMUNAUKGMUBHOCTIDIO, &
MHOTA TIPOCTO MYAbMUNAUKEMUEHOCMBIO HOPMBL) MOXKET MOKA3ATHCA HA
HEPBBI B3MJAL JOBOJILHO HEECTECTBEHHLIM, HE TOBOPA yXke 00 yCJIOBUE
[I1|l = 1. (Muorga 6GuiBaeT Tak, YTO Cpasy W HE CKAKEIbL — €CTb B Alre-
6pe eamHUTIA WU HET...) OKA3BIBAETCA, MOXKHO NOOGUTHCA BHITIOTHEHASA DTUX
JBYX YCJIOBWM, 3aMEHUB HOPMY HA SKBABATCHTHYIO, — JIAIIL OB YMHOXKEHUE
B aaredpe A OLLIO HEIPEPLIBHO.

Hanovmuanme 2.1. Ilycte E, F'— HOpMUPOBAHHBIE MPOCTPAHCTRA. Jlu-
mennb onepaTop 1: F — F HempepwiBeH TOrJAa U TOJBKO TOT/A, KOTJa
OH OrpaHmdYeH, T.e. cyumectByer Takoe C' > 0, uro |[Tz| < C||z|| prs Beex
z € E. Haumensiiee C' ¢ TakuM CBOUCTBOM HA3BIBACTCSI HOPMOT OMEPATO-
paT.

Yupaxuenue 2.8. [Iycts E, F, G— nopMmupoBanubie npocTpancTsa. [Jo-
KaXnTe, 4YTO OmauHenHbln omepatop R: E X F — (G HempephiBeH < OH
orpaHmyeH, T.e. cymectsyeT Takoe C > 0, uro ||R(z,y)| < C|lz||||ly|| s
Bcex z € B,y e F.

Kaxk cregcrBue, yMHOXEHUE B HODMUPOBAHHOU AIreOpe HEmpepLIBHO.

Hanomunamwe 2.2. Ilycts || - |1 u || - |2 — ABe HOPMBI HA BEKTOPHOM
npocrparcTee E. Tosopar, aro vopMma || - |1 maxcopupyem mopmy || - |2
(m mamyr || - ]y > || - ]2 wm || - |l2 < || - |l1), ecim cymecTByeT Takas KOH-
cragra C > 0, aro ||z||2 < O||z|)1 a1a xkaxgoro z € E. Hopwmst || - |1 1 || - ||2
ansusasenmuvt (| |l ~ | - [l2), econ [ flo <[ [lz w [ fl2 < - []a-

IlycTe J; — TOMOMOTHS HA BEKTOPHOM TPOCTPAHCTBe I, TOPOK JeHHAs
HOopMotH || - ||; (1 =1,2). Torga

l-lls >l ll2 <= rononorma 7, me crabee, 1eM .
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Kak caeacTBre, HOPMBI DKBUBAJIEHTHEI <> OHU 331a10T OJHY U TY K€ TOIO-
JIOI'UIO.

Mpegnoxenne 2.4. [lycmb A — aazebpa, crHabrcennas wopmotl, npuuem
onepamop ymmoxcenus A x A — A nenpepwgen. Toeda na A cywecmsy-
em cybmyavmunaukamusnas nopma || - ||', sxeusasenmnan ucrodnoi. Ecau
aseebpa A ynumaavua, mo 3My HOPMY MONCHO 6bLOPAML MAK, %MOObL Bbi-
noanasoce pasewcmeo ||1]| =1.

Aoxazameavemeo. Beungy ynpaxuenus 2.8 cymecrsyer Takoe C > 0,
910 ||abl| < Cllal|||b|| mra Beex a,b € A. Torpa, kax Jerko npoBepuTh, HOP-
Ma || - [|” =C| - || cybMmyapTuninkaTusHa. [IpeanosoxuM Temepb, UTO al-
re6pa A yuumramsna. /s a € A pacemorpum onepatop Lg: (4. - ||”) —

— (A, - I"), La(b) = ab, n monoxum ||a||” = || Lg||- HemocpeacTeennas npo-
BEPKA [IOKA3BIBAET, 4TO HOpMA || - || obnagaer HyxHbIMU cBOMCTBAMUA. [

I[MocMoTpuM Temeph HA HECKOJBKO OCHOBHBIX MPUMEPOB OAHAXOBHIX aJl-
reOp, ¢ KOTOPBIMU HaM MPEICTOUT PAbOTATh.

Ipumep 2.6. OCHOBHOU AJA HAIIETO KYPCa puMep —>To aarebpa B(FE)
OT'PAHUYIEHHBIX JUHENHBIX OTIEPATOPOB B 0aHAXOBOM MpocTpaHcTre F. Beu-
oy Teopembl Banaxa 06 o6paraoM omeparope Z(F) — HanoJHEHHAA TOI-
anrebpa B .Z(E).

Ipumep 2.7. Anretpa £°°(X), rae X — NpOU3BOIBHOE MHOXKECTBO, fAB-
JAETCS OGAHAXOBOM OTHOCUTEIBHO PABHOMEPHOU HOPMHI || fllo = sup | f(x)|.
reX

IIpumep 2.8. IIycrs ) — KOMIAKTHOE TOMOJOIMYECKOE MIPOCTPAHCTBO.
Torga amre6pa mempepbBHEIX (yukmmn C'({)) — saMkHyTas mogaireGpa
B £°°()) u, kak caencreue, 6Ganaxosa aarebpa. Ormerum, aro C(Q) — Ha-
nosHeHHas moganretpa B £°(€2).

ITpumep 2.9. lIycte C™[a,b] — anre6pa n pa3 HempepwBHO auddepen-
IUPYEMBIX cpyHKqu?I Ha oTpeske [a,b]. Ona magemsercs Hopmon | f|| =

= Jax, | £ )] oo, 3agaROMIEH PABHOMEDHYIO CXOIUMOCTD CO BCEMH (BILIOTH

10 n-11) npomsBogubMu. Cielyoliee yIpaKHEHUE MOKA3LIBAET, YTO €CIU
HEMHOI'O «IIOANPaBUTEY HOpMY, TO C"[a,b] cranoBuTcs GaHaxoBOW ajire-
Opou.

Ynpaxuenue 2.9. 1. Jokaxure noasory aare6pst C"[a,b] oTHOCHTENL-
HO BBEJEHHOU HOPMBI, 8 TAKKE HEIPEPBIBHOCTH YMHOXKEHUA.

2. Yxaxure cyOMyAbTUILIMKATUBHYIO HOpMY Ha C"[a, b, sxBuBaseHT-
HYH0 MCXOJHOMH.
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ITpumep 2.10 (amre6psr mamepumeix Gysxkmun). [Iycrs X — npomssomns-
HOE MHOKECTBO, 2% — ceMeicTBO BCeX ero mogMHOKecTB. HamoMHUM, 9TO0
cemeiicTBo MHOKecTB o/ C 2% HaspBaerca o-a42e6poti, eciu 0HO 06Ia AT
CTeIYIOIINMU CBOUCTBAMM:

1) X e o

2)ecm Se€ o, 10 X\ S €

3) ecmu {Sp}02, C o/, To Y5, € .

IIycty &7 — o-anre6pa HO;[MH(?}KeCTB X. HanmomunwMm, uTo ¢pyukmus f: X —
— C masbiBaeTca o -usmepumoti, ecin f~1(U) € o/ a1 m060T0 OTKPHITOTO
muOoXkecTBa U C C. O6o3HayuM depes By (X) MHOXKECTBO BCex &f -M3Mepn-
MBIX OrpanuydeHHbIX QyHkumyu #Ha X. W3 cBoucTB m3MepuMbIX (PYHKIUH,
OOBIYHO JOKA3BIBAEMbBIX B KypCe T€OPUK Mephl, ciegyer, 4ro By (X) —3a-
MKHyTasg HanomaeHHas noganretpa B £°°(X) u, ciegoBaTeanHo, GaHAXOBA
anrebpa OTHOCUTEIBHO PABHOMEPHOU HOPMHI.

Brrgeaum oMH BaXHBIA YaCTHBEIN caydan. [lycts X — Tomogorundeckoe
IPOCTPAHCTBO, a &/ — o-aarebpa ero 60PeIeBCKUX IOIMHOXKECTB, T. €. Hal-
MEHBIIASA o-aarebpa, COAEPKAINAA BCE OTKPLITEIE MHOXKECTBA. B 5TOM
clydae of -w3MEPUMEBIE (DYHKIMM HA3BIBAIOTCA 00pPeAescrumy, a amrebpy
B/ (X) Mut GygeMm 0603HaMaTs IpocTo B(X).

[ pyron BaXKHEIN YACTHBIA CIy9Ian BO3HUKAET, KOTJA HA &/ 3a0aHa, 0-a1-
JAUTHBHAS MOJOKUTENTbHAA Mepa, T.e. GyHkuua pu: o/ — [0,400), obraga-

o0 o0
IOI[Asl TeM CBOHCTBOM, YTO u( U Sn> = > wp(S,) mra mo6on mocaeno-
n=1 n=1

BaTenbHoCTH {Sp} C &/ TMOMApHO HE MepeceKarIInXCsa MHOKeCTB. Tpon-
ka (X, o/, i) HaszwBaeTCsa npocmpancmeom ¢ mepot. B sTom caydae cyme-
CTByeT CTAHAAPTHLIA CIOCO0 «PACIIMPUTLY (TO4UHEe, (LOIOJHUTLY ) 0-aJre-
6py &/, TOOGABUB K HEH BCE [L-UMEPUMbIE MHOXKECTBA. [loayuennan o-are-
6pa 9 comepkuT &, U Mepa 4 EAUHCTBEHHBIM 00PA30OM TIPOJOMKASTCA 10
o-aaauTusHOU Mepsl Ha M. DyHkiun Ha X, ©BMEPUMBIE OTHOCUTEABHO I,
OOBIMHO HA3BIBAIOT [L-USMEPUMBIMY WIA IPOCTO usMmepumbimy. COOTBET-
crByiowan 6anaxosa aareopa Boy(X) orpaHuueHHBIX ©3MEPUMBIX (DYHKIUN
cogepxutr anrredpy Bo(X), Ho ne cosnagaer ¢ ueu upu MM # &7. B uaace-
HOCTH, s OTpe3Ka [a, b], cHabxkennoro Mepou Jlebera, Bla,b] # Boxla, b]
(TOCKOJIBKY M3MEPUMBIX TI0 JleGery MHOKECTB GOJbIIe, IeM GOPENEBCKAX ).

ITpumep 2.11 (amre6pa L°°(X, u)). llycts (X, p) = (X, &7, p) — mpo-
cTpaHCTBO ¢ Mepon. HamomumM, uTo mamepumee ¢yuxmmu f,g: X — C
HA3BIBAIOTCA [-9K6UBAAECHMHBIMUY (AT TPOCTO IKEUBAAECHITHIMY), €CIK
OHM COBHIAJAIOT HOYTH BCrogy, T.e. ecau pu{x € X : f(x) # g(z)} = 0. Knacc
SKBUBAICHTHOCTH (yHkuuu f BpeMeHHO o6o3nauM epes [f]. Usmepumasn
Gyukmua f: X — C HasBIBACTCA cYwecmeenno 02panuvennoll, eciu OHA
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Or'PAHUYEH], HA HEKOTOPOM MHOXKecTBe E' C X, yIOBIETBOPSIOIIEM YCIOBUIO
w(X \ E) =0. (llo-gpyromy MOXKHO CKa3aTh U TAK: QPYHKUIUs CyLIECTBEH-
HO OUPAHWYEHA, €CJM OHA DKBUBAICHTHA OrpaHwdeHHOU.) Cyupecmeennot
seprret eponbto GYHKIUYU [ HABBIBAETCS BEJUIUHA

esssup || = inf{ || flp]lc: B C X, u(X \ B) =0}

OueBuAHO, HU CBOUCTBO OLITH CYIIECTBEHHO OCPAHWYEHHOU, HU BEJIUIUHA
esssup |f| He Mmensorcsa npu 3ameHe (QYHKUUM HA DKBUBaJeHTHYIO. IIpo-
crpaacTBO L°(X, (1) COCTOUT IO ONPEIENEHNIO U3 KIACCOB SKBUBAJEHTHO-
CTV CYIIECTBCHHO OTPAHWYCHHBIX M3MEPUMBIX (yHknun Ha X. [Ipm noTom
HEBAXKHO, PACCMATPUBATE 1 I-M3MEPUMBIE WA TOMLKO &7 -M3MEPUMBIE
(GyHKIMM: 110 B TOM, 9TO J0bas M-usMepumMas (PYHKIUA 3KBUBAICHTHA
o -mamepumon. HeTpyano npoeepuTh (IPOBEPLTE, €CIM HUKOT LA DAHBIIE
5TOro He geqann), 9To L (X, ;1) — 6aHax0BO IPOCTPAHCTBO OTHOCUTEILHO
HOPMEI, KOPPEKTHO OTpefeeHHON paseHCTBOM ||[f]|| = esssup |f| mas mro-
6oro mpeacraeurensa f € [f]. Takxke smerko nposepsiercs, €to L (X, p) —
OaHaxoBa aIre6pa OTHOCUTEILHO TOTOYEIHOr0 YMHOKeHA. B nansHenmem
MBI, KAK OOBIIHO, OygeM IOMyCKATH HEKYI) BOJBHOCTBL PEYH M DOBOPHTH
0 «pymakumax m3 L°°(X, p)», moagpasymesas mpu 5TOM, KOHEIHO, ITO Pedb
T O KIACCAX DKBUBAJICHTHOCT.

YTOOH BBIICHUTE B3aMMOCBS3E aare6p M3 ABYX MPEAbIAYIINX TPUMEPOB,
HaM MOHAMTOOUTCA MOHATHE paKTOpaIreOpsl. BHavase HATOMHUM UCTO aJ-
re0Opandeckoe OnpeneacHue.

Onpegenenne 2.8. [Iycte A — anrebpa. Jluennoe mOANPOCTPAHCTBO
I C A nasmbiBaeTcs esbiM udeasom (COOTBETCTBEHHO NpPasbiM UOEAA0M),
ecau ab € I pna mobbx a € A u b € I (coorBercrBeHno s ao0bx a € 1
u b€ A). HoaupocTpaHCTRO, ABIAIOMIEECA OTHOBPEMEHHO U JEBLIM, U Ipa-
BBEIM U/EAJT0M, HABKIBACTCA J6YCMOPOHHUM UOEAAOM.

Ecmm I C A — gBycToponumnn maean, To daxTopmpocTpancTeo A/T
ABIACTCA AITeOPOU OTHOCUTENHHO YMHOXKEHUA, KOPPEKTHO ONPENEIeHHOTO
dopmyaon (a + )b+ 1)=ab+ I.

IIycts Teneps F—6GanaxoBo MpoCcTPaHCcTBO, a Ky C F—3amMkayTOE JIK-
HenHoe noaunpocrpancrso. Ha dakropupocrpancree E/Ey umeercs HOp-
Ma, sagaHHag dopmyaon |z + Eo| = inf{||z + y||: y € Ep}. Nuemvm cio-
BaMM, HOpMa KJIACCA DKBUBAJEHTHOCTH T + Fy PaBHA PACCTOAHUIO OT He-
ro go uyqas. Tomosorus, 3agaBaeMas 3TOU HOPMOU, — dTO (haKTOPTOMOJIO-
rus, T.€. CUWIbHENIas TOHOAOIWs, B KOTOpou orobpaxenue F — E/E,
x +— z + Ey, nenpepoisao. OrHocurensHo BBegenHon Hopmel E/Ey asis-
eTcs 6AHAXOBBIM IPOCTPAHCTBOM (mpoBephbTe!).
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Haxouern, nycrs A — GamaxoBa anrebpa, a I C A — 3aMKHYTBIU ABY-
cropounurt ugean. Torga A/l — 10 aarefpa u OZHOBPEMEHHO GAHAXOBO
IPOCTPAHCTEO.

Ynpaxuenue 2.10. Tokaxkure, uro HopMa Ha A/] CyOMYIbTUILINKATHB-
na. Kpome toro, gokaxure, 4ro ecau aarebpa A yuuramsaa u |14 =1,
Towu ||[1a/1] = 1.

Taxum o6pasoM, dpaxroparredpa A/I 6anaxoBol arre6psr A mo mo6oMy
3aMKHYTOMY ABYCTOPOHHEMY uaeary I cama ABIACTCA GAHAXOBOU AJIreGpOn.

Ynpaxuerue 2.11. Ilycts (X, ) — mpocTpancTeo ¢ Mepon. Ilomoxum
Iy ={f € By(X): f =0 nourn Bcioay}. lIpoeepbTe, uT0 I) — 3aMKHYTHIN
ugean B By/(X) un uto dakroparredpa By (X)/Ily msomerpudeckn mso-
mopdua L (X, u).

Ipegmoxenme 2.5. Cywecmeenno ozpanuuennas Pynwxyus f: X — C
ABAACTNCA 00paMUMBIM daemenmom aqzebpor L°(X, p) moeda u moavko
mozda, xozda u(f~1(U)) =0 das nexomopoti oxpecmmocmu nyas U C C.

Hoxazameabemeo. OdeBugno, f — obpaTumMeinn saement L (X, u) To-
rJa U TOIBKO TOTAA, Koraa GyHkmmsa 1/ f onpeneneHa u orpaHnveHa Ha He-
KoTopoM noamMuokecTBe ' C X, ynosaersopsomem yeaosnio u(X \ E) = 0.
MMocaeanee ycaoBue 3KBUBATEHTHO TOMY, YTO s HEKOTOPOro € > 0 BCO-
ay ua E cupasegnuso nepasenctso |f(z)| > e. CiegoBarenasno, B kadecrse
myxnO0K okpectrocTu U mogounger e-okpectrnocts Hyasa B C. O6paTHo, ecin
OKPECTHOCTH U ¢ yKa3aHHBIM CBOMCTBOM CYIIIECTBYET, TO MOXHO TTOJOXUTH

E=X\f1(U). O

Onpegenenne 2.9. [Iycrs f: X —C—usmepumas pyukiusa. Touka A€ C
Ha3LIBACTCA cyujecmeennvim snauenuem Gyuxman f, ecm p(f~'(U)) > 0
s modon okpectaoctu U 5 A, U C C.

Caepcrue 2.1. IIyeme f € L (X, ). Toeda cnexmp amot dynryuu
a(f) cosnadaem c mnoncecmeom ee CYwecmeennbis 3na%eru.

Yupaxuenue 2.12. Yoequrechb, ITO MHOXKECTBO CYUIECTBEHHBIX 3HAME-
HUU CYIIECTBEHHO OT'PAHUYEHHON U3MEPUMOU (PYHKIIUU — HEMYCTOU KOM-
nakT B C.

W3 mpumepoB, MPUBEAEHHBIX B DTOM W TPEABIAYIIEM maparpadax, BUI-
HO, ITO MJIA MHOTHX (PYHKIIMOHAIBLHBEIX QJIre0p CIEKTPHI UX DIEMEHTOB WJIN
COBIIAJAIOT, WIM «IIOYTH COBIAJAIOTY ¢ MHOXKECTBAMU 3HAYEHUU COOTBET-
crBytomux GyHKmuin. CKOPO MBI YBUIUM, ITO 3TO «IOYTHY MOXKHO yOpaTh,
€CJIn HaleKamuM 00pa3oM «IOAIPABUATE) 00IaCTh OIpeaeTeHusI (PyHKINN.
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A cenuac mOCMOTpPUM Ha TIPUMED AIreOpHI, B KOTOPOU, Ha IEPBBIA B3TVIAL,
3TO COBCEM HE TaK.

ITpumep 2.12 (gBe amreGpnl aHamuTmdeckux (yukuwmn). [Iycre K —
xomnakTHOe nogmuOkecTBO B C, Int K — ero BayTpernocTs. Paccmorpum
caegyomye 3aMKHyThie noganredpst B C(K):

P(K)={p|lk: peC[t]} (sampbixauue B C(K)),
o (K)={f € C(K): byakuns f|m x romoMopdHa}.

Ouesugno, #(K) C #/(K), u o/ (K) — nanonnennas noganre6pa s C(K).
Homoxum D={z€C: |z] <1} u T={z € C: |z| = 1}. Amrebpa (D)
HAa3BIBACTCA Jucko60t aa2ebpoii.

Yupaxuenue 2.13. [Iposepbre, 4TO0
1) 2(D) = o (D);
2) 2(T) # «(T);

3) amre6per Z(T) u o/ (D) usomeTpuiecKn n30MOPGhHEL

Ynpaxuerue 2.14. [lokaxure, 910 CHEKTP 0 5 (1) (f) bysxumn f € 2(T)
He COBIIAJAeT C MHOXKECTBOM f (T), €CJIN TOJIBKO f He mocTosHHA. Kax
cregcrsue, nogaarebpa Z(T) C C(T) ue apasercs Hanonserson. Onumure
MHOXKECTBO 0 g () (f).

§2.3. CmekTpsI 3IeMEHTOB 6AHAXOBHIX aare6p

IIpex e @1eM TOBOPUTH O CHEKTPAX, MOCMOTPUM Ha HEKOTOPHIE OOIIIe
CBOICTBA I'PYNILL 00PATUMEIX 3/JIEMEHTOB B 0aHaX0BOU aaredpe.

Teopema 2.1. Ilycmv A — ynumaavnas 6anazo6a atzebpa.
(1) Ecava € A, u ||a|| <1, mo saemenm 1 — a obpamun u (1 —a)™t =
(&)
= > a™
n=0
(2) Muoacecmeo obpamumviz saemenmos Inv(A) omxpuimo 6 A.

(3) Omobpancenue Inv(A) — Inv(A), a+— a™t, nenpepovisno.

Aoxazameavcmeo. (1) Iockoabky Z lla*|| < Z llal|*, a amre6pa A
HOJHA, MBI BUIAM, 9TO YKA3AHHEIA B (1) paz CXO,ZU/ITCH B A mpu Jla]| <1

k HekoTopomy b € A. [lna xaxmoro n momoxum S, Z ak. Jlerko Bu-
k=0

aetb, ro (1 — a)S, = Sp(l —a) =1 — a™. Ipu n — oo nonyvaem

(1—a)b=0b(1-a)=1,T.e. b= (1 —a)"!, xax u TpeGoBATOCD.
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(2) st xkaxgoro a € Inv(A) orobpakenue L,: A — A, b ab, ssus-
ercs romeoMopduamoM anrebper A Ha ceba u nepesogut Inv(4) B Inv(A4).
MMostromy ecanm muoxectBo U C Inv(A) oTKpeITO B A U COAEpXKUAT equHUILY
(a Takoe muoxectBo U cymectsyer B cuay (1)), To L,(U) oTkpuito B A
U COJEPKUT d.

(3) IIpoBepuM, 4TO OTOGPAKEHUE @ — @~ ' HENPEPLIBHO B equHuLe. s
3TOr0 HaJ0 IOKa3aTh, YTO I Jioboro & > 0 mangercs takoe & > 0, 4To
npu ||a — 1|| < 4, a € Inv(A) emoaneno nepaeencrso ||a™! — 1| <e.

BosbMeMm cmepBa NpPOM3BBOJBHBIN DIEMEHT b € A, yIOBISTBOPAIOIINN

o0

1

yeaosuto ||b|| < 1. Toraa us (1) caexyer, uro (1—b)"t=1+ > b", or-
n=1

KyJa NOIydaeM

T o I I
11— b) 1u<n§ubn = T (2.1)

Iycts § > 0 Takoso, uto § < 1w §/(1 — §) < e. Torpa ecam ||la — 1|| < 6, To,
noactasaia b =1 — a B HepapercTBo (2.1), MBI moaydaem |ja™!' — 1| <,
KaK ¥ TpeboBaIoCh. TaxmM 00pasoM, 0TOOpaKeHe @ — | HempephIBHO

B eaunuie. OCTaeTcss BOCIOAB30BATHCA CICAYIOMNM OOMNM (haKTOM.

Yupaxuenue 2.15. [lycte G — rpynmna, cHaGXeHHAsS TOMOJOTUEH, IPU-
gem oneparusa ymMHOXeHus G X G — (G HEenpepbIBHA, & ONEPALUs B3ATUA
obpaTHOro smeMenTa G — (G HempepbIBHA B equnute. /Jokaxure, 4To one-
paIms B3ATUA OOPATHOrO JEMEHTa HenpephiBHa Ha G. (I

B xadecTre 3a0aBHOTO TPMIOKEHUSA YCTAHOBUM ONUH PE3YIHTAT 00 «aB-
TOMATUYIECKON HENPEPLIBHOCTWY. BHaYase HAIIOMHUM CJIEIYIONIEe ONpere-
JIeHUe.

Onpegenenne 2.10. IIycte A — amre6pa mag C. I'omomopdusmer m3 A
B C HA3BIBAIOTCA €€ TaPAKMEP AMU.

3ameuanue 2.5. 3aMeTUM, ITO HEHYJEBOU XapaKTED YHUTAILHOU AIre-
Opbl yHUTAEH (IIOCKOJIBKY OH CIOPBEKTUBEH).

Caegcrue 2.2. /6ot xapaxmep yrumasvnot 6anarosot aa2ebpul He-
NPEPLIGEH, U €20 HOPMA HE NPEGOCTOOUM, eOUHUYDL.

LAoxazameavemeo. Ecam xapaktep x: A — C paspriBeH, WIn Xe ecan
OH HempephIBeH, HO || x|| > 1, To cymecTByeT Takon saement a € A, |lal| < 1,
aro x(a) = 1. Ilo reopeme 2.1 anement 1 — a obparum. CaegoBarenbHO,
rakoB ke u ateMedT X (1 — a) € C. Ho nociegnuin »1eMeHT paBeH HyJLIO.
IIpoTuBopetme. O
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Jamedanue 2.6. [I1s1 cpaBHEHUS HAMOMHUM, YTO HA JOOOM OECKOHEY-
HOMEPHOM HOPMHUPOBAHHOM MPOCTPAHCTBE CYUIECTBYET PA3PLIBHLIU JIMHE-
HBIA (DYHKIHOHAL.

Yupaxuenue 2.16. Kaxue yrBepxk genusa u3 TeopeMul 2.1 COXPaHIOT CH-
Jy Iisi HOpMUPOBaHHBIX aareCp? Coxpanser ju cuny caegcrsue 2.27

Teneps 06pATUMCS K CIEKTPAM.

Teopema 2.2. ITycmos A — ynumaavnas 6anarosa adeeépa, a € A — ee
aaemenm. Toeda

(1) o(a) — xomnaxmuoe nodmuoxrcecmso ¢ C;

(2) ecaw A €a(a), mo |A| < |a.

[oxazameavcmeo. Haumewm ¢ (2). Ecm |A| > |lal|, To |A"ta| < 1, moaTo-
My aaemeHT 1 — A"la ofpaTuM IO HpeaBIIyIIeH TeopeMe. SHAYAT, U 3Je-
menT ¢ — Al obparum, T.e. A ¢ o(a). ITo gokaseaer (2) u, Kak ClreiCTBHE,
OTPaHUYEHHOCTH CreKTpa o(a). OCTaIoCh 10Ka3aTh €ro 3aMKHY TOCTh. s
sroro paccmorpum orobpaxenue ¢: C — A, p(A) =a — Al, u sameTuM,
aro muOxKecTBO C \ 0(a) = ¢~ 1 (Inv(A)) OTKPLITO BBUIY HEMPEPHIBHOCTH
orobpaxkeHus ¢ u npeapayier reopemsl. CieioBaTenbHO, MHOXeCTBO o(a)
3aMKHYTO, KaK 1 TPebOBAIOCE. O

Nrak, comexTp 06000 s1eMenTa B 6aHaxoBou aaredpe xommnakTed. Ilo-
KaxKeM Terepb, 4To OH HenycT. [las 3TOro BBegeM CJAeIyiolee NOHATHE.

Omnpegenenwe 2.11. [Iycte A— yuuranbuas GaHaxoea aarebpa, a € A—
ee saemenT. Pezoabeenmnoti ynkyueti a HA3LIBAETCA PYHKIUA

R,:C\o(a) —» A, Ry(\)=(a—A1)""
Jemma 2.2. Qynwyusa R, nenpeprisna wa C\ o(a), u )\lim R.(\) =0.

Loxazameavcmso. HenpepeiBHocTh pyuxuuu R, cpasy caenyeT u3 He-
LIPEPLIBHOCTY B3ATHA 00paTHOro siaemenTa B Inv(A) (Teopema 2.1). danee,

RN =l = AD) 7 = AT (1 = A )7

[TepBbIil COMHOXUTENb B MOCAEIHEM BBIPAXKEHUN CTPEMHUTCS K HYJIO IPU
A — 00, & BTOPOM — K €JUHUIE B CATY HENPEPLIBHOCTU B3ATUA 0OPATHOIO
aneMeHTa. [lagbHeninee 0UeBU IHO. O

OKa3bIBaeTCs1, Pe30nbBeHTHAs (PYHKIUA HE TONBKO HENPEPHIBHA, HO
7 ToTOMOpP(HA B CIEAYVIOIMIEM CMBICTE.

Onpegenenne 2.12. [lycts E— 6anaxoBo npoctpancTso, a U C C—or-
KpbiTOoe MHOXKecTBO. Dyukuus ¢: U — C naswiBaeTcs 2osomopProt, ecin
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z) — (2
oI Kaxaoro zg € U cymecrByer npezen lim M. DTOoT npegen

zZ—2z0 Z — 20
Ha3bIBACTCA ’npOUSGOaHOﬁ (l)yHKL[I/II/I @ B TOYKE 2Zg 1 0603HaYaeTCs cp’(zo).

3ameuanue 2.7. Ecin ¢: U — E — rosomopdHas QyHKINA, TO LA JIO-
OOT'0 HETPEPBIBHOTO JMHENHOTO (pyHKIMoHATA f € B* ¢yuxuus fop: U —
— C romomopdHa B 0ob6braHOM cMBICTe U (f 0 ©)'(2) = f(¢'(2)) mna Bcex
z € U. BepHo u 06paTHO€e yTBEpKACHNE (T. €. U3 TOIOMOPPHOCTH (HYHKIUN
f oy mus Beex f € E* caegyer roJoMophHOCTL QYHKINAU (), HO OHO HAM
He IIOHa100uTCs.

IIpenmoxenue 2.6 (Toxgecrso I'mibGepta). Pezoavsenmnan @ynryus
ydosaemsopaem moxcdecmey Ry (A) — Ro(p) = (A — ) Ro (N Ro (1)

Aoxazameavcmaso. l0CTATOTHO TOMHOXUTE 00€ YACTU PABEHCTBA CJIEBA
Ha a — Al u cnpaBa Ha a — pl. O

Orciofa ¥ ©3 HENPEPLIBHOCTU PE30JLBEHTHON (DYHKIWUA HEMENICHHO
CIeIyeT TAKOU Pe3yJLTaT.

Mpegnoxenne 2.7. Pezoavsenmuan Ppynkyus R, 2oaomopdra wa donoa-
nenuy C\ o(a), u R, (2) = Ry (2)? dan mobozo z € C\ o(a).

Hanomunanue 2.3. [Ipexge ¥eM IOKa3bIBATHL HEMYCTOTY CIEKTPA, Ha-
TIOMHUM OJHO BaXXHOE€ CIeMCTBUE M3 TeopeMbl XaHa—Dbamaxa: ecau I —
HOPMUPOBAHHOE NPOCMPAHCME0, Mo das awbo20 x € B, x # 0, natidemca
maxot Pynkyuonaa f € E*, wmo f(x) # 0.

Teopema 2.3. Cnexmp 4106020 saemenma nenyaesot ynumasbhot 6amna-
206801 anzebpbl nenycm.

Hoxazamesvcmeo. IIpeanonoxnm mpoTuBHOE; MyCcTh 0(a) = &. 3aduk-
cupyeM dynkimmonan f € A* n monoxum @y = f o R,: C — C. U3 mpen-
JgoxkeHnA 2.7, 3aMedaHyua 2.7 ¥ JeMMBI 2.2 ClegyeT, ITO @p — DTO Iesasd
dyuxuumsa, crpemaAmancsa K Hyao Ha 6eckonednoctu. [lo Teopeme Jluysui-
as of = 0. llockoapky GyHKkIUOHAI [ IPOU3BOJEH, BEILEYIOMAHY TOE CEI-
cTBUE M3 TeopeMbl XaHa—DBamaxa BiedeT 3a cobon papeHcTBO R, (A) =0
nas Bcex A € C. C apyrou cropontr, saemenT R,(\) o6parum. IIporuso-
peune. [

BoT 01HO M0060NBITHOE IPWIOKEHNE.

Teopema 2.4 (Texsdang, Masyp). [Tycme A — nenyaesan banarosa aa-
2ebpa ¢ deaenuem (m. e. ywumaabnas 6anarosa aaeebpa, 6 Komopoi 410601
nenyaesot asemenm obpamun). Toeda aseebpa A uzomopgdna C.
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Aoxazameavemeo. Bosbmem npoussosibabi aiaeMenT a € A. Tlockonbky
o(a) # &, anement a — A1 neobparum mist nekoroporo A € C. Ho A—aure-
6pa ¢ menenuem; 3Ha4dutT, a — A1 =0, T.e. @ = Al. BBuay npousBonbHOCTH
snemenTa a € A moayuaem A = Cl, kak 1 TpebOBATOCH. O

Yupaxuenue 2.17. Bepua a1 Teopema lenvdanga—Masypa mgias Hopmu-
pPOBaHHLIX ajare6p?

§2.4. IommHoMMATLHOE ¥ PAIMOHATLHOE MCIMCICHUS

BepueMcs HeHam0aT0 M3 GYHKIIMOHAILHOTO aHAAN3A, B YUCTYIO aareopy.
Mycte A— yuuransuas anrebpa, a € A — QUKCUPOBAHHBIN HJAEMEHT.

Caenyrolnee TOHATHE YKE YIOMUHAJIOCH BO BBEIEHUU B KOHTEKCTE JIM-
HEMHLIX OIIePaTOpPOB.

Ompegenenne 2.13. [ToAUROMUGADHBIM UCHUCAEHUEM OT G HABBIBACTCA
YHUTAJIBHEIL roMOMOPGU3M p: C[t] — A, yIOBIETBOpAIOIIUN yCIOBHIO

p(t) =a.

Ipenmoxenne 2.8. Jas 4106020 G E A NOAUHOMUGADHOE UCUUCAEHUE O G
cywecmeyem U eJuUHCMBEHHO.

B panpmenmenm s so6oro f € Ct] Bmecro v,(f) Mbl GyaeMm mHOrIA
nucars f(a).

Teopema 2.5 (06 oToGpaxensm ciekTpa). Feau o(a) # &, mo o(f(a)) =

= f(o(a)) dasn aobozo f € Clt].
[lns moKa3aTeabCTBa TEOPEMBL MOHAI0OUTCSA CICTYIOMAd JEMMA.

Jlemma 2.3. I[lycmo ay,...,an, € A — Kommymupyrowue ssemenmos. To-
2da saemenm ay ...a, 00PAMUM &> 8CE IAEMENMBL A1, . . ., Ay 00PATNUMDL.

Yupaxuenue 2.18. /lokaxure 5Ty JeMMYy.

Yupaxuenue 2.19. 1. TlokaxuTe, 9TO I HEKOMMYTUPYIOUIAX DIEMEH-
TOB @1, .. .,0, YTBEPKIEHNE JEMMEI IePECTAET OBITH BEPHBIM.

2. lMokaxkure, aro npu dim A < 0o reMMa BepHA U ST HEKOMMY THPYIO-
X DIEMEHTOB a1, . . . , Gy

Hoxasamesvcmeo meopemvr. Cayuan deg f = 0 Tpusunanen (mouemy?).
Mycre deg f > 0. Bosbmem npoussosibroe A € C U pasgoxuM MHOMOUIEH
f— Amamuoxurenn: f(t) —A=c(t — A1) ... (t — Ay), nge ¢ # 0. OueBugHO,
{1, A} = 1), Hockomeky f(a) — Al =c(a— M\i1)...(a— A\,1), u3
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JEeMMEI 2.3 crenyeT, ITo

A €o(f(a)) < omement f(a) — Al HEOOpaTUM <—>
<> di:smement a — A;1 HeobpaTtum <=
= o(@Nf N #2 <= A€ fo(a),
KakK 1 TpebOBAIOCH. O

Yupaxuenue 2.20. [JokaxuTe CIEIYIOMINE YTBEPK ICHUA.

1. B yuuranbumon GanaxoBol aiarebpe He CyIIeCTBYeT 3JIEMEHTOB a, b,
KOMMYTaTOp KOTODHIX |a,b] = ab — ba pasen 1.

2. Tem HE MEHEE, DICMEHTHI C YKA3AHHEIM CBOMCTBOM CYIIECTBYIOT B aJl-
redpe Z(E), rge E— noaxoasmee (a Ha caMoM aete — ai00e) 6eCKOHed-
HOMEPHOE BEKTOPHOE IPOCTPAHCTEO.

3ameuanue 2.8. Bo BBemeHuu yxke yHOMUHATOCH, UITO HAOJIIOIaeMble
B KBAHTOBOU MEXAHUKE MHTEPIPETUPYIOTCA KAK CAMOCONIPSIKEHHBIE Oepa-
TOPEL B Ir'wiib0epToBoM npocrpancTse. IIpu 3TOM OKa3bIBAETCA, ITO KOOD-
[JUHATA YACTHULBL ¢ ¥ €€ UMIIY.ILC P HOMXKHBL ObITh CBA3aHBEL COOTHOLIEHNEM
[q,p] = ihl, rme h— noctosuuas [lnamka. [locregHee COOTHONLIEHNE HABHI-
BAETCA KOMMYMAYUOHHBIM coomHouteruem I 'etdzenbepea n OTpakaeT TOT
daxT, 9TO KOOPAMHATA U UMIIYJILC HE MOTYT OBLITH OTHOBPEMEHHO TOYHO
u3MepEeHbl ((«IPUHINUIT HEONPEAEJEHHOCTHY ). VI3 IpeAbIyero yupak HeHus
CleqyeT, 9TO OrPAHNYEHHBIX OLIEPATOPOB C TAKUM CBOICTBOM HE CYIIECTBY-
er. [losToMy 41 HyX[ KBAHTOBOM MEXAHUKW NIPUXOIUTCS KCIOIB3OBATH
HEOT'PAHUIEHHBIE ONEPATOPHI (IIPUIeM, KaK ITPABUIO, HE BCIOAY ONPEIeIeH-
HEIE), & C HUMF HAMHOTO CJIOXKHEE Paf0TaTh...

Bor erme 08O mOME3HOE CBOMCTBO CIEKTPA.

Yupaxuenue 2.21. 1. IIycre A — yuuranbuas aarebpa, a € A — obpa-
rumbi saement. Jokaxure, uro o(a ') = {A7!1: XA € o(a)}. (Unu, Goaee
KopoTkO, o(a~t) =c(a)~!.)

2. Mlycte E — 6anaxoBo mpocTpaucTBo, 1 € Z(E) — o6paTuMbiii 130-
merpudeckui oneparop. [lokaxure, aro o(T) C T.

Hepeffl,qu Tenepb OT MOJMUHOMUAJBHOTO UCHUCICHUSA K DAITUOHAJIBHOMY .
s mpousBoasroro moamuoxkectsa M C C obosnatum gepes R(M) moxas-
re6py B C(t), cocTodinyo U3 pauroOHAIBLHBIX (MYHKIUI ¢ noaocamu Bae M.
WNuaxe roBops,

R(M)={fe€C(t): Ip,qeC[t], f =p/q, q¢(z) #0Vz € M}.

IIyctsb, kak u npexae, A— yauraipHas aarebpa, a € A — pukcupoBan-
HBIF DJI€MEHT.
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Onpegenenne 2.14. Payuonaabubim ucuucaenuem oT o Ha M HaswpIBaeT-
Csl YHUTANBHBI FOMOMOpPGU3M 7y, : R(M) — A, y10BA€ TBOPSIOLINAN yCIOBUIO

v (t) = a.
Ecau pammonanbHoe ucinciaeHue oT a Ha M CYHIIeCTBYyeT, TO OHO ABJS-

eTCs PO LOIKEHNEM [IOTNHOMUAILHOIO B OYEBI THOM CMbIce. [TosTomy s
f € R(M) emecto v, (f) o6eraro numyt npocro f(a).

Teopema 2.6. Payuonassroe ucvucaenue om a na M cywecmsyem mo-
2da u moavko moeada, xo2da g(a) C M; npu 3mom ono eduncmeenno.

Hoxazameavcmeo (wabpocox). lpegnonoxkum, uro o(a) C M. Bosemem
dyukumio f € R(M) n npexcrasum ee B Buge f = p/q, TAe p u ¢ — NOIAHO-
MBI 1 ¢ He obparmaeTcs B Hyab Ha M. U3 Teopembl 06 0TOOpaKeHuM CIEKTPA,
caepyer, aTo paemenT q(a) € A o6parum. lomoxum v,.(f) = p(a)g(a)~*. He-
NOCPEACTBEHHA MPOBEPKA MOKA3LIBAET, ITO ¥, : R(M) — A— xoppekTHo
OIPENENEHHbI TOMOMOPGU3M. EarHCTBeHHOCTE TOMOMOP(U3MA Y, OIEBHI-
Ha (cM. npemnoxenue 2.1 (1)). Heo6xogumocts yenosus o(a) C M nposepb-
TE€ CAMU B KAIECTBE YIIPAKHEHUA. O

3amedanue 2.9 (411 3HAKOMBIX ¢ OCHOBAMM KOMMYTATHBHOU AIre0pHI).
SameruM, 4ro aareépa R(M ) —osto B TounocTu konbno sactHerx C[t] oTHO-
cureapHO MyabTHmkaTuBHON cucremer S = {q € C[t]: q(z) #0Vz € M}.
TlosTOMy CyIIECTBOBAHME W €AUHCTBEHHOCTH DAIMOHATBLHOTO WCUUCTEHUS
Cpa3y CIeAYIOT W3 YHUBEDCATBHOTO CBONCTBA KOJEI| YACTHBIX C YI€TOM TO-
r'0, ITO BIEMEHT 7Y, (g) obparum B arrebpe A nasa moboro g € S.

Crezyromas TeopemMa — >TO, IO CYTH, TPUBHAIbHAA IepedOPMyInPOB-
ka Teopemer 2.6. [lonpsa oT Takom mepedOpMYJUPOBKU B TOM, 9TO OHA
IIO3BOJIAET B3TVIAHYTH HA TEOPEMY O DAIMOHATHEHOM MCYUCIEHUN HE € «MH-
IUBUAYATLHOWY, 8 C «KOJJIEKTUBHOWY TOYKY 3PEHUS.

Teopema 2.7. I[Iycmv A — ynumaavnas aszebpa, M C C — npouzgoan-
noe nodmnosrcecmso. Cyuecmeayiom KaHoOHUvECKuEe OUEKYUU

{acA:ola)Cc M} =

YHUMAAbHBLE 20MOMOPHU3MbL
R(M)— A

3deco cmpeara, OelemeyOwas c1e6a KANPABO, CONOCMABALEN, IAEMENMNY
a € A eeo payuonasvnoe ucwucaenue nwa M, a cmpeaxa, deticmeyrouan
cnpasa waaeso, conocmasasem 2omomopduzmy m: R(M) — A saemenm
7(t), ede t(z) = z das ar06o20 z € M.

Kaxpon dyuxnuu f € R(M) MOXHO UDUCBOATH 3HAMEHUE B IIPOU3-
BoubHOU Touke z € M. Ius sroro upeascrasum f B Buge f = p/q, rae
p,q € C[t] m ¢ e obpamaerca B Hyab Ha M, U TOJOXKUM TIO OPEIEICHUIO
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f(2) = p(2)/q(z). TMonyuaem wacrosmyor Qyukumio f ua M, 3a1aHHYIO
IO TIPABUIY f(z) = f(z) pas Bcex z € M. Conocrasaenue [ — f aBaserca
yHATATLHEIM roMoMopdmamom w3 R(M) 8 CM. OrmeTum, 970 5TOT roMo-
MOP(hU3M HHBEKTUBEH TOTa U TOJBKO TOTAA, Korga M 6eCKOHETHO; B 3TOM
cryaae R(M) moxuO camTaTs moganrebpon B CV

Yopaxuenue 2.22 (Teopema 06 oroGpaxenmm cuektpa). [lycre & #
# o(a) C M. Hoxaxure, ato o(f(a)) = f(o(a)) mas mobon dyHKIUL

feR(M).

3ameuanue 2.10. OueBugno, [ ABageTCS OOPATUMBIM DJIEMEHTOM AJIre-
6psl R(M) Torga u Tompko Torga, xorga f(z) # 0 HU B OZHON TOUKE MHO-
xecTBa M, T.e. xorga f — obpaTuMmeri saemenT aare6pst CM . IlosTomy

orn) (f) = ocu (f) = f(M).

A reneps nonoxuMm B mpensiayeM ynpaxuerun M = o(a). C yueTom cka-
3aHHOrO Bhimie paBeHcTBO o f(a)) = f(o(a)) MOXHO mepenucaTs Tak:

oa(7+(f)) = oR(o(a)) (f)-

WHbIMU cioBaM#, TOMOMODQU3M 7Y, «COXPAHAET CHEKTD» (HAMOMHNM, 9TO
B O0LIEM CJIydYae TOMOMOPMU3M (HE YBEINYMUBALT CIEKTDY; CP. MPEIONKe-
aue 2.1 (2)). C aABreHUAMEI TAKOIO POLA MBI BCTPETHMCA ellle HeOJHOKPATHO.

§2.5. CnekTpaibHbIA PaguAyC

Ilycte A — yuurambHas GaHaxoBa anrebpa, a € A — PUKCUPOBAHHBIN
DJIEMEHT.

Ompegenenne 2.15. Jucno r(a) = sup{|A|: A € o(a)} HazBBAETCA Ccnex-
MPAALHOIM PAOUYCOM DIEMEHTA a € A.

Mockoabky o(a) —uenycroun komunakT B C, ClieKTPabHEINL PALUYC JLIO-
6Oro DIeMeHTa OmpefeseH n KoHedeH. KpoMe Toro, ms Teopemser 2.2 (2)
cpasy caegyer, uto 7(a) < [|al.

IIpumep 2.13. Jlerko Bugers, 9ro B amrebpe A = ¢°(X) mia aoGoro
a € A cuopasegmuso paserctso 7(a) = ||la||. To ke camoe BepHO u B 10601
ee HATIOIHEHHON mofgaarebpe — B 9acTHOCTH B aarebpax C(Q) u By (X).

Yopaxuenue 2.23. Bepuo au, uro r(a) = |la|| B amrebpe L>®(X,pn)?
A B aurebpe C"[a, b]?
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Yopaxuenue 2.24. [lycte A = Z(C™), rage C" cHAGXKEHO €BKJIMIOBOU
nopmout. IIpeanonoxum, uro oneparop T € HB(C") 3anucniBaeTcss B HEKO-

TOPOM OPTOHOPMUPOBAHHOM 0a3MCe IUArOHAJILHON Marpumen. [Jokaxwre,
aro r(T) = ||T]-

Ipumep 2.14. Ilycts A = %(C?), a onepatop T 3anucLIBACTCA MaTPH-

nen T = 1) (cM. mpumep 1.2). Torga o(7') = {0}, mostomy u r(T) = 0;

0
0 0
¢ apyrou cropownsl, | T # 0.

Kcratn, Kak BEIHO U3 CIEAYIOMIEro YIPaXXHEHUA, IPAMEPOB TaKOro Po-
4, MOKHO TIOCTPOUTH JOBOJBHO MHOTO.

Yupaxnenue 2.25. [Iycre A — npousBoibHan yHUTAILHAS aaredpa, a €
€ A— HuWIBIOTEeHTHEH 21eMeHT (T. e. a™ = 0 pas mekoroporo n). Jokaxu-
Te, uro o(a) = {0}.

Hanomunanue 2.4. [Ipex e 4em JOKa3bIBATH CJAEAYIONULYIO TEOPEMY, Ha-
IOMHKM OZHO caencTBue m3 Teopembl banaxa—IlTennraysa.

Iyecmy E — nopmuposanmnoe npocmpancmso, M C E — nodmmnodce-
emso. Ipednoaoacum, wmo das awbozo f € E* mmooucecmeo f(M) C C
oepanuueno. Toeda u M oepanuueno.

Teopema 2.8 (dopmysa Bépmmura). [Tycmp A — ynumanvhes 6anazo6a
anzebpa, v nycmv a € A. Tozda

n”l/n_

= inf [|a™|*/".
n

r(a) = lim |a
n—oo

Joxazameavcmeo. JocraTodno ycranoButh, uto 7(a) < inf [|a™|/"
n

u r(a) > lim ||a"||*/™; orcoga GyzeT ciegoBaTh KAK CYyIIeCTBOBAHHE YKa-
n
3aHHOIO B POPMYJIMPOBKE MPEJeIa, TAK 1 €ro COBHaaeHue ¢ r(a).
Eciau A € o(a), To A" € 0(a™) BBUgY TeopeMbL 06 0TOOPAKEHUY CLHEKTDA.
Mosromy [A?| < |[a”|| u |A| < ||a™||*/™. Bass inf mo n € N, a sarem sup 1o

A € o(a), monydaem HepaBeHCTRO 1 (a) < i1r1Lf lla™ /™.

st nokasaTejabcTBA BTOPOro HepapeHCTBa BosbMeM kpyr D ={A € C:
Al < 1/r(a)} (ecm r(a) =0, ro D = C), sadukcupyem ¢dyHKIHOHAT
f € A* u pacemorpum dynxmmo 15 (A) = f((1 — Aa)™!), sagannyo ma D.
Hamomunm, ato dysxmua A — (1 — da)™! = —A"1R,(A™!) rosomopdua
B D\ {0} u ctpemuTcsa kx 1 mpu A — 0 (cM. npegnoxenue 2.7 u Teopemy 2.1).
CrenoBarensno, Gynkunsd ¢y romomopdua B D (o Teopeme 06 ycrpanu-
MO OCOOEHHOCTH) U IO3TOMY pasiaraercs B pag Teiaopa: p(A) =) cp A"
o1 Bcex A € D. n
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Ecu |A| < 1/[a||, To (1 — Aa) ™! = > (Aa)™ (cum. Teopemy 2.1). Hosromy
n
Yr(A) =) fla™)A™ paa Beex Taxux A. Iloap3ysach eJMHCTBEHHOCTBIO PAIa
n

Temnopa, 3aka09aeM, 9To ¢, = f(a™) mia Bcex n.
3apukcnpyem npomssoabHoe A € D, A # 0. Hockonsky paxg y, f(a™)A"

n
cxoguTes, nocaegoBarenbHocTs {f(a™)A"} orpamwdena. Ho sTo Bepno

s goboro f € A*, nosromy m3 Teopembl Banaxa—IllTennraysa cueny-
eT, 9TO MOCAeAOBATENBHOCTH {A"a"} orpammtena B A, T.e. [|A\"a"|| < C
maa HekoToporo C' > 0 u Beex n. [lepenmcbiBas TOTYyIeHHOE HEPABEHCTBO
B Buge ||a”||"/" < CY/"/|\| u mepexois K BepXHeMy Mpeeny, TMOIy<aeM
@Ha””l/” < 1/|A]. Beugy npoussonsroctu Toukum A € D\ {0} orcroza

caexyer, aro lim ||a™||*/™ < r(a), kax u TPe6OBAIOCH.
n

Urak, o6a HyXHBIX HEPABEHCTBA YCTAHOBJIEHBI, U TEOPEMAa JIOKA3AHA.

O

Caepgcrue 2.3. (Cp. ynpaxuenue 2.25.) Pasencmeo o(a) = {0} axeu-
saaenmuo momy, wmo lim [|a”|'/" = 0.
n

Onpegenenne 2.16. JaeMenT a € A HA3BIBACTCA K6 A3UHUALNOTNEHITHbIM,
€C/IN OH YIOBJETBOPAET YCJIOBUIO MPEABLIYIIErO CIeICTBUA.

Yupaxuenue 2.26. B kakux 60aHaxoBLIX airebpax u3 MPUBEIEHHBIX pa-
Hee IIPUMEPOB CYIIECTBYIOT KBA3WHUIBIOTEHTHEIE DIEMEHTHI, HE ABJIAIOIIN-
eCs HAILIOTEHTHLIMU ]

HamoMHMUM, ©ITO CHIEKTD DJIEMEHTA MOXKET YMEHBIINTHCA, €ClIN €T0 Pac-
CMATPUBAThL KAaK DIEMEHT HeKOTOpOU Goablnen anrebpul. Tem He MeHee, u3
[JOKA3aHHOU TEOPEeMBl CJAEAYET, YTO CIEKTPAILHBIA PAJAYC YMEHBIIUTHCS
HE MOXKeT.

Caegcreue 2.4. [Iycmv A — ynumaavnas 6anaxrosa aszebpa, B C A —
samrnymasn nodaszebpa, 14 € B. Toeda rp(b) =ra(b) daa awbo20 b€ B.

Caenyrolnee ympaxkHEHUE YCUINBALT DTO (JeAcTBre. B naibHenineM mis
kax goro noamuoxecrsa M C C cumBomom OM mul 6ygem 0603Ha9aTh €ro
CPaHUILY.

Yupaxuenue 2.27. B ycaoBusax npeasiayInero CaeaCTBUA JOKAKUATE, ITO
dop(b) C do4(b) pas moboro b € B.

Onpegenenwe 2.17. [Iycte A — yuuraneuas GanaxoBa anaretpa, a € A.
O6begunenue crekTpa o(a) U BCeX OIPAHUYEHHBIX KOMIIOHEHT CBS3HOCTH
€ro [OIOJHEHWUs HABBIBACTCA NOAHLM CREKMPOM DIEMEHTa a U 0003Hada-
eTca of(a).
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C reomeTpuieckoll TOUKN 3peHNus, os(a) morydaerca u3 o(a) «3aKjien-
BaHUEM OBIP».

Yupaxuenue 2.28. B ycrosuax cregcTsus 2.4 gokaxure, 9To 0 p(b) =
=0y,4(b) naa moboro b€ B.

[lose3H0 mOCMOTPeTh, BO 9TO IPEBPANIaeTCsA DPE3yAbTAT HOC/IeIHEro
yupaxuenus npu A = o/ (K) u B = Z(K) (uanpumep, nas K =T u pyuk-
i a(z) = z).

JlurepaTypHble yKa3aHUA

Bénbuias wacts MaTepuaia 3Tou miaBbl cogepxkuTca B kaure A. f. Xe-
aemckoro [29]; cm. Takxe ero megapuunt yuebuuk [30]. Xopowee, kpar-
KO€ W NOCTYIHOE BBENEHWE B TEOPUIO OAHAXOBHIX aare6p — MOMOJIHEHWE
B. M. Tuxomuposa k xuure [15]. Jo6poTHOE (XOTA 1 HECKOIBKO MeIaHTHY-
HOe) M3JOKeHuWe ecThb B KHure Bypb6axm [1]. Kmaccudeckas MmosOrpadms
10 GaHAXOBBIM aarebpam, A0 CUX [OD Heé YTPATUBILASA CBOET'O 3HAUCHUA, —
kaura M. A.Hanvapka [21]. BanaxoBbl aare6pbl aHaJIUTUIECKUX (DYHK-
mant o/ (K) n P(K) (cm. npumep 2.12) nogpo6HO 00CYXIAIOTCA B KHULE
T.Tamenuna [5]. TIo mOBOAY OCHOBHBIX TOHATHUN TEOPUU GAHAXOBLIX a1redp
cM. raxxke [26, 20, 10].



3. YACTHU CIHEKTPA JIMHENHOT'O OIIEPATOPA

§3.1. To4eYHBIN, HEMPEPBHIBHLIM ¥ OCTATOYHBIA CIEKTPHI.
OmnepaTopsl yMHOX€EHUA

Ot o6umx 6aHAXOBBIX aIrefp MeperuseM Temephb K aaredpe OrpaHutdeH-
HBIX oneparopoB B(E), rae E — 6aHAX0BO IPOCTPAHCTBO, M MOCMOTPUM,
KaK YCTPOEHLL CIEKTPEI HEKOTOPLIX «KIACCHIECKUX» OIePATOPOB.

ITpumep 3.1 (amaronamsub omepatop). Ilycts F —osTo mbo (P (rae
1< p<o0), ambo ¢y (HATTOMHUM, €TO ¢g— BTO MPOCTPAHCTBO BCEX CTPE-
MATMXCA K HYJTO TOCIEA0BATETLHOCTEN, CHAOKEHHOE Sup-HOpMon). Takum
06pazomM, pJeMEeHThHI NpocTpancTBa E — 310 nocnesoarerbHocT & = (T,),
Y IOBJIETBOPSIONINE TeM WM WHBIM yCaoBmaM. Kaxgoll orpammaenHon mo-
CIeOBATEILHOCTH A € £%° cooTBeTcTBYyeT oneparop My € B(E), nenctsy-
foruit o npasuay My (z) = (Anxy,) aas Beex x = (x,) € E.

Yupaxuenue 3.1. [lokaxure, aro orobpaxenue : £ — B(E), A —
— M), ABIACTCA U3OMETPUIECKEM YHUTAILHLIM TOMOMOP(MU3MOM OaHAXO-
BbIX aiarebp. B wacrrocru, yeranosure, 4ro || My| = ||| = sup |An|-
n

Mpegnoxenne 3.1. Nomomopdusm @, onucanwmubiti 6 npedvidyuem yn-
parcuenu, «corpansem cnexmpy: o g)(P(A)) = oge (A). Unvlmu caoeamu,
o(Mx) ={An}nen

Hoxazameavbcmeo. [locTaTouHOo MOKa3aThb, 4TO Im — HamomHeHHAA
nogaiarebpa B Z(E), 1.e. 410 aas 1106000 HeoGPaTUMOro daeMeHTa A € £
oneparop M) HeobpaTum.

s xaxmoro n € N obosnaduMm <epe3 e, € F mocaenoBaTeabHOCTH
C eIVHUIEN Ha M-M MECT€ W HYJeM Ha OCTAJIBHBIX W 3aMETUM, 9UTO
Myen = Apeyn. Ecim saement A € £ meobpatum, T.e. 0 € {A,}, oy, TO BO3-
MOXKHBI CJAEIYIONIAE CAYIan.

1) Cywecrsyer rakoe n, aro A, = 0. B aTom cayqae Mye,, = 0, noaromy
oneparop M) He UHBEKTUBEH, 4 3HAYUT, HE 0OPATUM.

2) [lns kax g0ro n umeeM A, # 0. B aToMm caydae cymecTsyeT mognoce-
JOBATEIBHOCTL { Ay, } C {A,}, cTpemsmasnca x mymo. [lootomy My (e, ) =
= Ap €en, — 0 mpu k — co. Ho ob6parumeit oneparop, 6yAy4d rOMEOMOD-
pu3MOM, HE MOKET MEPEBOIUTH IMOCJAEAOBATENBHOCTh BEKTOPOB €IUHUY-
HOU JJIWHBI B [OCJAEIOBATEILHOCTE, CTPEMSILYIOCS K Hyao. [loaTomy ome-
paTop M) HeoGpaTum. O
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ITpumep 3.2 (omepaTop ymHOXeHms Ha pyukmuro). Ilycrs (X, p) —upo-
cTpadcTBo ¢ Mepon, u nycts B = LP(X, u) (rge 1 < p < o0). Kaxpasn uzme-
puMasA CyIIeCTBEHHO orpanmdeHHas ¢pyHknma f: X — C sagaer omepaTop
My € B(F), nencrpytomun o npasury (Myg)(z) = f(z)g(x).

Ynpaxuerue 3.2. Jokaxure, uTo orobpaxkenne p: L°(X, u) — B(E),
f— My, ABIsgeTCA M30METPUYCCKNM YHUTAILHBIM [OMOMOPGU3MOM GaHa-
XOBBIX ajreGp. B uactroCTH, yeranosute, uto | M| = || f|| = esssup | f].

Yopaxkueaue 3.3. [JokaxuTe, IT0 TOMOMOPGDHU3M ©, OMUCAHHEIN B IIpe-
ABIAYIIEM YTIPasKHEHUHN, «COXPAHACT CeKTP»: 0g(g)(@(f)) = ore(x, 1) (f)-
MabIMY cI0BaMU, yCTAHOBUTE, 9TO 0 (M f) —9T0 MHOKECTBO CyIIECTBEHHBIX
sHadenun pyaknun f.

IMocMmoTpum emme pas Ha moKazaTeabCTBO mpemnoxkenus 3.1. Ha sTtom
IprMepe XOPOIIO BUIHO, 9TO CIEKTP OIIePATOPa €CTECTBEHHO Pa3buTh HA
HECKONBKO YaCTeU B 3aBUCUMOCTU OT TOIO, IO KAKOU IIPUYUHE COOTBET-
crBytomun omeparop I’ — A1 HeoGpaTuM.

Boobirme, mycTs S — Npon3BoAbHEIN OrpaHudeHHbn onepatop B F. Ilo-
YeMy OH MOXKET OKaz3aTbCsa HeoOparuMbiM? BoO-mepBBIX, MOXET OKa3aThb-
cs1, uro Ker S # 0 (B KOHEYHOMEPHOM CJAydae DTUM BCE U KCIYEPILIBACT-
€Sl — MHBEKTUBHLIN OLEPATOD B KOHEYHOMEPHOM [IPOCTPAHCTBE 06pATHM).
Bo-BToperx, Bosmoxken cayaan, korga KerS =0, vo Im S # E (npusenure
npumep!). Ero yno6uo paséuTh Ha ABa mogcaydad: au6o o6pas Im.S mio-
TeH B F, mu6o wer. B mpumenenun k oneparopy S =71 — Al 5T0 npuBoauT
K CJIeIVIOLIEMY OIIPEIETCHUIO.

Ompegenenne 3.1. Toueunvim cnexmpom oneparopa T € Z(F) nasbiBa-
€TCs MHOXKECTBO

op(T)={A e C: Ker(T — A1) #0}.

Henpepuisnvim cnexmpom omneparopa T’ HA3LIBAETCI MHOXKECTBO
0.(T)={A€C\o,(T): Im(T — A1) = E, Im(T — \1) # E}.
Haxowner, ocmamounvim cnexmpom oneparopa T HA3BIBAETCA MHOXECTBO
or(T) ={A € C\ 0, (T): Im(T — A1) # E}.

Ouesngno, o(T) = 0,(T) U 0.(T) U o, (T). 3ameTu™, 9TO TOUEUHBIN
cnextp 0,(T) —5TO B TOYHOCTU MHOXKECTBO COOCTBEHHBIX 3HAYEHUH OIle-
paropa T'. Ecim npocrpascreo E xoreunomepro, 1o o (1) = 0,(T), a 0.(T)
u 0,.(T) nyctet. llocMOTpUM, 9TO IPOUCXOAUT B GECKOHETHOMEPHOM CJIydae.
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Ipepnoxenne 3.2. [Tycmo E = (P (2de 1 <p < o0) usu E = cy, u nycmo
My € B(E) — onepamop ymuomicenua ma 02panuuennyio nociedosame.is-
nocmv AEL® (em. npumep 3.1). Toeda op(My)={A\n}, o.(Mx)={\}\{ 0}
uo. (M) =2.

Hoxazameavcmeo. Illockoabky Mye, = Ape,, CIPABEIINBO BKIIOYCHUE
{An} Cop(My). C gpyron cropousr, ecim pp € C uw pp# Ay, HE 1ia Ka-
Koro n, To My — pl = My_,; — T0 omepaTop yMHOXKEHHA Ha IOCICIO-
BaTeNbHOCTL A — pl = (A, — ) HeHyzneBbIX umcen. IlosToMy, OYeBMIHO,
Ker(My — 1) =0 u u ¢ 0,(T). Hakonen, nycts p € o(My) = {\,}, HO
U # N\, Hu aas xaxoro n. Torma BekTop e, = (A, — p) H(My\ — pl)e,
aexur B Im(My — pl) gas Bcex n. Ho auneinas 06os0vka BEKTOPOB
en (n € N) miorsa B E; 3naunt, u o6pa3 Im(M, — pl) mioren B E,
T.e. p € 0.(My). O

Ynpaxsnemue 3.4. Hangure o,(M)), 0.(My) u 0,(M)) B cry4ae, korjga
E =¢~.

Ymnpaxuenue 3.5. Ilyctes = LP(X, ) (rge 1 < p < o00), n nycts My €
€ B(E)— onepaTop YMHOXKEHUA HA, CYLIECTBEHHO OIDAHUYEHHY) U3MEPU-
myoo Gyukmuio f: X — C (cm. mpumep 3.2). Joxaxwure, aro op(My) =
—AEC: (V) > 0}, 0. (My) = o(M;) \ oy (My) 1 0, (M) = 2.

3ameqanwe 3.1. BaKHBIN JaCTHBEIU CAyYan yIPAKHEHUA 3.5 — OMEPaToOp
YMHOXKEHUA HA (HE3ABUCUMYIO mepeMmenuyio» My, neitcteyrommii B8 L2[0,1]
no npasuiry (Mig)(z) = xg(x). Y vero o(M;) = 0.(My) = [0, 1], a Togeunsin
U OCTATOYHBIN CHEKTD IIyCTHL

KcraTu, nonesno mpeacTapaaTsh cebe, KaKOBa CBA3b MEXTY MOHATUAMUI
3HAYEHUS U CYIIECTBEHHOrO 3HAa4eHUsA (BYHKIUY. ITOOHL B 9TOM pa30obpaTh-
¢, CAETANTE CACHYIOUIEe YIPAKHEHNE.

Yupaxuenue 3.6. 1. [lycte f —nenpepriBuasg @pyuknus Ha oTpeske. Jlo-
KQXKUTE, ITO MHOXKECTBO €€ CYIIECTBEHHBIX 3HAMEHUN — DTO B TOIHOCTH
MHOXKECTBO €€ 3HAYEHUN.

2. Ilycre f € L*™°(X, p); BepHO M, 9T0 Kaxaoe 3Hadenue QyHkuumu f
ABIACTCA €€ CYIIECTBEHHBIM 3HAYCHNEM !

3. O6paTHO, BEPHO JU, UTO KAKJOE CYIIECTBEHHOE 3HAYCHUE (DYHKINN
f € L®(X, u) aBasgerca ee 3HAICHUEM?

Ynpaxsnemme 3.7. Haugure o,(My), 0.(My) n 0,.(My) B ciy4ae, koraa
E=L>(X,p).
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§3.2. /IBoucTBeHHOCTH. OmEpaTOpHI CABUrA

Y106BI HAXOAUTH CIEKTPHI OrPAHUYEHHBIX OIEPATOPOB, 9aCTO OLIBAET
y40OHO KCIOAL30BATL COOOPaXKEHNUs TBONCTBEHHOCTH.

Hanmovmuanwme 3.1. Ilycte E, F — 6aHaxoBe TpocTpaHcTBa, 1: F —
— F — orpaunvensni oneparop. Orobpaxkenne T : F* — E*| meuctsy-
fomee 110 npaBuiny T f = f o T, HABBIBACTCA CONPANCEHHBIM ONEPATMOPOM
kK T. DrotT oneparop Takike JuHeeH, orpanudex u | T = || 7.

Ecau BB He BCTpeYaInCh PAHBIIE CO CIEIYIONIM (PAKTOM, 00A3aTETHHO
MTOKAXKMTE €r0 B KadIeCTBE YIIPAXKHEHU.

Yopaxuenue 3.8. Jokaxure, uro oueparop T € Z(E, F)— ronoxoru-
9eCKUN W30MOP(pU3M TOrIa M TOJLKO TOrIa, Koraa 1™ — TOmosornaecKuin
n30MOphU3M.

Jameuanue 3.2. Pasymeercsa, uMmivkaimsa = B NPEIBIAYIIEM yIIPAKHE-
HUY TPUBKALLHA (moueMy?) U BepHA TAKXKe [1JIsI HEIIOJHLIX HOPMUPOBAHHLIX
IpOCTPAHCTB. A BOT 06paTHAS MMILVIUKAIUS CYIIECTBEHHO UCIOAB3YET MO~
HOTY TpocTpaHcTB F u F' (MOCTPONTE COOTBETCTRYIOIINN KOHTPIPUMED).

Mockoasxy (T — Alg)* =T* — Al g« aus moboro T € B(FE), cupase-
JUBO CJAEAYIOIIEE YTBEDPXK ICHUE.

Caegersue 3.1. Ilycmy T € B(E); mozda o(T) =o(T™).

Urak, ciekTpsr omepaTropos 1’ u T coBnagaiT. A ITO MOXKHO CKa3aTh
PO YaCTHU CIHEKTPA— HENPEPLIBHLIA, TOYEYHLIN U OCTaTOYHbM ! [ia 3Toro
HaM MMOHALOOUTCA CAENYIONINY HEeCAOXKHLINA (PAKT.

Yupaxuenue 3.9. llycte T € B(E, F)— orpann<eHHBIN OTIEPATOD MEXK-
oy 0aHaxoBLIMU TpocTpancTBamu. /lokaxnuTe, 4TO

1) ImT=F < KerT* =0;

2) ImT* = E* = KerT = 0;

3) 06paTHAT UMIUIIKAIWA BEPHA, eciu E peduexcuBro, a B 00meM ciy-
1ae — HeT.

IIpumensnsa pesyabrar »TOro ympaxkueHusa k omeparopy 1 — A1 (rae
T € #(FE)), nony4aeM CIELYIOMEUE COOTHOLICHNA.

IIpenaoxenne 3.3. Ilycmsv T € B(FE). Tozda
1) op(T) Cop(T*) U, (T7);

2) 0( ) Coc(T)
3) o.(T) C Up(T*)a
) ol

) o

S

T*) Cop(TYU o, (T);
T*) Co.(T);

Ut

Oc
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6) 0.(T") Cop(T)U o (T).

Ecau oce npocmpancmeo E pefaercusno, mo
7) 0c(T) = 0(T7);
8) 0,.(T*) Co,(T).

ITocmoTpuM HA HECKONBKO KJIACCHYECKUX IPUMEPOB.

ITpumep 3.3 (neBem u mpasem cxeurn). [Iyctes E =P (rae 1 < p < 00)
aubo F = ¢g. Oneparop npasozo cdsuea T, € B(E) nencTByeT mo mpasu-
ay T.(x) = (0,21,22,...) gaa x = (21,%2,...) € E. O4eBugno, OH u30Me-
rpuder, nosromy ||| = 1. Oneparop sesoeo cdsuea T, € B(E) s3anaercs
dopmyaon T, (z) = (22,23, ...). OB, KOHEIHO, HE W3OMETPUIEH (IOCKOIBKY
IMeeT HeHyJeBoe A1po), Ho Bee ke ||Tp]| =1 (mouemy?).

Hanomunanwe 3.2. Ilycrs 1 < p < 00 u ¢ Takoso, uro 1/p+ 1/¢=1 (ec-
au p=1, ro ¢ = 00). Torga oneparop

Zqﬁ([p)*v nyyv fy(m)zzwzyza

ABJIACTCA U30METPUICCKUM H30MOPPU3MOM. AHAJOIMIHEIM 06Pa30M OIpe-
neiseTca uzoMeTpuaeckuin mzomophuam £ — (co)*.

C Ipyrom CTOPOHBI, BAYXKHO MOMHUTEL CJIEIYIOINIEE.

Yupaxnerme 3.10. [loxaxute, aTo npocrpancTsa ((>°)* u (1 ne apisa-
FOTCA TOMONOTUICCKY M30MOP(hHLIMA.

Yupaxuenue 3.11. [Toxaxxure, 9T0 IPOCTPAHCTBA fP pedIeKCUBHEL IIPU
1 < p < 00, a IPOCTPAHCTBA ¢y, £ 1 £°° — HerT.

Ecmm oroxgecteuth (fP)* m 7 mpm mOMONIM OMMCAHHOTO BHILIE H30-
MOpGU3MA, TO ONEPATOP, COMPIKEHHBIN K JEBOMY CIABULY, «(IPEBPATUTCSY
B [IPaBLIK CABUI 1 HaoG0opoT. UTo6L cKazaTh 310 6ojee CTPOro, Hago0 40ro-
BOPUTBHCS O TOM, KaKWe OIIEPATOPLL CINTATEH «OLUHAKOBEIMWY . LyT eCTh qBa
IIOAXO0Ja: BCE 3ABUCUT OT TOr'0, KaKne OAHAXOBLI IPOCTPAHCTBA, MBI CINTA-
eM «OJUHAKOBLIMMY — TOMOJIOTUIECKN N30OMODP(HLIE WIN XKe N30MEeTPUIECKN
m3omopdHEIe! .

Onpepenenne 3.2. Ilycte S € B(E) u T € $(F) — orpaHuteHHbIe OIe-
PATOPHL B GaHAXOBLIX IpOCTpaHCTBaX. OHU HABBLIBAIOTCA N0J0OHbIMY (COOT-
BETCTBEHHO U30MEMPUUECKU IKEUBALCHIIHDIMU), €CIN CYIIECTBYEeT TAKON

L /las meHuTerel 06IIEMATEMATHIECKIX KOHIENIMI: BCE 33BUCHT OT TOIO, B KAKOMK
Kamezopuy HAHAXOBBIX IPOCTPAHCTB MBI padoTaeM.
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TONOMOIMYECKUYN U30MOPGU3M (COOTBETCTBEHHO U30METPUYECKUN U30MOP-
¢usm) U: E — F, aro guarpamma

E-5.F

|k

F-r.F

KOMMYTAaTHUBHA.

Ynpaxuerue 3.12. Tokaxkure, uro ecau omepaTopul S € B(E) u T €
€ #A(F) nopobusL, To 0(S) =0(T) u TO e caMOe BEPHO LA 0p, O¢, 0.

Ynpaxuemue 3.13. Ilycts 1 <p<ocou 1/p+ 1/g=1. llycts T, —npa-
BuI caBur B fP (COOTBETCTBEHHO B Cg), a Ty — aeswin casur B ¢4 (cooTBeT-
creenno B /1), Mokawxute, uro (T})* u T; ©30METPUYECKN SKBUBAJICHTHLL.
ChopMyupyuTe u TOKAKATE AHAJOTUIHOE YTBEPXKACHUE 00 OIepaTopax

(Ty)* u T,

IIpenmoxenue 3.4. Ilyems 1 < p < oo u T, Ty € B(P) — onepamopwr
npaeoeo u aeeo20 coeuea. Toeda

1) o(T,) =o(Ty) =Dy

2) UP(TT) =3, 0.(T;) =T, o.(T;) = Dj

3) 0p(T) =D, 0o(Ty) =T, 0,(T1) = 2.

Aoxazamenvcmeo. Bo-epprix, 3aMeTHM, 9TO CHEKTPHI HAIMMX Omepa-

TOpPOB JexkKaT B [, MOCKOALKY MX HOpPMBI paBHHI 1. Hammem Bmavaze mx
TOYECYHBIEC CIICKTPHI. SaMeTI/IM7 9TO

Tz =M < (0= Az1)&(xn = ATpy1 V) < =0,
nosromy o,(1,) = &. C apyrou CTOpOHEL,
Tix =z <= Tpp1 = A2, V0 <= z, =1, \" "1 Vn,

nosToMy BeKTOp & # 0 siBisieTcss co6cTBeHHBIM miist Ty ¢ cOGCTBEHHBIM 3HA-
YeHMeM A TOTJa U TOJIbLKO TOT'a, KOT1a IOCIen0BaTeabHOCTb (A1) jexut
B (P, T.e. xorga |A| < 1. Cregosarensno, o,(Ty) =D.

O603Ha4UM BPEMEHHO HAINU OIEPATOPBI Yepe3 T,gp ) u T[(p ) coorpet-
ctBerno. llycrs 1/p+ 1/q = 1; Torpa us npegnoxenus 3.3 caegyer, 910

D=0, (T,") C 0,(TP) U (TP)) = 0, (TP) C 0, (T\") = D.

3uauut, 0-(T,) =D. C yueToM 3aMKHYyTOCTU CIEKTPa OTCIOAa CPa3y CJe-

ayer, aro o(1) =D u uaro o.(T,) = T. fcuo, 9ro »ro Bepuo kak B fP,
Tak u B {%; nosTomy u3 caencTBusA 3.1 U npeamIoxeHusa 3.3 MBI 3aKT0UAEM,
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aro o(Ty) =D u 0.(T;) = T. Ocrapmeeca paserctso 0,.(Ty) = @ Temeps
OYEeBUIHO. O

3ameuanue 3.3. [onesnoe ynpaxHeHne — [0KA3aTh 3TO MPEIIOKECHUE
«B JIOO», T.e. HE UCHONB3YsA COOOPaKEHUN TBOMCTBEHHOCTH. 33,1248 BIIOJHE
pemaemas, HO, COTVIACUTECD, C TBOMCTBEHHOCTBIO BCE BLITVIAAUT KY1a IIPOIIE
U KpacuBee.

Yopaxuenue 3.14. Hangure criekTpel u ero gacTu (T. €. HEIPEPHIBHEL,
TOYEYHBIN, OCTATOYHBIN CIEKTPHI) OMEPATOPOB JEBOT'O W TPABOTO CABUIA,
JTeRCTBYIOMUX B co, {1 1 £°.

ITpumep 3.4 (cgBuru Ha rpymmax). OnepaTopsl, 0 KOTOPHIX TIORIET Pevb
HUXKE, CTPOATCA TIO caefytomen obmen cxeme. [lycts G — rpynna, F— He-
KOTOPOE TPOCTPaHcTBO GyHKumn Ha G, g € G — PUKCUPOBAHHBIN 2JIEMEHT.
Onepamop cdsuea T,: E — E sagaerca popmyaon (T, f)(h) = f(g~'h) nin
f € E, he€ . Pazymeercs, 94Tobbl onepaTop ObLI KOPPEKTHO ONPEIEIeH,
HYKHO, 9TOOHI IPOCTPAHCTBO F OBLIO (MHBAPUAHTHO OTHOCUTENLHO CIBU-
rom». Hac 6y1yT mHATEpecoBATH CACAYIOMINE CIyIaM.

Cayyau 1: G =7, E=(P(Z) (rne 1 < p < 00) mm xe E = ¢o(Z). Onepa-
Top deycmoponnezo cdsuza* Ty € B(E) onpenerserca dopmyton (Tpx), =
=xp1 gan € = (Tp)nez € E. OueBugno, on uzomerpuder u ob6parum.

Caydau 2: G = T — rpynna KOMILIEKCHEIX HHCETI, PABHBIX IO MOIY-
a0 1, OTHOCUTETHLHO omepanuu yMHOXKeHUsa. Beemem Ha T Mepy «i1amHa
ayru, nejgeHHad Ha 2m» u mouoxum E = LP(T) (rme 1 < p < oo) mim xe
E = C(T). Maa xaxgoro ¢ € T onpexeinm oneparop T, € B(E) dpopmymnon
(Tcf)(z) = f(C'2) mna f€E, z€T. Oueunno, OB u30MeTpUICH (BBU-
1y UHBADUAHTHOCTY HAIIEH MEPHL OTHOCUTEABHO «IIOBOPOTOBY) U 0OPATHUM;
OOpaTHBIM OTIEPATOPOM ABAACTCA T 1.

Cay4yau 3: G =R, E = LP(R) (rae 1 < p < o0) mm xe E = Cy(R) (mpo-
CTPaHCTBO HEMPEPBIBHLIX (DYHKINU HA R, CTpeMAmmMXcs K HyI0 Ha OECKO-
HeuHocTH, cHabxennoe sup-gopmon). s kaxaoro s € R onpegenum one-
parop Ts € B(E) dopmyaon (Tsf)(t) = f(t —s) gua f € E, s € R. OueBua-
HO, OH TaK¥ke M30MeTpudeH (BBUIY WHBAPUAHTHOCTHM MepHI JleGera oTHO-
CUTEILHO CABUTOB) U 0OPATUM; OOPATHBIM OMEPaTOPOM sBageTca T .

IToCKOMBLKY BCE TPU OMEPATOPA N30METPHUYIHEI M OOPATUMBI, UX CHEKTPHI
cogepxarca B equHuIHON OKpyx)HOocTH T (cM. yupaxkuenue 2.21).

YTOOB HAUTH CIIEKTPHL U YACTH CIEKTPA OMEPATOPOB CABUMA, OOCYAUM
OJIMH OOIIMY METOJ, KOTOPHIM YCTAHABIMBAET B3AUMOCBS3b MEXKIY OMepa-

IHe ouens yjaqHOE HA3BAHME: HA CAMOM JieJe CABUTAET STOT ONEPATOP BIPABO, TOJMb-
KO IOCHE0BATENBHOCTH (T ) € E Teneps, B OTaM<YUe OT OPEABIAYINErO HPUMEDA, (ABY-
CTOPOHHUE).
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TOpaMU COBUIA U yMHOXKEHUA HA QyHKuuio (cM. npumepst 3.1 u 3.2). dtor
METOJ JEXUT B OCHOBE LEJOU HAYKH — GOCMPAKMHO20 20PMOHUUECKO20
anaAU3a.

Mpeanoxenne 3.5. 1. Onepamop deycmoponnezo cdeuza Ty € (*(Z) u
onepamop ymmoncenus M, € B(L*(T)), (M.f)(z) = 2f(2), usomempuue-
CKU IKGUEAACHINMDI,

2. Onepamop cdsuea na oxpyscnocmu Te € L*(T) u duazonasbnovi
onepamop Mc-ny € B (L)), M—n)(2) = ((""&n)nez, usomempuuecky
IKGUBAAEHTNHDL.

Hoxazameavcmeo. B oboux cayuasx HyKHYIO U30METPUIECKYIO DKBU-
BaeHTHOCTL ocyuectsaser oneparop U: L?(T) — (*(Z), conocrasusio-
U7 KaxK 10K GyHKIuN f € LQ(T) IOCJIEJOBATEABHOCTE €€ KO3 (PUIUEHTOB
dypre oTHOCUTENBHO TpuroHoMmerpudeckon cuctemst: (U f), = (f,z") =

= /Tf(z)z_" dz. O

ITOCKOIBKY CIEKTPHI OMEPATOPOB YMHOXKEHWA HAM YK€ W3BECTHBI (CM.
yupaxuerue 3.5), A HAXOK ICHUA CIIEKTPOB OMEPATOPOB CABUTA OCTASTCA
BOCHOJB30BATHLCA PE3YABTATOM YIpaKHEHU 3.12.

Caencreue 3.2. [Tycmv Ty, € B((*(Z)) — onepamop deycmoponne2o cO6u-
2a. Toeda o(Ty) =o0.(Tp) =T.

Caegcrsue 3.3. [Tycmoy T, € B(L*(T)) — onepamop cdeuza ma oxpymHc-
nocmu. Toeda op(Te) = {("}nez v 0, (T¢) = @. Kpome moeo,

1) ecau { —xopens uz edunuysy, mo o(I¢) = {("}nez;

2) ecau ¢ ne asasemca xoprem uz edunuywt, mo o(I) =T.

Hoxazameavecmeo. Ecim ( — KOpeHb 13 e IMHUIEL, TO MHOXKECTBO {(" } ez
KOHEYHO W IOTOMY 3aMKHYTO. Ecan xe ( He SABIACTCA KOPHEM U3 ¢IWHUIILL,
TO BTO MHOXKECTBO BCIOAY ILNIOTHO HA OKpyX)HOCTH. OCTATBHOE ClenyeT m3
npepaoxenun 3.1 u 3.2. O

Yopaxuenue 3.15. /JokaxuTe CIeqyomne yTBEPXK TCHU:

1) onepatop capura Ty € ZB(L*(R)) u omepaTop yMHOKeHUs M, st €
€ Z(L*(R)), saganmeti Gopumyaon (M, f)(t) = et f(t), usomeTpme-
CKY DKBHBaJIEHTHBL.

2) o(Ts)=0.(Ts)=T.

Yxazanue. Bocmonszynrecs npeodpasosannem Dypoe.

Yupaxuenue 3.16. Hangure ciekTp u ero 4actu (HempepbIBHBIN, TOYEY-
HBI{, OCTATOYHBIN) A/ OEPATOPOB CABUI'A U3 IpuMepa 3.4, 1eicTByOmuX
B coorBercrBylonwmx ¢P- wiu LP-npocrpancrsax npu p # 2, a raxxke B ¢o(Z)
mwm (emotps no cmeicay) Co(R), C(T).
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IIpennoxenue 3.5 u yopaxuenue 3.15 MOKa3LIBAIOT, ITO ¥ OIEPATOPOB
capura B mpocrpanctsax (2(Z), L?(T) u L*(R) ectsb Pynryuonasvnvie mo-
deau — OmepaTopbl yMHOXKEHUA Ha (PYHKIIUIO WK IIOCAEI0BATENLHOCTL. Ha-
JUHUME Y OMepaTopa (PyHKIIMOHAIEHOU MO TN — CBOUCTBO BECHMA, Y I0OHOE,
TIO3BOJIAIOIIEE TUYDXKe TOHATE MPUPOLY DTOTO OMEPaTOpa, Y3HATH, KAKUE
y HEro eCTh MHBAPUAHTHBLIE IOANPOCTPAHCTBA U T.I. MBI eme BepHEMCS
K (PYHKIUOHAMLHLIM MOIEAAM, KOTAa ZOGEPEMCA 10 CIEKTPATLHOU TEO-
peMmbl. A cervac gapaure yOemiuMcs, 9TO (PYyHKIMOHAILHAA MOAEIL €CTh
U y oIepaTopa IpaBoro CABUra B {2,

Onpegenenne 3.3. IIpocmpancmseo Xapdu — 3TO 3aMKHYTOE MOATPO-
crpancteo B L2(T), onpegensemoe cie1yiomum o6pa3oM:

H?={fcL*(T): (f,z") =0¥n < 0}.

Nubmvm crosavm, H2 cocTonT B TowHOCTY 13 Tex dynkmmi f € L2(T),
y KOTOpHIX Kod(gduuuerTsl Dypre ¢ OTPUIATEIBHEIME HOMEPAMH PABHEI
HYJIIO.

Kak nokasniBaeT Clegylolee yIPaxKHEHHe, TO Ke CaMOe IPOCTPAHCTBO
MOZKHO OIIPeJeNTh KaK HeKOe IPOCTPAHCTBO aHATUTUICCKUX (DYHKIIHH.

Yupaxuenue 3.17. /[11 Kaxx 10U HEMPEPHIBHON (PYHKIUY f HA OTKPHITOM
epumanaHoM Kpyre D C C un xaxgoro 0 < p < 1 nonoxum

b L 1/2
||f|p:<217r/_ |f(pe”)|2dt> )

JokaxkuTe, 9TO OIpefeleHne MPOCTPaHCTBA H2, JaHHOE BHIME, SKBUBA-
JIEHTHO CJeIYIOIMIEeMY:

H?={f:D—C: f ronomopdua u ||f|| = lirri Il fll, < oo}
p—

YKxa3anue. YCTAaHOBUTE B3aUMOCBI3L MEXAY TPUTOHOMETPUIECKUMU
pagamu Dypre u pagamu Temnopa.

Ynpaxuenue 3.18. JokaxkuTe, 9T0 ONEPATOP [IPABOIO CABUIA B £ M30-
METPUYECKU DKBUBAJICHTEH oneparopy yMuokenus M, (cM. npepioxenue

3.5 (1)) B H2.

Y10 xe KacaeTcs OmepaTopa JEBOro CABUTA, TO OH, HECMOTPA HA, KAXKY-
IIYIOCA CXOXKECTD € OIEPaATOPOM MPABOr0O CABUTA, HIKAKOU PA3yMHOU (PyHK-
LIMOHAILHON MOAeabo He obaamaer. Ho »To yxe ropaszgno 6onee CI0XKHLIA
(paxT, BEIXOAAIMN 32 PAMKHU HAIIEro KypCa.

Cuexrpol onepaTopos u3 npumMepos 3.3 u 3.4 (38 UCKIIOYEHUEM CIBUCA
HA OKPYXKHOCTH), & TAKXKE YaCTU UX CIEKTPOB 00Ja1a10T OIHUM JIOOOIEIT-
HBIM CBOUCTBOM: OHU «KPYIVIBIEY. DTO O3HAYAET, ITO €CJIU KAKAA-TO TOIKA
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MoNaJia B CHEKTP WIX B OJHY U3 €r0 4acTed, TO TY/a XKe MONaTaeT U BCA
OKPYKHOCTB C IEHTPOM B HYJIE, IPOXOLAMIAS 9€PE3 HTY TOYKY. ITOOBL mO-
HATD, I0YeMy TaK IPOUCXOIUT, BBELEM elle OLHO ollee MOHATHE.

Onpegenenne 3.4. [Iycte S € B(E) n T € B(F) — orpaHutieHHbe ome-
paTopsl B GaHAXOBLIX mpocTpaHcTBax. OHU HA3LIBAIOTCA €4a400 NOJ0OHbI-
MU (COOTBETCTBEHHO CAGOO UBOMEMPUUECKU IKEUBAACHIMHbIMY), ECAU CY-
MECTBYIOT TAKAE TOMONOTHIECKUE M30MOP(PU3MEL (COOTBETCTBEHHO U30Me-
Tpryeckue nzomopdusmer) Uy, Us: E — F | aTo amarpamma

E-S.F

o) e

F-r.F

KOMMYTaTUBHA.

Pasymeercs, ecan onepaTopsl HOA00HEL, TO OHE CI1a00 MOLOOHBI, 1 AHA-
JOTWYHOE YTBEPXK IEHE CIPABENINBO [/ H30METPUIECKON SKBUBAIEHTHO-
cru. O6parTHOe, KOHEYHO, HEBEPHO: TOCMOTPUTE HA TOXKJECTBEHHBIA OIe-
patop 1lp. ToT xe mpmMep TOKA3BIBAET, SITO CIEKTPHI CIA00 TOTOOHBIX
OTIEPATOPOB BOBCE HE OOJA3aHBI COBNAAATEL. 1eM He MeHee, JErKO TPOBEPUTDH
(mpoBepbTe!), 9TO CBOUCTBA «OBITH OOPATUMBIMY, «OBITH HHBEKTUBHBIMY,
«UIMeTh IVIOTHBIM 00pa3» M T.I. HE MEHSIOTCA [PU 3aMEHe OlepaTopa Ha
€1260 1O JOOHBIN.

Yupaxuenue 3.19. [lyctes T — mr060u u3 omepaTopoB u3 mpuMepa 3.3
win 3.4, KpoMe CABUTA HA OKPYXKHOCTH, u mycTh A € T. [Toxaxwure, 94TO
onepatopel T'— 1 u T — A1 crabo noxobuer. Kak ciaencTsue, yCTaHOBUTE,
a0 A € 0(T) < 1 € o(T) u TO Xe caMoe BEPHO LA 0p, Oc U Op.

§3.3. Eme HECKOILKO JIacTeH CIIEKTPa

Onpegenenne 3.5. Onepatop T € B(E,F) mexay 6GaHAXOBBHIMU TPO-
CTPAHCTBAMU HA3BIBAETCA TMONOLOCUMECKY UNHBEeKMUueHbM, ecmu T: E —
— Im T — romeomopdusam.

Yupaxuenue 3.20. [[okaxuTe CIeIyOMNE YTBEPXK ICHUA.

1. Onmeparop T TOMOTOTMYECKN WHBEKTUBEH <> OH 02DGHUYEH CHU3Y,
T.e. cymecTByeT Takoe ¢ > 0, uto ||Tz|| > ¢||z|| a1 Beex z € E.

2. OnepaTop T TOIOJIOTMYECKN UHBEKTUBEH <> OH WHBEKTUBEH U €r0
o6pas Im T 3amkuyT.

BepHbl s npenbrayinye yTBepK ACHUsA 1 OIIEPATOPOB B HOPMUPOBAH-
HEIX IIPOCTPAHCTBAX?!
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Ompegenenne 3.6. Annpoxcumamueubim MOUEUHbIM CREKMPOM OLIEPA-
ropa T' € #(E) Ha3bIBaeTCA MHOXKECTBO

Oap(T) ={A € C: T — A1 He ABIACTCA TONOIOIUICCKH MHBEKTUBHEIM}.
Cnexmpom cropwexmusnocmu omepaTopa T HABBIBACTCA MHOKECTBO
osu(T)={A€C: Im(T — A1) # E}.
Cnexmpom cocamus, omeparopa T Ha3EIBAETCA MHOXKECTBO
Ocom(T) ={A € C: Im(T — A1) # E}.
OTMeTHM HECKOMBKO OYEBUIHBIX CBOUCTB 3TUX YACTEH CIEKTPA.

Mpegnoxenne 3.6. Cnpasedaiusvi coommouenua
1) 0,(T) Uoeu(T) =o(T),

2) 0ap(T) Udeom(T) = o(T),

3) 0p(T) C oap(T),

4) com(T) C osu(T).

Aoxazameavemeo. B KOMMEHTADUY HYXKIAETCSA JUIIL BTOPOE U3 TIEpe-
YUCAeHHBIX cooTHOmeHud. OHO caepyer u3 Toro GakTa, ITO TOMOJOTHIECKH
MHBEKTUBHBLIA ONEPATOpP MMEET 3aMKHYTHIA 00pa3, MO2TOMY TONOJOTHYe-
CKVW MHBEKTUBHLIN OTIEPATOP C TUIOTHBIM 00pa30oM OOpaTUM. O

Nrak, y mac Habpajoch yxKe MEeCTb 4acTeld CIeKTpa. JToOBL IIOHATD,
KaK BCe OHM CBA3AHBI JPYT C JPYrOM, YIOGHO HAPWCOBATH' CIETYIONIYIO
KAPTUHKY:

Tap Ocom
op,(T)=1U2
1 9 oap(T)=1U2U3U4
ocom(T) =2U4U5
5 o (T)=4U5
3 4 o.(T)=3
owu(T)D2U3U4U5

JleBEII KPYT B 9TOU KapTHHKE — 3TO 0ap(T'), €r0 BepXHAA [OMOBUHA —
op(T'), & mpaBelil KPYT — Ocom (I'). OCTAIBHBIE COOTHOIICHNS, YKA3AHHbIE
B TIPABOM YACTH PUCYHKA, BLITEKAIOT HEMOCPEACTREHHO U3 ONPEICICHNN.

lo cosery II. Xaamorma; cu. [28].
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IMocMoTpuM Teneps, KaK Tap, Tcom U Osy PEATUPYIOT HA MEPEXOT K CO-
npsKkeHHOMY oneparopy (cp. upemiaoxenue 3.3). Juas 5Toro mam mosHamgo-
OuTCA caeqyromun PpaxT.

Yupaxuenue 3.21. [Iycte E, F — 6aHaxoBB TpOCTpamcTBa, 1: F —
— F'— orpanunvenurm omeparop. JokaxuTe, 9T0

1) oneparop T TOMOJIOrHYIECKN UHBEKTUBEH < T CIODBEKTUBEH;

2) omeparop T ciopbexkTuBen = T TOMOJIOIUIECKN UHBEKTUBEH;

3)* BepHO U 06pATHOE yTBEDXK IEHUE.

Mpumensas pe3yapbTaT MOCAETHErO yOpaxkHenus K omeparopy 1 — Al
(rge T € B(E)), noayuaem Caesyiomue COOTHOIICHWA.

IIpegnoxenune 3.7. IIycmv T € B(E). Tozda
1) 0ap(T) = o5u(T™);
2) osu(T) = 0ap(T7);
3) 0com(T) = 0p(T");
4) 0,(T) C oeom (T%).

Ecau oce npocmpancmeo E pefaercusno, mo
5) 0p(T) = 0com(T™).

Ynpaxuerue 3.22. Hainanre oup, 0com U Oy A1 JEATOHATLHOTO OTEPA-
TOpA, OTMEPATOPOB YMHOXKEHUA U CIBUTA.

M=u1 yxe 3HaeM, 9TO TOYEUHBIU CIEKTP, HEMPEPBIBHLIN CIIEKTDP U OCTa-
TOYHBIA CIEKTD OIEepaTOpa MOI'YT ObITh HE3AMKHYTBIMU, & MOLYT OBITH
u nycreiMu (CM., B 4acTHOCTH, upeptoxenus 3.2 u 3.4) — B oraudue or
BCETO CIIEKTPa, KOTOPHIM BCErIa KOMIIAKTEH U HEMyCT. A BOT ¢ ammpoKcu-
MAaTHUBHBIM TOYETHBIM CIEKTPOM, & TaK¥kKe CO CIEeKTPOM CIOPBHEKTUBHOCTH
TaKUX HEMTPUATHOCTEN He ObiBaeT. TouHee, CIpaBeIVB CICAYIONINN PE3YIhb-
TaT.

IIpepaoxenue 3.8. Annpoxcumamuensili moueunsili cnexmp oap(T) one-
pamopa T € B(E) zamrnym u codepacum 2panuyy cnexmpa 0o (T). To ace
camoe 6epro u das cnexkmpa cropwvexmusnocmy og,(T). Kax caedemsue,
Oap(T) v 05y (T) — nenycmuie xKomnaxmusie nodmuoxrcecmea 6 C.

Hoxazameavemeo (nabpocox). BHadane cueranTe CIeAYIONME YIPAXK-
HeHNd.

Yupaxuenue 3.23. /[okaxnuTe Creayouue yTBEPK ISHUA:

1) MHOK€ECTBO BCEX TONOIOIMIECKY HHBEKTUBHELX OEPATOPOB OTKPEITO
B B(E).

2) anmpOKCUMATUBHEIN TOYEUHEIN CIEKTD Oap (1) 3aMKHYT.
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Ymnpaxuenue 3.24. I[lyctes A — yuuransHas 6anaxosa aaredpa. Jokaxu-
Te CJEAYIOLIUE YTBED K JeHUSL:

1) ecam nemenT a € A obpatuM 1 ||b|| < , TO DJIEMEHT a— b 00paTuM;

o
[la=]]

2)ecma € Aud¢o(a), ol(a— A1) > m, rge p(A, o(a))—

paccrosHUAe 0T A 10 o(a).

C yuerom pasercts o(T) = o(T*) u 05y(T) = 0ap(T™), HAM OCTAIOCH
ycranoBuTh, 9T0 00 (I') C 0,5(T). Bosemem A € 0o (T') u BrGepem mocie-
JOBATEILHOCTL {A,} Tak, 9106br Ay, — A u A, ¢ o(T) upu Bcex n. Us
n. 2 ynpaxuenus 3.24 caenyer, aro ||[(T'— A,) || — oo mpu n — oco. Ilo-

HTOMY CYIIECTBYeT Takasd MOCIEJOBATEILHOCTL {z,} C E, uro |z,| =1
u [[(T — Ap) " p|| — 0o mpr n — oo. Momoxim
(T =) 'y

I =@ =2 el
rorga ||yn|| =1 u (T — A\p)yn — 0 mpu n — oco. Orcrioga noaydaem, 9To
(T =Nyn=T = A)yn — (A= An)yn — 0 (n — o0).
CrenoBarensHo, A € 0,p(T), Kak 1 TPeGOBAIOCE. O

Yupaxuenue 3.25. /[okaxuTe JacTh MOCASTHETO TMPEAMOKEHUA, KACAIO-
mywca og, (1), He UCIOAB3YA TIPU DTOM PE3yJAbTAT M. 3 yrnpaxkuerus 3.21.

Yxazanue. BHavane moxkaxmTe, YTO MHOXKECTBO BCEX CIOPBEKTUBHBIX
onepaTopoB OTKPEITO B AB(E) 1 410 0,p(T*) C 05y (T).

PaccmoTpum Teneps caenyromyio 3anady. llycrs T € #(E) — orpanu-
YeHHBIN omepaTop u F' C F — 3aMKHYTOe TOANPOCTPAHCTBO, MHBAPUAHT-
Hoe oTHocuTenbHo T (T.e. Takoe, wro T(F) C F). Torga orpannmtvenue
T|p —oneparop B F. Yro 6oabme —o(T'|p) wmn o(T)? Hecaoxuse npu-
Mmepe! (npuBenuTe wx!) nmokaseBaoT, 9To B onaux cayvaax o(T|p) C o(T),
a B gpyrux — Haobopor. Hanomuum, ogsako, o noamnom cnexmpe o¢(1T')
(cm. ompegemenue 2.17), koropbim moaydaercs us o(T) «3akiemBaHUEM
AbIpy. OKa3BIBAETCS, CIPABEIINBO CAEAYIONIEe YTBEDXK ICHNE.

Ipepnoxenne 3.9. [Tycme T € B(E) — oepanuvuennsiii onepamop u F C
C E — zamxnymoe nodnpocmpancmeo, uneapuanmuoe omuocumenvno 1 .
Toeda o(T|p) Coy(T).

Hoxazameavcmeo (nabpocox). Ionoxum U = C\ 04(T'); us onpegee-
uus oy (T) caenyer, 4T0 5T0 061aCTH (OTKPEITOE CBa3HOe MHOXKecTBO) B C.

Ecim A€ U u |A| > ||T, o
(T-A) ' ==Xt -2yt ==) At
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(cm. Teopemy 2.1). Orcriona crenyer, ato (T — A1)~z € F ana Bcex yka-
3aHHLIX A 1 mias aoboro x € F.

Jlemma 3.1 (¢BeKTOPHO3HAYHAA TeOPEMA e AMHCTBEHHOCTHY). [Tycms U C
C C—obaacmv, E — 6anazoso npocmpancmeo, F C E — samxnymoe nod-
npocmpancmeo, f: U — E —eosomopdnas dywxyus. Ipednoaoxcum, 4mo
f(M) CF das nexomopozo nodmnoncecmsa M C U, umernwezo npedeav-
nyio mouxy 6 U. Toeda f(U)C F.

Ynpaxuenue 3.26. [lokaxuTe 2Ty JeMMy.

U TOOH 3aBEPIIATE JOKA3ATEILCTBO IPEIOKEHHA, OCTACTCA IPUMEHATD
aemmy K dyukman f(z) = (T'— A1) "tz (rae z € F— pukcupOBaHHbLIN BEK-
Top). Jencrenrensro, Torga (T — A1) "'z € F yxe ana scex A € U, mosTo-
my omepatop T|p — Al1p obpatum B B(F) naa Bcex A € U, T.e. aaa Bcex
A op(T). O

IIpumep 3.5. Ucnonbays npemnoxenre 3.9, MOXKHO MOLyYUTH €IIe OITHO
(ye TpeThe) I0Ka3aTeqhCTBO TOTO, UTO CIEKTD OMEPaTOPa IBYCTOPOHHE-
ro caeura Ty € B(E) (vae E € {{P,cp}) coBmanaeT ¢ eAUHNIHON OKPYKHO-
creio T. B camom gese, monoxum

F={zc€E:z,=0¥n<0}

Torga onepatop T'|p mogoben oneparopy T, MpaBoro CABUra, ¥ KOTOPOTO
o(T,) =D (cum. mpeanoxenue 3.4). [osTomy m3 mpeatoxesns 3.9 cremy-
er, uro D — 510 kommonenTa cazHoctu MuOkecTsa C \ o(Ty). C apyron
croponsl, T, — uzoMeTpuieckul w3oMopdusM npocrpancrsa E na cebs,
nosromy o(Tp) C T (cMm. ynpaxsenue 2.21). ConocraBiad DOCAELHUE TBA
yTBepXK AeHUs, moaydaeMm pasencTso o(Ty) =T.

JlurepaTypHble yKa3aHUA

KoHKpeTHBIE TIpUMEpPHI OMEpPaTOPOB, BCTPEYAIOIIMECS B DTOU IIABE,
a TAaKXKEe MATEPHAT O TOIEIHOM, HEMPEPBIBHOM M OCTATOYHOM CIIEKTPAX
cogepxarcsa B kuure [30]; cm. raxxke yuebuux ¥Y.Pyauna [20], B xoro-
POM OY€HB OAPOOHO M3I0KEHA TEOPUA TBOUCTBEHHOCTH B GAHAXOBBIX MPO-
crparcTBax. O mpocrpascTBe Xapau MOXKHO TPOYecTh B KHuTaxX [, 8.
AnNmpoKCMMATUBHBIN TOYEIHBINA CIIEKTP, CIEKTP CKATHA U CTIEKTP CIOPHEK-
TUBHOCTU 00CyX)aaioTcsa B Hegasuen monorpadgun K. Jaypcena u M. Hon-
manHa [13]; TaM XKe paccMaTPUBAIOTCA CHEKTPLL OUPAHUYEHUN OIEPATOPOB
HA& MHBAPUAHTHEIE IOAIPOCTPAHCTBA. 110 OBOLY 9acTen CIeKTpPa CM. TaK-
xe xkuury I1. Xanmorma [28].



4. TOJIOMOP®HOE NCYUCJIEHUE

Mu yxe 3HaeM, 9TO OT JI0O0r0 3JeMEHTa, JI000H YHUTAILHON aareOp.l
MOXKHO «6paTh panvoHATIbHBIE (PYHKINUNY, OIpeIeIeHHbIE HA CIIEKTPE 3TOT0
smemenTa (M. §2.4). B obmem caydae, T. . 14 TPOU3BOIBHON aIreGph, Hu-
KaKoro 607ee coaep:KaTeabHOro QyHKIMOHATBHOIO UCINCACHNS TTOCTPONUTD
menb3a. Onuako ecim A — GanaxoBa aarebpa, TO MOJOKEHUE NeJ MEHAeT-
¢ 0T JAI000r0 ee DIEMEHTA MOXKHO «OpaThby HE TOMBKO PANMOHATIBHBIE, HO
u TOJOMOP(HBIE (PYHKIIUH.

YTOOB TPUAATH CTPOTUM CMBIC BHIPAKEHUIO («TOJOMOPQHAA (DYHKITHA
OT DJEMEHTa 0AHAXOBOW aNreOph», HAM TPUAETCA HEHAJOATO OTBIEYD-
€Sl OT KJIACCHYIECKOU «DAHAXOBOW» HAYKW U MOTOBOPUTH O Gojee OOLImMX
BELIAX.

§4.1. IommHOpPMUpPOBAHHEBIE IPOCTPAHCTBA

Muorue BeKTOpPHBIE TPOCTPAHCTBA, BCTPEIAIONINECST B PA3INTHHIX 0014~
CTAX MaTEMATHKM, O0JATAI0T €CTEeCTBEHHOU TOIOJOIHMEN, KOTOpad He 3a-
JaeTCsd HUKAKOU HOpMOU. TakoBLI, B 9aCTHOCTH, MHOI'ME IPOCTPAHCTBA
DIAIKAX U COJOMOP(HEIX (PYHKIMH, 8 TAKKE IPOCTPAHCTBA 0OOOIEHHBIX
(yHKIME (T.€. HEMPEPHIBHLIX (PYHKIIMOHAJOB HA MPOCTPAHCTBAX TVIAIKUX
(DYHKINN ), UTDAOIIAE BAXKHYIO POJIb B TEOPUM YPABHEHUN C YACTHBIMY TIPO-
M3BOAHBIMU. B Teopum omepaTopoB TOXKE HE YAACTCSI OOOUTUCH OTHUMUI
Jumb 6aHAXOBLIMU IpOCTpaHcTBaMu. IlosTOMy Halla OAMKAUIIAA LeJb —
NO3HAKOMUTHCA C HCKOTOPBIMY HEHOPMUPYEMBIMU IIPOCTPAHCTBAMU, KOTO-
pBIe HaM BCKODe IOHAZOO0ATCA.

Onpegenenne 4.1. Pyukuns || - |: E — [0,400) HA BEKTOPHOM IIPO-
crpancrse E HazbBaeTCa noaynopmot (wim npednopmot), eciu oHa obra-
JAeT CIeNYIOMIMA CBOMCTBAMUY:

1) [|Az|| = |Alllz|| &1z Becex A € C, z € E;

2) lle +yll < llzll + [ly|| ana Beex @,y € E.

Taxum 006pazoM, TIOIYHOPMA — DTO «IOYTH HOPMa», TOJBKO €U paspe-
MIAETCA 00PAIIATHLCA B HYJIb HA HEHYJIEBBIX BEKTODaX.

Ompegenenne 4.2. Bexropuoe npocrpancrso E, cuabxennoe ceMen-
crBoM noxysopM {|| - ||;: ¢ € I} (pge I — mpom3BOJIBHOE MHOXKECTBO), Ha-
3BIBAETCS NOAUHOPMUPOEAHHBIM TP OCTIP GHCIIE OM.
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Ecin E — noamHOpMUpPOBaHHOE IPOCTPAHCTBO, TO HA HEM MOXHO BBe-
CTH TONOJOTHUIO MIPUMEPHO TEM JKe CIOCOOO0M, YTO U HA HOPMUPOBAHHOM
npocTpancTee. A MMEHHO, m KaxXawx £ € B, ¢ > 0 u ¢ € I paccmorpum
«mmap»

Uil(z,e)={y € E: ||z —y|: <e}. (4.1)

Ompepgenenne 4.3. Camas caabas Tonogaorus Ha F, B KOTOPOU OTKPHITEHL
BCE MHOXKECTBa Buia (4.1), HasbiBaeTca monoaozuel, nopoxcdennots cemeti-
cmeom noaynopm {|| - ||z i € I'}.

3ameuanue 4.1. Eciun X —npouspoasuoe MHOXECTBO, a P —npoussoian-
HOE CEeMEUCTBO ero MOAMHOXKECTB, TO Ha X CyLIecTByeT caaberInas TOIo-
JIOI'Hs, B KOTOPOU OTKPLITHL BCe MHOXKecTBa u3 P. Basou sron Tomosoruu
SIBJSIOTCS BCEBO3MOXKHBIE KOHEYHBIE Mepecedenns MHOXeCTB u3 P, a caMo
CEeMEUCTRO P mpu 5TOM HA3LIBACTCA NPedfa3oil 3TOU TOMOIOTUN.

Yupaxuenue 4.1. /lokaxuTe, 9TO TOUOJOTHUA HA F, MOPOXKTEHHAA Ce-
mencTBoM moxyHOpM {|| - ||i: ¢ € I}, MoxkeT OBITH OmpeneneHa JIHOOBIM M3
CJEAYIOIUX SKBUBAJCHTHBIX CIOCOGOB:

1) »To camas c1abas TONOAOr WS, HHBAPUAHTHAL OTHOCUTEILHO CABUAIOB,

B KOTOPOW BCe TMOTYHOPMHI || - ||; HETIPEPHIBHBLI;
2) 6a3y 9TOU TOMOJOTUE 0OPA3YIOT BCEBO3MOKHBIE MHOKECTBA BUA
Uy,.in(e)={yeE: |z —yl|iy <eVk=1,...,n} (4.2)

(rnex € E,neN, iy,... i, €1).

Caenyromiee yopakHeHUe MOKA3LIBAET, UTO TOMOJOTUA, MOPOXKJIEHHAS
CEMEUCTBOM MOJYHOPM, COTVIACOBAHA C AAre0pamvdeckou CTPYKTYPOU.

Yupaxuenue 4.2. Jlokaxure, YTO B NOJAHOPMUPOBAHHOM IIPOCTPAH-
cree E onepanuu cioxenus E X E — E u ymuoxenus ua ckauip Cx E— E
HEIIPEPHIBHEL.

3ameuanue 4.2. BekTopHOE TPOCTPAHCTBO, CHAOXKEHHOE TOMOJIOTHEN,
B KOTODOW OMEpAlN! CJIOKEHUSA M YMHOXKEHHsS HA CKAJIAD HENPEPBLIBHHI,
HA3BIBAETCS MONOAO2UYECKUM 6€EKTNOPHBIM TPOCMPAHCMEoM EcTecTBeHHO
CIIPOCUTD, BCE JIU TOIOJOIMYIeCKHe BEKTOPHLIE IPOCTPAHCTBA IOLYIAI0TCA
ONMCAHHLBIM CIOCOO0OM, U ecau He Bce, TO Kakue uMenHo. OTBeT Ha 3TOT BO-
IPOC TAKOB: TOMOJOTMA HA TOMOJIOTMYECKOM BEKTOPHOM HPOCTPAHCTBe I
TIOPOXK TAETCA HEKOTOPHIM CEMENCTBOM MOJYHOPM TOTAA M TOJIBKO TOTMA,
KOT'JIa, OHO A0KAAbHO 6bINYKA0. DTO O3HAYAET, II0 OIPEAETEHUI0, ITO B F
cyuecTByeT 6a3a OKPECTHOCTEN HYJs, COCTOAIIAS U3 BBIMLYKJIBIX MHOXECTB.
IIpoBeprTe B Ka4eCTBE HECIOXKHOIO YIPAXKHEHIA, YTO BCE MHOXKECTBA BU-
na (4.2) 1erCTBUTENBHO BBILYKILL.
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Ba}KHOG CBOI>)ICTBO JIOKAJIBHO BBHIIIYKJIBIX IIPDOCTPAaHCTB, BBIACIAIOIICE UX
U3 KJIACCA BCEX TOIOJOI'MYIEeCKUX BEKTOPHBIX IIPOCTPAHCTB, COCTOUT B TOM,
9T0 Ha HuX (IPW yCIOBAM XayCoOpQOBOCTH; CM. HIKe ympaxueHwe 4.4),
Omaromapa Teopeme Xana—banaxa, uMeeTCa TOCTATOYHO MHOT'O HETpe-
PBIBHBIX JII/IHGEIHBIX beHKHI/IOHa.HOB. HOBTOMy IpY U3YyYCHUN JOKAJIBbHO BbI-
MYKJILIX TPOCTPAHCTB MOXHO WMCIOAB30BATHL COOOPAXKEHUSA ABOUCTBEHHO-
CTH, 9TO 9acTO ObiBaeT BecbMa yao6H0. C Ipyrod CTOPOHBL, HA MPOU3BOIb-
HOM TOIOJOTMYECKOM BEKTOPHOM IPOCTPAHCTBE BOOOIIE MOXKET HE Cyle-
CTBOBATb HEHYJIEBLIX HEMPEPHIBHLIX JIMHEMHLIX (DYHKIIMOHAJIOB, TaXKe €CIn
OHO Xaycaop@OBO.

Berogy gpanee (E,{|| - ||i: i € I}) — nomuropMuUpOBaHHOE IPOCTPAHCTEO,
cHa0XEHHoe TOMOJOIMeN [0 YKA3aHHOMY BLIIIE PELenTy.

Yupaxuerue 4.3. Jokaxure, 9T0 IOCICAOBATEILHOCTE {Z,} C E ¢x0-
ANTCA K & € F Tora u TOMBKO Toraa, KOoraa ||z — ¢,||; — 0 a1 Beex i € T

Yupaxuenue 4.4. /lokaxuTe, ITO IPOCTPAHCTEO F XaycaopdOBO TOT'Aa
¥ TOJBKO TOTJA, KOTJAa IIA KaXAOrO HeHyJeBoro x € F maumgercs Takoe
i€l aro ||z|; > 0.

[TprmMeps! MOMMHOPMUPOBAHHEIX IPOCTPAHCTE OYAYT Y HAC MOABIATHCA
Mo Mepe HeoOXoauMocTu. BOT mpuMep, KOTOPBIN HAM TOHAA00UTCA B TIEp-
BYIO OYepesb.

Ipumep 4.1. Ilycre U C C—orkpeiroe muoxecrso, O(U) —upocrpan-
cTBO roaomopoubx pyuxuun Ha U. Jua xaxgoro komnakta K C U Bee-
gem noayaopmy || - ||k Ha O(U), nonaras || f||x = sup |f(z)|. Tomomorus,

zeEK
TMOPOXK IEHHAA DTUM CEMEUCTBOM TIOJYHOPM, HA3BIBAETCA KOMNAKIMHO-0TM-
xpermoti. U3 ynpaxuenus 4.3 BUAHO, YTO MOCAEIOBATEIBHOCTD [, CXOAUT-
¢A K [ B 3TOU TOMNOJOIUU TOrAA M TOJLKO TOra, KOI'Aa OHA CXOAUTCH K f
paBHOMEpHO Ha KaxaoM xkoMmmakTe B U. IlopToMy KIacCH4ecKyio Teopemy
Pyure 06 annpokcrMaruu romoMOpGHBX (PYHKITUN PAIUOHATHEHEIMY MOYKHO
nepedOopMyaupOBATE TAK.

Teopema (Pymre). Jasn wwoboeo omxpoymozo muoscecmea U C C ance-
opa R(U) naomua ¢ O(U).

OTobpaxkeHns MEX Iy TOIMHOPMUPOBAHHBIMY TTPOCTPAHCTBAMY, YBaXKa-
IOIIKe NMEIOMIKUEC Ha 9TUX IPOCTPAHCTBAX AJIreOpanvIecKyo U TONOJOrnde-
CKYI0 CTPYKTYPBI, — 3TO, KOHETHO, HEMTPEPBIBHBIE JUHEUHBIE OTOOPAKEHUA
(oneparopsl). Kak u B ciydae oneparopoB Mex 1y HOPMUPOBAHHBIMU [IPO-
CTPAHCTBAMHU, CBOUCTBO HEIPEPBIBHOCTH MOXHO Nepe(OpMYIUPOBATL ¢HA
A3LIKE HEPaBEHCTBY CJAEAYIOMUM 00pa3OM.
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Ynpaxsemwe 4.5. [Iycre (B, {|| - |[;: € I}) u (E,{| - ||;: j € J}) —mo-
JUHOPMUPOBAHHLIE IPOCTPAHCTBa, 1: F — F — qunennin oneparop. Jo-
KaXKUTE, 9TO CAEAYIONNE YCIOBUA DKBUBAJIEHTHBL:

1) oneparop T HENpEPHIBEH;

2) maa xaxgoro § € J mangyrcea rakoe C' > 0 1 Takon KOHEIHBIT HAGOD
i1, .,0p €I, aro ||T2|; < Cmax{||z|,.-., ||#|. } a11 Bcex x € E.

YacTo 6niBaeT TakK, 9TO OJHY U Ty XK€ TOIIOJOT'UIO Ha BEKTOPHOM IIDO-
CTPAaHCTBE MOXHO 3a4aThb HECKOJBKNMI PAa3HBIMU CEeMEICTBAMU IIOJIYHODM.

Omnpegenenne 4.4, Cemenicrsa momyuopym {|| - [[;:é€ I} u{||-|;: je J}
HA BEKTODHOM IPOCTDAHCTBE F HABBIBAIOTCA IKG6USAACHMHbIMY, ECI OHH
TOPOXKJAIOT OAHY U Ty e TOMOJIOTHIO.

Yupaxuenue 4.6. CHopMy upynTe n JOKAKUTE KPUTEPUN SKBUBATICHT-
HOCTHU [BYX CEMEUCTB TOJIYHOPM (HA A3BIKE HEPABEHCTB.

IIpumep 4.2. lycts D = {z € C: |z| < R} — kpyr pagmyca R. (Ilpm

R = oo mut nonaraem D = C.) Kaxgas dyuxnus f € 0(Dg) pasnaraercs

B Dg B pag Tewnopa: f(z) = ¢,2™. (O6parure BHUMaHUE HA TO, 9TO OH
n

CXOJUTCA B KOMIAKTHO-OTKPLITOK Tomoxorun Ha O (D), onucanHou B IIpu-
mepe 4.1.) Tna kaxgoro 0 < r < R monoxusm || f|l,. = |e,|r™; odesugHo,
I - || — momyropMma Ha O(DR). "

Ynpaxuenue 4.7. Ilycts {r,} — Bo3pacraomas IOCIeA0BATEILHOCTD
MOJOXKUTEJIBHBIX Yuce], crpemamanca K K. JokaxuTe, 4T0 ceMencTBa mo-
JYHOPM

{I| ' llx: £ C Dp—xomnaxt}, {||-|l;:0<r<R} u {|-|, :neN}
Ha O(DR) >KBUBAJEHTHHI.

W3 nocreanero ynpaXXHeHUsA BUIHO, YTO KOMIAKTHO-OTKPBITAA TOMOJO-
rus sa O(U), roge U = Dp, Moxer GbITh 3a4aHa CYETHBIM HAGOPOM LOLY-
HOPM (KCTaTH, TOKAXKUTE, YTO 3TO TAK M/ JIOOOT0 OTKPLITOTO MHOXKE-
crBa U). A Heab3a a1 060UTUCH KOHEIHBIM HAOOPOM?

Yupaxuenue 4.8. /lokaxuTre, UTO XaycAopdOBO TOJUHOPMUPOBAHHOE
npoctpancTeo (K, {|| -|:: ¢ € I}) HOpMUpPYEMO TOTAA M TOIBKO TOT'AA, KO-
raa CymecTBYeT TAKOe KOHEIHOE MOAMHOXKECTBO Iy C I, 910 cmcTema 1mo-
aysopm {| - ||i: ¢ € I} pxBUBaIEHTHA HCXOTHOM.

Yopaxuenue 4.9. Jokaxure, 4ro upocrpanctso O(U) menopmupyemo.

3ameqanue 4.3. MoxkHo n0ka3ars (MbL 3TUM 3aHUMATHCS He Oy 1eM), 9T0
A1 xaycaopdoBa IpocTpaHcTBa F HauM€me CUeTHOrO (TodHee, He GoJee
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YeM cueTHOrO) nogmuoxkectsa Ip C I, 3a1a1011ero Ty xKe TOMONOIUIO, DKBU-
BaJIEHTHO MEMPUBYEMOCTY DTOIO IPOCTPAHCTBA.

Ecan Ha moaunopMupOBAHHOM IIPOCTPAHCTBE BBEICHO YMHOXKEHUE, TIPe-
BpaIAIOIIee ero B aCCOUMATUBHYIO aaredpy, TO eCTECTBEHHO TPebOBATh,
4TOOBI YMHOXKeHUE OBLTO HenpepbiBHO. () THAKO MO TEXHUYECKUM MPUYUHAM
OOBLIIHO TPEBYIOT, ITOOH OHO OBLIO JWIIE PA3JeabHo HEenpepbiéHo.

Onpegenenue 4.5. [losunopmuposannas aq2e6pa— dTO TOIUHOPMUPO-
BaHHOE MPOCTPAHCTBO A, CHA0XKEHHOE CTPYKTYPOU aarebphl Tak, YTO IJId
KaxkJI0ro a € A onepaTopsl

Ly:A— A b—ab, u R,: A— A b ba,

HenpepbiBHbL. Ecin ke menpepwisao oTobpaxkenue A X A — A, (a,b) — ab,
TO A Ha3BEIBAETCS NOAUHOPMUPOSANNOT a12e0D0T C COBMECHO HENPEPbI-
NOLM YMHOHCENUCM.

Brnocaegcrsur HaM BCTpeTSATCs IPUMEDBL HOAMHOPMUPOBAHHBIX auredp,
YMHOXEHHE B KOTOPBLIX He ABIAETCS COBMECTHO HENPEPHIBHEIM (TaK 9TO
TpebOBaHNe Pa3IeIbHON HEMPEPHIBHOCTU — DTO BBHIHYKACHHAS HEOOXO M-
MOCTB). A TIOKa CAeJalTe CAEIYIONEe YIPAKHEHNE.

Yupaxuenue 4.10. Tokaxute, ar0 O(U) — NOIMHOPMUDPOBAHHAA aJITe-
6pa C COBMECTHO HEIIPEPBIBHBIM YMHOXKEHUIEM.

§4.2. TomomMopdHOE MCUUCIEHHE: TOCTPOEHNE M CBOMCTBA

Teneps MBI B COCTOSHME CTPOTO ONPENEIUTH, 9TO TAKOE rOJIOMOP(pHOE
UCYHUCACHTE B 0AHAXOBOW airedpe, W TMOCTPOUTH DTO ucuucaenume. Urax,
nycTh A — yHuranbHas GaHaxosa aarebpa, a € A — ee smement, U C C—
OTKpEITOE MHOXKeCTBO. Hanomuum, uro yepes O (U) oGosnauaercsa arredpa
ronoMopdubx Gyrkmmi Ha U, CHAGKEHHAA KOMIIAKTHO-OTKPLITOU TOMOJO-
ruen. Yepes t € O(U) oboznauum dyuknuio t(z) = z.

Onpegenenne 4.6. 'oaomopduvim ucwucaenuem ot o Ha U HaspBaeTCsa
HEMPEPHIBHLIN YHUTAIBHBIN POMOMOPU3M ¥, : O(U) — A, yIOBIETBOPSIO-
MmUY yeaosmio v, () = a.

Ipepnoxenne 4.1. [Ipednosorcum, 4mo 2040M0PPHOE UCUUCAEHUE T
om a na U cywecmeyem. Toeda

1) ono asasemea npodoadxcenuem payuonaabno2o (m. e. Yn|rwy = Vr);

2) o(a) C U;

3) eoaomopdroe ucuucsenue eOURCMEEHRO.
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Loxazameavcmso. llepBoe yTBepkKA€HWE CIEAYET U3 COOTHOIIEHUS
vr(t) = a, a Bropoe — 13 nepBoro u U3 CBOUCTB PALUOHAILHOIO UCIUCJICHIU.
Haxowern, yrBepx 1eHI€e 0 €IUHCTBEHHOCTH BEITEKACT U3 HEIPEPBIBHOCTH Y},
u TeopeMul Pynre. O

ITocTpoutrs romoMopdHOEe wCYnUCIEHHE IPOLIE BCEI'O B CAyYae, KO
U —KpyT ¢ IeHTpOM B HYJe WIN BCA KOMILIEKCHAA IIOCKOCTb.

IIpepnoxenne 4.2. [Tycme Dr = {z € C: |z| < R} — xpye paduyca R,
codepacauwut, cnexmp o(a) saemenma a € A. (IIpy R = 0o mbl noaaza-
em D = C.) Tozda eonomopdroe ucuucaenue om a na Di cywecmeyem
U eJUHCTNEEHNHO.

Joxazameabcmeso. Bosbmem nponseoabhyio Gyaxmmio f € O (Dg) n pas-
Jg0xkuM ee B pag Temmopa: f(z) =3 ¢,2". Tlokaxem, 910 pag » | c,a™ cxo-

autcea B A. [l 5Toro 3aqo1/1Kc1/1pyeT1lw mo60e p TAK, ITOOBI BHITOMHATIOCE He-
paseHcTBO 7{a) < p < R; Torga us GpOpMyJbl CIEKTPATBLHOTO PAAnyca (CM.
§2.5) crexyer, aro mamgercs taxoe N € N, wro ||a™||'/" < p npu n > N.
Creposarensno, C :=sup ||a"||/p" < co. TosTomy

n

Z‘CnH‘an” <C2|Cn|pn (43)

u piag Yy cpa™ abeomorno cxopured. O6o3HaMUM ero cymmy depes Y (f).

HpOCTb?e BEIYUCICHNUS CO CTEMEHHBIMU PAAAME MOKA3BIBAIOT, ITO IOCTPO-
ennoe orobpaxenue v, : O(Dg) — A ABIAETCA YHUTAILHBIM TOMOMOPQU3-
MoM, mpudeMm Y, (t) = a. Haxomen, us mepasenctsa (4.3) cremyer, [to
v (£ < C|fll, ana Beex f € O(Dg) (cm. npumep 4.2), mosTOMYy OMO-
MOpP(hU3M Y, HEIPEPHIBEH. O

W3 mpeaprayiero npemiokeHus CIeayeT, B 9aCTHOCTH, YTO OT JH000-
IO 3JEMEHTa YHUTAILHON 0aHAXOBOU AIreOphl MOXKHO «OpaTh Leble (PyHK-
nuwy. B wacraocTH, nas aoboro a € A onpegenena skcronenTa expla) =

o0
=3 a"/nl
n=0

Ecim U C C—nponsBoIbHOE OTKPHITOE MHOXKECTBO, Cofepkalee o(a),
TO CTPOUTH FOJOMOP(MHOE UCINCICHUE OT a Ha U TeMm xke CrmocoboM, 9To
7 BBIIIE, HE MIOMYyYAeTCA: BeIb He Jbas ke romomopduas B U QyHKus
pasnaraerca B psag Tewropa wa U. C apyrou cTOpPOHBL, KIS romoMopd-
ubix Qyukiui B U cymecrsyeTr yagobHOE IPEICTABICHIE B BALE UHTEIDAIA
Kormmu.
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Hamovmunanwe 4.1. [lycts V C U — orpasmdesnsoe OTKPBITOE II0IMHO-
XKECTBO, COepKalIeecsa B U BMECTE CO CBOMM 3aMLIKAHUEM V I TaKOe, ITO
ero rpanuna 0V COCTOMT M3 KOHEIHOI'O 9MCIA INIASKWX KPUBHIX. Torma
s mobon gyukuuu f € O(U) n m060oro z € V CHpaBerinBa unmezpaib-

naa popmyaa Kowu
f(z)= QL / 1O g4 (4.4)

T Jay C— 2
(unTerpuposanue mo JV BemeTCs, KaK MOJ0KEHO, C YIeTOM OPUEHTAIINN).

C yaeTom popmyast Komm ecTeCTBEHHO TOMBITATLCA TOCTPOUTE TOI0-
MOPMHOE UCIUCACHTE OT daeMeHTa a € A crenyiomuM o6pazoM: moadepeM V-
TaK, ITOOBI BEIIOMHAMICE BKmMouerua o(a) C V C V C U, mogcraBum a BMe-
CTO 2 B IPaBYI0 4aCTh (POPMYJIbI (4.4) ¥ BOBLMEM MOJLY YUBIIEECH BEIPAKEHUE
B KadecTse onpedesenus saementTa f(a) = v, (f). Kormeano, aTo6er npugats
5TOMY ONMPENeIeHNI0 CMBICT, HY:KHO CIIePBa TOTOBOPUTLCA, UTO HA3HLIBATD
HHTErPAIOM OT (PYHKIHUM CO 3HAMCHUAMHI B 6AHAXOBOM TPOCTPAHCTRE.

OTcTyILUleHMe: MHTerPAPOBaHUE BEKTOPHO3HAYHBIX (PYHKIMM

IIycres E — Ganaxoso upocrpancrso, f: [a,b] — E — ¢pyukuus. Uure-

b
rpas Pumamna / f(t) dt moxuO onpegeauTsb, KaK ¥ A1 CKAJIAPHBIX QYHK-
a

U, KAK MPEIe] UHTErPATBHBIX CYMM. A MOXKHO CIEAATh ellle MPOIIE U MO~
CTYIHUTH CAELYIOMIM 00pa3oM.

Onpegenenne 4.7. dnement x € E Ha3pBaeTcs uwmezpasom OT f 1o
b
[a,b] (m oBosHauaeTca depes / f@t)dt), ecmn aas awboro w € E* QyHk-
a
b
mus wo f: [a,b] — C urrerpupyema no Pumany u w(zr) = / w(f(t))dt.
a

Komneuno, ecim uHTErpas oT f CymeCTBYeT, TO OH €AMHCTBEHHBIN (m0-
qemy?).

Yupaxuenue 4.11. [JokaxuTe CIEIyIOMINE YTBEPXK ICHUA.
1. Ecau dyukuus f: [a,b] — E menpepsiBHa, TO OHA MHTErpUpyeMa U

re || floo = s 1 @)]I-

b b
2. Bcim T € B(E,F), T0 T(/ f@) dt) :/ T(f(t))dt mna aobon He-
npepuiBHON Qyukunu f: [a,b] — E.

/abf(t) dtH < /ab £ @O dt < || fllso(b—a),
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Onpegenenne 4.8. Ilycte I' — rmagkas opuentuposannas kpusasi B C,
napaMeTpPU3OBaHHAA IPU HOMOmHU OTOGpaxkenus v: [a,b] — C xmacca CL.
1 nponsBoabHON HenpepuBHON GyHKnnT f: I' — E moaoxmm 1o ompene-

JIEHUEO /F fz)dz= /ab Fv(@®)y'(¢) dt.

Kak n qma ckanspHbix GyHKIUN, THTETPAT OT f MO KYCOYHO TUIAJKOU
KPUBOU ONPENEIACTCA KAK CYMMa HHTETPAJIOB TI0 €€ «MIATKUM Kyckamy. Ha-
kouerr, ecin V C C— orpanuveHHOE OTKPBLITOE MHOXECTBO, Ipanuna 0V
KOTOPOrO COCTOUT U3 KOHETHOI'O IUC/IA, KyCOYHO IMAJKUX KPHUBBIX, TO WH-
Terpan ot f mo OV ompenenseTcsa Kak CyMMa HHTETDAJIOB TI0 STUM KPUBBIM,
OPUMEHTUPOBAHHBIM COTVIACOBAHHO C OpueHTarmen V.

* ok X

IMepengem K MOCTPOEHUIO TOIOMOP(MHOTO UCIUCICHUSA B OOLIEM CIyIae.

Teopema 4.1. IIycmv A — ynumaavnas 6anarosa aszebpa, a € A — ee
aaemenm, U C C — omxprimoe mnoxcecmao, codeprcawee o(a). Toeda cy-

wecmsyem eduncmeenunoe 20a0mopdroe ucwucaenue yn: O(U) — A om a
na U.

Hoxazameavcmeo. BribepeM OTKPBITOE Or'paHWYEHHOE MHOXKECTBO V
¢ Tpauunen 0V, COCTOANEN M3 KOHEYHOT'O YNUCAA KYCOTHO TIAAKUX KDPU-
BBIX, TaK, YTOOBI BHITOTHAINCH BKIIOYEHNA U(a) cvcvcu. Jlis xax fon
dyuxuuu f € O(U) nonoxum

w()=— [ FOC1—a)y"dc.

T 2mi oV
OweBuano, orobpaxenue 7y, : O(U) — A KOPPEKTHO ONpeeneHO (IOCKOIb-
Ky II0J 3HAKOM MHTErpaja CTOUT HelpephiBHag GpyHKuus) u juHernHo. Kpo-
Me TOro, Jerko BuAeTh (npoeepbTe!), uTo cymectByer Takoe C' > 0, 4To
v (O < Cllifllov aas modon dyuxuun f € O(U). CregoBaTensHo, 0TO-
OpaxkeHue 7y, HelpepbIBHO.

Taxum 06pa3zoM, HAM OCTAETCA MOKA3ATh, ITO Yj, — YHUTATLHLIM TOMO-
MOpdu3aM u 410 V(1) = a. 3ameTum, 4TO 4 3TOr0 JOCTATOYHO IPOBEPUTD
IBa TOXKACCTBA:

(1) (1) = 1

(2) Wm((t = N f) =(a = Ay (f) A eex f e O(U), AeC.

B camom gese, 3 BTUX TOXKAECTB MO UHAYKIUU JETKO CAEAYET, UTO
v (f) = f(a) pus mo6oro muorowrena f; B yactHocry, v, (t) = a. Janee, ec-
mA¢U, 1o (@ — A1)y, ((t — A)™") =y (1) = 1, nosromy v, ((t — A)~") =
= (a — A1)™™ pgaa Bcex n € N. Pazraras NpOM3BOJBLHYIO PAIUOHAILHYIO
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dyuxumo f € R(U) B cymmy npocTenmux Apo6er, Mbl BUAUM, 9TO Y, COB-
nagaet na R(U) ¢ panmuonatbabsM UCIHCICHICM 7Yy 5 B 9aCTHOCTH, Yp | p(1) —
romomoppuam. OTcroona ¢ yIeToM TeopeMbl PyHre m COBMECTHOU Herpe-
prBHOCTE yMHOKeHUA B O(U) m A cregyer, 9To 7, — romomopdusm. Jeir-
cTBuTeNsHO, nycTh f,g € O(U), n nycts {f,} u {gn} — mocrenosaTensro-
cru B R(U), cxopsimmecs x f u g coorsercrBenso. Toraa f,g, — fgB O(U)

u Vh(fn)')’h(gn) - 'Vh(f)'Vh(g) B A, mosToMy
m(f9) =y (fngn) = lmya(fn)va(gn) = Yo (F)10(9),

TaK 9TO 7y, — roMoMopduaM. UTak, HaM 0CTaeTCA IPOBEPUTD BHIIOJHECHNE
yeaoeun (1) u (2).

s mposepku ycaoBus (1) pukCHpyeM MTPOU3BOJIBHBIN (DYHKIIMOHAT
w € A* m Bosemem Takoe R >0, wto R > |a| w V C Dg. Dynxmus
¢ — w((¢1 — a)~!) romomopdua B okpectHOCTH ObmacTu Dg \ V, mosro-
My €€ HHTErpaJl [0 OPUEHTHPOBAHHON IPAHUIE 3TOU O0JACTH PABEH HYJIIO.
Orcrona caenyer, 9To

Y%

won() =5 [ w(@r-adc= g [ w@-a e 43

C mpyrou cropousr, npu ( € 0Dg MBI uMeeM

o0

((I-a) =1 -¢la)t =) "l

n=0

(cm. Teopemy 2.1), mpudem pag cxoauTcsa pasHoMmepHo Ha ODg. HosTomy
HEnoYKy paBeHCTB (4.5) MOXKHO NPOJOIKUTE CJAEIYIOMUM 06pa3oM:

- z:: P /aDR ¢ = w(l).

Beuay mpowsBombHOCTM (GYyHKIMOHAMA w € A* OTCIOa CAeAyeT pPaBeH-
creo (1).
Teneps nposepum pasexcTso (2):

%((t =N f) = (a=AD)w(f) =
= (C AN f(C)(¢L—a)~td¢ — (a—/\1)2 f(C)(lea)fldCZ

2m o
=2 [ FOIC—N1 - (a— D)1 — a)*dc =

2m Jov

_ 1
=i [ 1O -0 -a = [ o 1=0,



§4.2. TonoMopdHOE UCIUCIEHUE: TOCTPOEHUE U CBOUCTBA 59

noCKOIbKY Gyukuusa f rosomopdua B U. Takum o6paszom, paBeHCTBO (2)
nokazano. Kak yike OBLIO 3aMEYEHO BEHIIE, OTCIOAa, CICAYET, ITO Yy — Io-
MOMOPQU3M. O

Caenyroliee ynpaxKHeHNE MOKA3BIBAET, YTO TOJOMODP(HBIE NCIUCICHUS
Ha, PA3HBIX OTKPBITBIX MHOXKECTBAX COIVIACOBAHEL.

Ynpaxuenue 4.12. lycts o(a) CV C U, rge U, V —OTKpLITEE TOIMHO-
wectsa C. Obosnatum vepes ryy : O(U) — O(V) romomopdusm, comocta-
BJAOIINAN Kax 10U rojgoMopduon Gyuknuu 8 U ee orpanutenue va V. [lycts
v/ u v} — romomopdubte ncuucienus ot a na U u V coorsercreento. Jlo-
KaXKUTE, 9TO CIEAYIONAd TUArPAMMa KOMMY TATHBHA:

ou) v

Th

N

rTuv A

/

o) W

[TockoabKy Toa0OMOPGHOE UCIUCAEHNE ABIAETCA MTPONOIKEHNEM PAIO-
HAJTBHOTO W HE 3ABUCUT OT BHIGOPA OTKPBITOI'O MHOXECTBA, COMEPIKAIIETO
CIIEKTD, MBI BIOpaBe BMeCTO Y, (f) mmcars mpocto f(a) mas ao6ou roao-
MOpdHOU (QYHKIUU f, ONPEIEJEHHON B HEKOTOPOU OKPECTHOCTHU CIEKTPA
o(a).

[ OBOIBHO YACTO TOJIOMOPPHOE UCINUCIEHNE OT TOTO WA MHOTO DIEMEH-
Ta KAKOU-HUOYIb «KIACCHYIECKOW» OGAHAXOBOU AAreOphl YyAAeTCA OMUCATH
«B IBHOM BH/[I€», T. €. HE NPUOGETras K KOHTYPHOMY MHTETPUPOBAHUIO. UTOOLI
B DTOM yOemuThCA, CACTANTE CIENYIOMee YIPaKHEHNUE.

Yunpaxuenue 4.13. I[lyctes A — yunransHas Ganaxosa aaredpa, a € A —
ee sieMeHT, [ — ronoMopdHas (QYHKUUs, ONPELEJEHHAsS B OKPECTHOCTH
cnexkrpa o(a). B KaxI0M U3 NepednCAeHHEIX HUKE CLYIaeB yKAKATE, ITO
Takoe f(a):

1) A=C(9), a € A—mo6on >aeMenT;
2) A=1(>, a € A— 060N DIEMEHT;
3) A= LOO(X W), @ € A— moGou DIEeMeHT;
4) A= B(lP) niu B(cy), a = M) — AraroHajbHBII OIEPATOD;
5) A= %(LP(X 1)), a = My — onepaTop yMHOKEHNS;
6) A= %(*(Z)), a="T,— onepaTop IBYCTOPOHHETO CABUTA;
7) A= PB({*), a="T, — omepaTop TPaBOTO CABUTA.

BumecTo Toro 4rober rOBOPUTE O «rOJOMOP(MHOM UCUKUCICHAN B IIPOM3-
BOMIBHOU OKPECTHOCTHU CIEKTPay, YAOOHO MOBOPUTH O «TOJOMODP(MHOM HUC-
YUCIeHUN Ha creKTpes. [L1d »3Toro HaM moHATOOWUTCA eIlle OTHA IIOJMHOD-
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MUDPOBAHHAA aarebpa, a UMEHHO a42e0pa POCMKOS 2040MOPPHBIT HynKruwi.
Onpenensercs oHa CACAYIOMEM 06PA3OM.

ycre K —xommakT B C. Pacemorpum muoX)ecTBO Beex nap (U, f), roe
U D K —otkprrroe MHOKecTBo u f € O(U). Ha 5TOM MHOXECTBE BBEIEM
oTHOIeHne pKemBaseHTHOCTH, nonaras (U, f) ~ (V,g), ecin cymecTsyer
Takas okpectHocts W D K, auto W CU NV u flw = glw. Kanacc skpusa-
JEHTHOCTH HA3BIBAETCA pocmkom roaomopduon Gynkmmn Ha K, a MHOXKe-
CTBO BCEX POCTKOB 0603HauaeTca vepes O (K). Herpynmo nposeputs, 9T0
O(K) cTaHoBuTCA aareGpon, eCiu ONPEJeIUTh alre0paniecKue ONeparun
HAJl POCTKAMHI KAK MOTOYEIHBIE OMEPAINA HAJZ WX TPEICTABATEIAME.

Kak u B cayuae anrebpnl panuoHadbHbx Gyukumu R(M) (cMm. §2.4),
kax oMy pocrky f € O(K) moxuo npunucars 3Hadenue f(z) B IPOU3BO/Ib-
nou Touke z € K, B3aB B kadecTse f(z) 3HaYCHEWE B TOUKE z JIOOOrO €ro
npenctasutesa. [lorytaem dynkmmio f: K —C, f(z) = f(z). Orobpae-
aue O(K) — CK, f— f, aprsercs, 04eBHIHO, YHUTATLHEIM TOMOMOD(M3-
MoM. OTMETHM, 9TO OH WHBEKTUBEH TOTAa W TOJILKO TOrAa, korga K He
COEPKUT U30IUPOBAHHBIX TOUeK (modemy?). Tem He MeHee, KaK OKa3bIBa~
eT CJAEAYIONee YIPAXKHEHNE, 3TOT FOMOMOPMU3M BCErIa COXPAHAET CIIEKTD
(cp. samewanne 2.10).

Yopaxuenue 4.14. 1. Jokaxure, aro snemenr [ € O(K) obparum To-
IZa ¥ TOABKO TOrja, Korda saement f € CK o6parmu, T.e. f(z2) #0 mas
awboro z € K.

2. [lokaxwure, 910 0 (k) (f) = ocx (f) = f(K) nna mo6oro nremenTa
fe0(K).

Tonoaorua wa O(K) BBOAMTCA caeayrommMm obpaszom. s kaxmgon
okpectHocTu U xoMmmakTa K obossHaunM dwepes ryi: O(U) — O(K) ro-
MOMOP(pU3M «OIPAHMYICHUAY, ONPEIeIAeMBEII OYeBUIHEIM oOpasoMm. Hazo-
BeM noayuopmy || - || ma O(K) donycmumot, eciu nis aoGOU OKPECTHO-
ctu U D K noayuopma f — |ruk(f)|| menpeprsaa ma O(U). [IpeBpaTum
O (K) B MOAMHOPMAPOBAHHOE TPOCTPAHCTBO, CHAGIUB €10 CEMENCTBOM BCEX
JOIIYCTUMBIX TIOJTYHOPM.

3ameuanue 4.4. YKA3aHHBIN CTOCOO BBEIEHUA TOTOJIOTUU BCTPEIACTCA
JOBOMBHO YACTO; TIO-HAYTHOMY OH HA3LIBACTCA «(MHAYKTUBHLIN TIpeaeay. [Ipu

BTOM HCHOMB3YeTCA clefytommee oboznatenue: O(K) = lim O(U). Ilpu mo-
UDK
MOIIM TOU K€ KOHCTPYKIIMU BBOQUTCA TOIOJOT WA, HAIIPUMED, Ha IPOCTPaH-

crBe Z nnagkux QYHKOUU ¢ KOMIAKTHBIM HOCUTEJIEM Ha IPIMOU, UCPAIO-
IeM BAXKHYIO POJIb B TEOPUU OOOOIIEHHBIX (DYHKINH.

Yupaxuenue 4.15. [Iycte F— nomunopMupoBamHoe mpocTpancTso. Jo-
KaxKUTe, YTO MuHenHbl onepatop 1': O (K) — E HenpepbiBeH TOr1a 1 TOMb-
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KO Torja, korga mis aobon okpectaoctu U D K oneparop Toryg: O(U)—
— F memnpepniBeH.

Ha camom gere ykazaHHOE B IIOCJACTHEM YNPAKHEHUN CBOUCTRO ITOJHO-
cThi0 xapakTepusyer Tonosaoruio Ha O(K). Tounee, cupaBeiaus ciegyio-
LY PE3YALTAT.

Ynpaxuerue 4.16. Ilycts O(K) cHAGXKEHO KAKIM-TIO0 CEMENCTBOM TIO-
JYHOPM TaKuM 06Pa30M, ITO BBIIOJIHEHO CBOMCTBO, YKA3AHHOE B IPEILLAY-
meM ynpackuenuu. [JOKaKuTe,ITO TONOMOrUs, NOPOKICHHAT STHM CEMEN-
CTBOM, COBIAJAET C TOMOJOTUEH, IOPOXKICHHON CeMEHCTBOM BCEX JOILyCTH-
MBIX mOTyHOPM Ha O(K).

Yopaxuenue 4.17*. Jokaxure, uro O(K)—xaycgopdosa no1uHopMu-
pOBaHHAA AIre6pa ¢ COBMECTHO HEIPEPHIBHBIM YMHOXEHUEM.

Teopema 4.2. ITycmv A — ynumaavnas 6anazosa aseebpa, a € A — ee
aaemenm, K C C — xomnaxm, codepacawui o(a). Cywecmsyem edun-
cmeennvili nenpepuienvili ynumansnort 2omomopPusmyf : O(K) — A, ydo-
saemeoparouull ycaosuo yi (t) = a.

Hoxazameavcmeo. llycrs f € O(K) — npousBoabHBII POCTOK, U IYCTh
g€ OU) (rme U D K) — HEKOTODHIN €r0 IpencTaBUTeNb. 1looxuM 1Mo
ompenerernio v (f) = 7Y (g). Wa ympaxmenna 4.12 Jerko BHIBOIATCA,
9T0 X — KOpPPeKTHO OmpeneNeHHbIll YHUTATLHEI TOMOMODPMU3M, TIPIIeM
YE{t)=a u yE oryx =+Y ana moboit oxpecrnoctu U O K. Henpepuis-
HoCcTE ToMoMopduaMa Vi creayer ws ynpammemma 4.15, a exumcTBen-
HOCTb — M3 €IMHCTBEHHOCTH TOJOMOP(PHOrO MCIUCICHUSA B OKPECTHOCTH
ciekTpa (cM. mpemaoxenune 4.1, m. 3). O

Ompegenenue 4.9. Tomomopdusm vE : O(o(a)) — A, onucanusil B upe-
h )
OBIIVIOEM HPEIIOKCHUN, HABBIBACTCA 20A40MOPPHBIM UCUUCACHUEM OT DJe-
MeHTa a € A Ha komnakTe K D o(a).

Yreepxaenus teopem 4.1 u 4.2 ygobuo mepedOpMyIUPOBATE CJIETYVIO-
muM o6pazoM (cp. Teopemy 2.7).

Teopema 4.3. ITycmv A — ynumanvnas 6anazosa aseebpa, U C C — ne-
nycmoe omxpeimoe muodxcecmso, K C C — nenycmoti xomnaxm. Cyue-
CMBYIOM KAKOKUUECKUE OUEKUYWU

_ YHUMAALHLIE HETPEPLIEHDLE
{a c4:o(a)C U} = { 2omomopdusmer O(U) — A }

. YHUMAALHDIE HENPEPLIBHBLE
{a cA:iofa)C K} < { eomomopPuzmor O(K) — A}
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3decv cmpeaku, delicmsywuue caesa HANPABO, CONOCTNABAAOM IAEMENMY
a € A e2o 20a0mopdnoe ucuucaenue na U (coomeememsenno K), a ecmpea-
KU, Jedcmeyouue Cnpasa Haae60, CONOCIMABAKION 20MOMOPPUIMY T IAe-
mewm 7(t), 2de t(z) = z daa awboeo z € U (coomseememsenno 06020
zeK).

PasymeeTca, HAMMEHBIINE KOMIIAKT, IS KOTOPOT'O CIPABEIINBA TEOPe-
ma 4.2, —»a1o cam cunekTp o(a). B sToM ciayuae roBopaT o 2040m0p@irom
uCHUCACHUY MG cnekmpe. B maapHENIIeM BMECTO 7Z(a) (f) mmr 6ymeM, koraa
210 ygobuo, nucars f(a).

Teopema 4.4 (06 oroGpaxenun cuektpa). Jas arboi dynxyuu f €
€ O(o(a)) cnpasedauso pasencmeo o(f(a)) = f(o(a)).

C yuerom ynpaxuenus 4.14 5Ty TeopeMmy MOXKHO mepedOpMyINPOBATH
TaK.

(a)

Teopema 4.4, [omomopdusm vy, *: O(o(a)) — A coxpansem cnexmp.

a
Hoxazameavcmso. JocTaTovHO [OKA3aTH, 9TO T'OMOMODP(U3M 7,‘:()

(0603HaMAEMBIN Ja1€€ IPOCTO 7y) MEPEBONUT HEOOPATUMELE SIEMEHTEL B HE-
obparumete. Ilycre saement f € O(o(a)) meobparum; Torza f(A) =0
B HEKOTOpOU ToUke A € o(a). I3 CBOUCTE TOJOMOP(HEIX (YHKIUH CJe-
ayer, uro f = (t — A)g maa mekoroporo g € O(c(a)). CregoBarenbHo,
Y(f) = (a — A1)v(g). Ho anement a — Al HeOOGpaTUM, HOITOMY ¥ DJIEMEHT
v(f) Heobparum (cM. temmy 2.3). O

CaepcrBue 4.1. Jasn 06020 a € A saemenm exp(a) obpamum.

EcrecTBenno momuTepecOBATHCS, CIPABEIJINB JU AHAJOI TEOPEMEI 00
OTOOPaXKEHUN CIEKTPa 1A ero JacTer. IToOb OTBEeTUTH HA 3TOT BOIPOC,
cHemanTe CIeAyIoInee yIpakHeHne.

Yupaxuenue 4.18. Ilycre T € B(E) — orpanutenssin onepaTop. Bepro
au pasercTso op(f(T)) = f(op(T)), ecan

1) f € Cli);

2) f € R(M) (rae M D o(T));

3) feOU) (rge U D o(T) — obnacTs);

4) fe OU) (rme U D o(T) — OTKPHITOE MHOXKECTEO).
Otsersre Ha TOT k€ BOnpoC 411 0¢(T), 0,(T), 0ap(T), osu(T'), Ocom (T).

Bor ermme aBa BaXHBIX CBOUCTBA I'OJOMOPMHOIO UCIUCAECHUA.

Yopaxuenue 4.19 (nepecranoBouHocTs ¢ romomopdmsmavu). Ilycrs
p: A — B—yHuTaabHbi roOMOMOPdU3M OaHAXOBBIX atrebp, u mycrba € A.
Hokazxure, aro ¢(f(a)) = f(¢(a)) gia mobon dyukunu f € O(o(a)).
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Yupaxuerue 4.20 (Teopema o xommosuumm). IIycre o € A, f € O(o(a))
uge 0(o(f(a))). Joxaxure, aro g(f(a)) = (g0 f)(a).

O6cyauM Ternepb HEKOTOPHIE HOIE3HBIE TPUMEHEHNS DOJTOMOPQHOTO UC-
TUCACHUSA.

Yupaxuenue 4.21. Ilycte o(a) He mepecekaeTcs ¢ HEKOTOPHIM JIy9OM,
BBIXO/IAINAM U3 Hadajga Koopguuat. [Jokaxure, 410

1) gas mo6oro n € N cymecrByer Takon snement b € A, aro b" = q;

2) cymecTByeT Takou sreMeHT b € A, wro exp(b) = a.

MockoabKy cnexTp ar60u (1 X 7)-MATPUILL KOHEYEH, MBI TIOIYIaeM CJIe-
IYIOUINY PE3yIbTAT.

Caegcreue 4.2. Ecaua € M, (C) — obpamumas mampuya, mo a = exp(b)
das wnexomopotl mampuyvt b € M, (C). Hnvimu caosamu, omobpacenue
exp: M,(C) — Inv(M,(C)) — cropbexyua.

Yupaxuenue 4.22. CupaBeyuB Ju aHAJOT TPEALIIVIIETO YTBEPK ICHUA
B anredpax B(E)? Cla,b|? C(T)? £°7 L>(X, u)?

Yrober moryuuTs O6osee moapoOHyIo mH(pOpManuio 06 06pa3e DKCIO-
HEHIMATLHOrO 0To6pakenus exp: A — Inv(A), obosnaunm gepes Invy(A)
CBABHYI KOMIOHEHTY enuHunbl rpynnsl Inv(4) u 3amernm, aro exp(A) C
C Invo(A) BBRAY CBABHOCTH anreOper A.

Yupaxuenue 4.23. [Iycre A — yuuranouas 6anaxosa aarebpa. Jokaxu-
Te, ITO

1) Invy(A) —mopmamsHas moarpynna B Inv(A);

2) exp(A) mopoxgaer Invy(A) kax rpymmy;

3) Invo(A) = exp(A), ecan anmreGpa A KOMMyTaTUBHA.

Ynpaxuenue 4.24* (gna modburenen tomosoruu). [Iycte A = C(Q) —
arre6pa HeNpepHIBHEIX (PyHKIUE Ha KoMmakTe 2. [JokaxuTe, 9T0 (pakTOp-
rpynma Inv(A)/ exp(A) msomopdua meproit rpymnme koromotoruit H' (€2, Z).

§4.3. O HeaHAMMTUIECKUX (PYHKITMOHATHLHBIX UCIUCICHUAX

Teopema 0 rOIOMOP(PHOM UCIUCICHAN MIPUMEHUMA, B IACTHOCTH, K AJ-
re6pe Z(F) orpaHNYeHHBIX OMEPATOPOB B GAHAXOBOM MPOCTpaHCTBE. Ta-
KUM 00pasoM, IOIMHOMUAILHOE HCIuciIeHue +y,: Clt] — #(E) ot m1060-
ro oneparopa T € Z(F) npoaoKaeTcs 10 PaIMOHAILHOTO UCIUCICHUS
v R(o(T)) — AB(E), a pauuoHaibHOe — A0 TOJOMOPGHOIO HCIUCICHUA
v O(o(T)) — B(E). EcrecTBeHHO CIPOCUTH, HEIB3s JU PACLIUPUTE [O-
JIOMOP(HOE HCIUCACHNE Ha KAKYHO-HUOyIb OOJMBIIYIO aaredpy, COCTOSAIIYIO
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u3 GyHKUMA (Wi POCTKOB (PYHKIMU) HA CHEKTDE:

Clt] —= R(o(T)) —=OC(c(T)) —= A

—

Tp

C TOYKU 3pEHUsT TEOPUM OMEPATOPOB KEJATEILHO, ITOOH aarebpa A GbLia
JOCTATOYHO OOJBIION IS TOrO, YTOOBL AOIMYCKATL PA30OMEHHUS €IWHULILL.
OTO MO3BOJIAIO OBl JIyHIlEe MOHATE «YCTPOUCTBO» onepaTopa l’, B 4aCTHOCTH
TMOCTPOUTE M7 HETO OOMBITOE CEMENCTRO MHBAPUAHTHEBIX TOATPOCTPAHCTB.

Caenyrolee ynpaXHeHNE TOKA3LIBAET, YTO /IS HEKOTOPBIX OIEPATOPOB
TAKOE UCUUCICHUE TeUCTBUTEILHO CYIIECTBYET.

Yopaxuenue 4.25 («HayaHo-HccIegoBaTeabckoey). Ha xakue ¢ynkimo-
HaJIbHBIE AIreOpBL MOXKHO HIPOLOKATE [OIOMOPQHOE HCUUCICHUAE OT CJe-
OYIOIINUX OIEPATOPOB:

1) quaronaasubin oneparop My € Z(¢F);

2) omeparop ymuoxenus My € B(LP(X, u));

3) oneparop asycropounero casura Ty, € B((*(7))?

IMoxanyn, «caMas MAJCHBKAMD U3 «KIACCHICCKUX» (PYHKINOHAILHBIX AJI-
reOp Ha KakoM-bO0 OTKpuITOM MHOXecTBe U C C, nmomyckaromas pasbue-
HUA eIVHULIL, — 5T0 anrebpa raagkux ¢pyuxmun C°(U). Ha sTon anrebpe
€CTh KAHOHMIECKAA TOMOJOTHA, 3aIA0MIAA PABHOMEDHYIO CXOAMMOCTL Ha
KOMITAKTAX O BCEMH IACTHBEIME IIPOU3BOTHLIME. DTy TOMOJOTUI MOXKHO
OIIMCATH MIPH IIOMOIIM MOIYHOPM CAETYIOUEM OOPa30M.

IIycte U C R —0TKpEITOE MHOKECTBO. 7151 Kax 1010 Habopa (MyJabTu-
nHAeKCa) & = (A1, ..., 0,) € 2" TONOXKUM, KaK OOBIMHO, [a| = a1 + ... + ay

glal
uD%= m JLas kax noro xkomnakTa K CU n MyapTunHgekca o €

€7 BBeneM nomyHOPMY || - || K,o HA C(U), nomaras || f| ko = sg}g |Df (x)].
T
Cucrema Beex NOMyHOPM yKazanHOro Buaa npespamaer C'°°(U) B nomurop-

MUPOBaHHOE npocrpancTso. O4eBuIHO, OHO Xayc10pdoBo (nouemy?).

Ynpaxuerue 4.26. 1. Toxaxute, uro C'°°(U) — nmommHOpMUpOBAHHASL
aare6pa ¢ COBMECTHO HEMPEPHIBHLIM YMHOXKCHUCM.

2) Moxaxure, uro eciu U C C, TO KOMIAKTHO-OTKPBLITAA TOMOJOTUA HA
anre6pe rosomopoubix gpyuxnuin (U) coBuagaer ¢ TOmOJIOrUen, yHACKe-
posarson uz C°(U).

Caemytomee onpenenenne npuHamiexuT 1. Pousmry.
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Ompegenenue 4.10. Oneparop T € B(E) Ha3BIBACTCA 0006UWeHHbIM CKA-
AAPHELM OTLEPATOPOM, ECIA CYIIECTBYET HenpepblBan?I YHUTAILHBIA MOMO-
mopduam y: C®(C) — ZA(E), ynosrersopsomun ycaosuio ¥(t) =T (rge,
KaK OOBIYHO, t(2) = 2 — «HE3aBUCUMAA TIEPEMEHHAA ).

3amedanue 4.5. Pa3 yx ecTb 0600IMIEHHBIE CKAMAPHBIE OIEPATOPHI, TO,
KOHEYHO, €CTh U «IPOCTO» CKaldpHble. Ho ompegensioTcsa oHM HECKOIBKO
CIOXKHEe, U UX MBI PACCMAaTPUBATEL He OyIeM.

Ynpaxuerue 4.27. lycts T € B(E) — 0606IMEHHBI CKATAPHBIN OIEPa-
Top. BeprOo /M1, 9T0 TOMOMOPGU3M Y U3 TPEIBIIVIIETO OMpefeIcHnA ¢IH-
CTBCHHBIN!

IIpuaTHOE CBOUCTBO OGOOINEHHBIX CKAJIAPHBIX OMNEPATOPOB COCTOUT
B TOM, YTO UX NOBEIeHNE MOXKHO «IOKATU30BATEHY CJAEIYIOMNM 00pPa30OM.

Ynpaxuerue 4.28. Ilycte T € B(E) — 0600IIEHHBIN CKATAPHLIN OIEpa-
Top. [loxaxwure, uro aia mwboro nokpeiTus C=U UV aByMs OTKpPBITHI-
Mu MHO)kecTBaMu U, V cymecTByIOT 3aMKHYTHIE T-THBaApUAHTHBIE MOATIPO-
crparctBa F, G C E, yaosaersopswoiue yeaosusaM o(T'|p) CU, o(T|g) CV
ul'+G=E.

Yrazanue. Bocnonbsynrecs pa3bueHneM €IMHUIEL, IOTIMHEHHEIM DTO-
MY TIOKPBITHIO.

3ameuanue 4.6. Oneparopsr, obaagaoone CBOUCTBOM, YKA3AHHBIM B
OpPeILIAYIIEM YIPAKHEHNUN, HA3HBAIOTCA pasaodcumbimy (o dousmry).

Bor npocrenmun npumMep.

Yupaxuenue 4.29. /[okaxkure, 4T0 J1000U OMEPATOP B KOHEITHOMEPHOM
NIPOCTPAHCTBE ABIAETCA 0O0OIIEHHBIM CKALAPHBIM.

[as caenyromero mpumepa HaMm moHanobutca amrebpa C°(T) rmaz-
kux ysknun Ha eguauanon okpyxuoctu T C C. Tononorus ma >Tou au-

re6pe BBOAWTCA TPU IOMOIMM CHCTEMEI noaxynopM || f|, = Sup‘dt" (e'it)‘

(n € Z4). HeTpyauo mpoBepuTh (MpoBepbTe!), 9TO rOMOMOPQU3M OrpaHU-
wgerus C°(C) — C(T), f — f|r, HempepIBeH.

Ynpaxuerue 4.30. Ilycte T € HB(E) — CIOpBEKTUBHBIN HU30MeTpHe-
CKUH omepaTop. [okaxuTe, 9TO CYMIECTBYET HENPEPLIBHBIN YHUTAJLHBINA
romomopdusm yv: C°(T) — AB(E), yrosaersopsawmui ycaosuwo v(t) = T
Kak caencreue, T — 0000IIEHHBIN CKANAPHBIA OIIEPATOP.

Yxazanue. Jobas pyuxuus f € C°(T) pasnaraercs B pag Pypse 10
CTeNeHsaM He3aBHCUMOU MePEeMEHHON t.
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A BOT u KOHTpIPUMED.

Yupaxuenue 4.31**. /lokaxxuTe, YTO OIEpPaTOpPhl MPABOIO U JEBOTO
caBura B {2 He ABIAIOTCA OOOOUIEHHEIMHE CKALAPHBIMIL.

JlurepaTypHble yKa3aHUA

IIo moBOAy NOMMHOPMEUPOBAHHBIX HPOCTPAHCTB cM. KHury [30]. OT-
MeTHUM, 9TO KaK CaM TePMHH (IOIMHOPMHDPOBAHHOE IPOCTPAHCTBOY, TAK
u npeacTaBieHHbl B Kaure [30] moaxox K 5ToMy MOHATHIO (KOTOPOMY MBI

CleyeM B DTUX JEKIUAX) HE ABIACTCA CAMBIM DACTIPOCTpaHeHHBIM. Kax
NPaBUJIO, B JATEPATYPE MO TOMOJOTHIECKAM BEKTOPHEIM TIPOCTPAHCTBAM
NEPBUIHON CTPYKTYPOU ABAAETCA MMEHHO TOMOJOTMA HA BEKTOPHOM IPO-
CTPAHCTBE, a He CHCTEMA IOAYHOPM, 3aJal0IIad 3Ty TONOJAOruio. B coor-
BETCTBUY C 3TUM ¥ TEPMUH (IIOIXHOPMUPOBAHHOE IPOCTPAHCTBOY BCTPEIa-
eTCA B JUTEPATYPE CYUIECTBEHHO PEXKE, 9eM TEPMUH «WIOKAJIBHO BHITYKJIOE
npocTpaacTBoy (cM. 3amedanue 4.2). Boree mogpo6HO O TOMOMOIUIECKAX
BEKTODPHBIX IPOCTPAHCTBAX MOXKHO MOYNTATH B yueCHukax Y. Pyauna [20],
P.9aBapaca [32] u gByx PoGeprconos [25].

Teopema 0 TOIOMOPPHOM MCIMCACHUH B OKPECTHOCTH CIEKTPa COAEp-
x®uTcsa B KHure [29]; cm. Takke [26]. Aare6pa pOCTKOB TOJOMOP(HBIX
PYHKIIUN 1 TOIOMOPQHOE UCINCIEHNE HA CTIEKTPE 00CY XK TAIOTCA B JEKITUAX
A.Tmmapae [39]. IIpo 06061IIEHHEIE CKATAPHBIE U PA3JIOKUMBIE OMEPATOPEI
MOXHO NPOMUTATL B KHUTE [13]; KOE-ITO 06 HTOM €CTb B TPETBEM TOME
monorpaduu H. Jandopaa u Jx. Mlsapua [11].



5. IPEOBPA3SOBAHUE I'EJIb®AHIA

B npeasiayinen riase Mel yOeqUIKCE, YTO JI000M OrPAHUIEHHLIN Oepar-
TOp 06IaaeT TOJOMOPQHBIM UCIYUCACHUEM B IPOU3BOJLHOU OKPECTHOCTHU
criekTpa. /11 HEKOTOPHIX KIACCOB OTEPATOPOB YAACTCA TOOUTHCA OOJIBIIIE-
'O U HAYYIUTHCA MIPUMEHATH K HUM He TOJBKO I'OJOMOP(MHBIE, HO U TVIaTKHUE,
HelpepLIBHLIE, & MHOAA ¥ HEKOTOPBIE Pa3phIBHBIE PYHKINAA (CM. yIPasKHe-
uue 4.25). B Gauxanmem 6yaynieM MbL HO3HAKOMUMCS € HECKOJIBKUMY BaK-
HBEIME De3y/IbTATAMA O CYIIECTBOBAHUM HEAHAIUTUYIECKUX (PYHKIMOHAIB-
HBIX UCUMUCAEHUN [JIA «XOPOIINX» OMepaTopoB. [l1a 3TOro HaM puaeTcsa Ha
BPEMA OTBJIEYLCA OT ONEPATOPOB M MOTOBOPUTE 00 aarebpax, COCTOAIINX
n3 QYHKIWL.

IIpeoGpasoBanue leabdania, 0 KOTOPOM HOUAET PeYb HUXKE, — DTO He-
KUU YHUBEPCAJIBHBIN CIOCO0 «(IPEBPATUTHY KOMMYTATUBHYIO OAHAXOBY aJ-
re6py B airebpy, COCTOAIIYIO U3 HEMPEPLIBHBIX (DYHKIUU HA HEKOTOPOM
KOMTIAKTE.

§5.1. MakcuMmaabHbIE UEAIbI ¥ XapaKTePhI

IIycre A— (moka NpOW3BOJIBHAS) YHATAILHAA AAre6pa.

Onpegenenne 5.1. Jlepoin ugean | C A HA3LIBACTCA MAKCUMAALHBIM, €C-
au oH cobcrBeHubin (T.e. I # A) M He COOEPKUTCSI HU B KAKOM APYTOM
CcOOCTBEHHOM JIEBOM U I€AJIE.

Mpegnoxenne 5.1. 060t aesbili udeas I C A codeprcumea 6 nexomo-
DOM MAKCUMAALHOM AE6OM UIEQLE.

Hoxazameavcmso. Paccmorpum MuOXecTBO M, cocTosAlee U3 BCEBO3-
MOXKHBIX COGCTBEHHBIX JIEBBIX MAEAN0B B A, conepxammx [. DTO MHOKECTBO
(4aCTUIHO) YHOPATOUEHO 110 BKIKYUeHUIO: J; < Jo, ecan J; C Jo. Jlerko npo-
BEPUTH, UTO OHO YAOBAETBOPAET ycaoBusMm Jemmbl [lopua. B camom ferne,
nycts C' C M — JIUHENHO yHOPAJOUYEHHOE TIOIMHOXKECTBO; TOTAa, OYEBUI-
vo, J =|J{K: K € C} — neBuz ugean B A. Ilockomeky 1 ¢ K s Bcex
K € C, upl rakxe umeem 1 ¢ J, a snauur, J — cobersennniit ugean. Cue-
IoBaTeIbHO, J — BepxHaa rpanb miaa C. Takum oOpaszoM, yCIOBHA JeMMBI
opua BomoaHeHsb, 1 B M €CTh MAKCUMAIBLHBIN DIEMEHT. DTO U €CTh MaK-
CUMATBHBIN Uaeal, cojepxammu I. O

3amedvanue 5.1. /14 HeyHUTAILHEIX alre0p yKa3saHHOE CBOUCTBO, BOOO-
Ie TOBODs, HE BBIIOJIHAETCA (MONpoOyuTe mpuBecTu mpuMmep). Curyanuio
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yIAaeTCsA UCHPABUTH, €CAU PACCMATPUBATL HE BCE, a TOIBKO TAaK Ha3LIBae-
MBIE MOdyaspHble uaeannl. HaM e njisa HAIIKX LeJIed BIOJHE XBATAT U yHU-
TaJbHBIX aarebp.

penmoxenne 5.2. llycms A — ynumaavnas 6anarosa aqzebpa. Tozda
a060h Mmarxcumasbubll seevid udeas 6 A 3amxuym.

Joxazameavcmeo. Ecau I C A — NeBLIN ngeal, TO U ero 3aMbIKaHue |
Toxe Jesbin ugean. Iosromy ecau ugean I maxcumanen u I # I, o I = A.
ITO 3HAYUT, 9TO I MEpeceKaeTca ¢ MOOLIM HEyCThLIM OTKPLITEIM [TOAMHO-
KECTBOM B A, B wacTHOCTH ¢ MEHOXeCTBOM Inv(A) Beex 06paTuMBIX daeMeH-
ToB (cM. Teopemy 2.1). Orcrona crenyer, aro I = A. llporusopeunme. [

Yupaxuenue 5.1. Bepro au mpennIaymiee yTBEPKIAEHUE B atredpax
oU)? C>(U)? O(K)?

Pasymeercs, Bce, 9TO rOBOPUIOCEH BEHIIIE, IEPEHOCUATCA HA [IPABLIE W16~
bl 1 Ha OBYCTODOHHUE HI€AJIbL.

Yupaxuenue 5.2. [Iycte A — yauraibHas KOMMYTATUBHAS aaredpa.
Hoxaxute, aro naean I C A makcumarnen < ¢gaktoparrebpa A/ —mome.

Haumnas ¢ 5TOr0 MOMEHTA ¥ [0 KOHIA TIABBI MBI OyI€M PACCMATPUBATH
TOJBKO KOMMYTATUBHBIE AIreOpbl. Kax ol KOMMYTATUBHON YHUTAJLHOU
aare6pe A MOXHO CONOCTABATE CACAYIONINAE NBA BAXKHBIX MHOXKECTBA.

Onpepgenenue 5.2. Maxcumasonoim cnekmpon (zanee — mpocTo CeK-
TpoM) anrebpel A naseBaerca mMuoxkecTBO (2(A) BCex ee MaKCUMAILHBLIX
ngeanon. ITpocmpancmeom Tapaxmepos arreGpel A HasLIBAETCA MHOXKE-
cTtBO £ (A) BCEX ee HEHYJIEBLIX XapPaKTEPOB.

Mexay Q(A) u 2 (A) nMeeTcs TecHas B3aMMOCBS3b. A MMEHHO, pac-
cMoTpuM oTobpaxenue x: 2 (A) — Q(A), x — Kery.

Yupaxuenue 5.3. [JokaxuTe, ITO 0TOOPANKEHUE 3¢ UHHEKTUBHO.

Yacro s okaswiBaeTca Ouekiued. BoT npocTedmy mpuMep TakOu CH-
Tyaluu.

Yupaxuerume 5.4. [Iycte A = C[t] — aare6pa muorowrenos. Kaxon
TouKe z € C COMOCTABNM «BBIMNCIAIONIN XapakTep 0, € 2 (A4), §.(f)=f(2).
Hokaxkure, 9ro momyuennoe orodpaxkenme 6: C — 2 (A) m orobpaxe-
HUE > — OUEKIINN.

Bupodewm, «aacTor — 510 emre He «Bcergay. ITober B 3TOM yOeauThHCsA,
CHeTauTe CIeAyolee YIpaKHeHne.
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Yupaxuenue 5.5. 1. [IpugymanTe npumep KOMMYTATUBHOU YHATAIBHOU
aaredpel A, 1A KOTOPOH s He OMEKIIN.

2. Onummure Z(A), Q(A) u s gasn amre6p C(t), C[[t]], R(M), C*(T)
u C[t]/(t?).

3*. CuemanTe TO Xe camoe Jis aareoper O(K).

4. Onumre 2 (A) pasn aare6p O(U) u C(U).

A Temeps oT anreOp, HE CHAGKEHHBIX TOMOJOTUEN (M CHAGKEHHBIX
HEHOPMUPYEMOU TOIOJOIMEN ), IeperieM K 6aHaXOBbIM aarefpam.

IIpeamoxenne 5.3. [Tycmv A — ynumasvnas Kommymamuenas 6anazo-
8a aazebpa. Toeda omobpasncenue sc: 2 (A)—Q(A), x— Ker y, — 6uexyuas.

Hoxazameavcmeo. llycrs I € Q(A) — maxcumanbueil ugean. Bsugy
OpeIIOKeHnA 5.2 OH 3aMKHYT, TodToMy A/ — 6aHaxoBo mose (CM. yIpax-
uenve 5.2). ITo Teopeme lenmsdanga—Masypa, A/T = C. Komnosuius dax-
Toporobpaxkenuss A — A/l n mzomopduama A/l — C — »ro xapakTep
X € Z(A),y xoroporo Ker xy = I. Caie10BaT€IbHO, ¢ — CIOPBEKINI, U OCTa-
€TCs IPUMEHNTDL PE3YJALTAT YIPAXKHEHUA 5.3. O

Caegcreue 5.1. [Iycmv A — ynumasvnas KOMMYMAMuenas OaHATO6G
aazebpa. aemenm a € A obpamum < x(a) Z0 das awbozo x € Z (A).

Hoxazameavcmso. Ummiinkanus = TpPUBHAIBHA.

[oxaxkeMm UMILTMKAIINAIO <=: eCJIU DIEMEHT G € A HeoGpaTuM, TO TVIABHBINA
unean Aa, 6yyuu cOGCTBEHHBIM, COJAEPKUTCA B HEKOTOPOM MAKCUMATIBLHOM
uneaste I, a oH ABASETCA AAPOM XapakTepa. O

A Tenepsb, kKak u GBLIO 0GEIAHO, U3TOTOBUM U3 A anredpy QyHKIUN.

Onpegenenne 5.3. llycte A — yHuTanbHAA KOMMYTATUBHAS anredpa.
IIpeobpazosanuem Ieavanda snementa a € A HaswpBaeTCa QOYHKIUA
a: 2 (A) — C, onpenenseman popmyon 4(z) = z(a) gz moboro z € Z'(A).

Henocpegcrsenno nposepsiercsa (nposepbre), 4ro oTOOpaxkenue A —
—CZW | g+ 4,— yHUTATLHBIE TOMOMOP(U3M ATre6p.

Onpegenenue 5.4. Tomomopdmam T'y: A — C% A T'4(a) = d, naswma-
eTca npeobpasosanuem 'eavdanda aeebpor A.

3ameqanue 5.2. U3 onpenerenus cieayeT, 4TO
KerT'y = ﬂ{Kerxz xeZ (A}

Nrax, npeobpasoBanue Delbdamia cOMOCTABIACT KAXKIOU YHUTAILHON
koMMyTaTuBHOu anredpe A aarebpy Gyukumi Im I'y na muoxecrse 27 (A4).
OTa KOHCTPYKIIA, & TAKKe HEKOTOPBIE €€ PA3HOBU THOCTH, OKA3AIACEH IPE3-
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BBIYAWHO TIOJIE€3HOU, U HE TOJLKO B PYHKITMOHAIHLHOM aHAIN3E, HO U B IPYTHUX
naykax. Ecan «3abbIThy mpo aapo mpeobpasoBanusa lenbganga, TO MOXK-
HO ¢(POPMYIUPOBATE CJIEIYIOMUN IPUHOWI (CTPOrO TOBOPS, HEBEPHEBIN, HO
TIONE3HBIN ) KOMMYMAMUEHDIE aa2e0pbl — 3TN0 a42e0pbl Gynxuul na Hexo-
MOPLIT MPOCMPAKCNEETY. ITOMY YTBEPKIEHUIO MOXKHO MPUAAATE TOJHYIO
CTPOrOCTb, TOMBKO [J 3TOr0 HyXKHO 3aMeHuThb 2 (A) Ha HexkoTopoe 60Jb-
mee MHOXECTBO, & TAKXKE HECKOJIBKO PACHIMPUTEH CMBICJA IMOHATHUS «DYyHK-
nusy. ITo genaercsa B meopuu crem A.T'porenauka.

PasBuTue u OCMBICTEHNE DTUX UIEH IPUBEIO K IOABICHUIO HOBOU U0~
JOTUU — HEKOMMYMaAmuerol 2eomempui. B MMPOKOM TOHUMAHUM HEKOM-
MYTATUBHAA T€OMETPUSA — 3TO HE OOJACTH MATEMATHUKH, &, CKOPee, TOYKa,
3PEHust, COMVIACHO KOTOPOU IIPOU3BOJBHEIE (HEKOMMYTATHUBHBIE) AIr€ODbI
WK KOJABLA CAEAYET NPeICTABIATE ce6e KaK «KOIbIa PYHKINYA HA HEKOMMY-
TATUBHLIX IPOCTPAHCTBAX) (IPOCTPAHCTBAX, KOTOPHIX HA CAMOM [€Jle HET).
IIpu 5TOM B 3aBUCUMOCTH OT TOT'O, KAKNE UMEHHO aIreOpbl U KAKUe UX «I'eo-
METPUYECKNE) CBOUCTBA U3YUIAIOTCSA, BOSHUKAET IIETAs CEPUI HAYK — HEKOM-
MyTaTHUBHAA aIre0paniecKas TeOMeTPUs, HEKOMMYyTaTuBHasA quddepennn-
aJbHAS [eOMEeTPUs, HEKOMMYTATUBHAA TOIOJIOI s, HEKOMMY TATUBHAS TE0-
pust MepBL... B HEKOTOPOM CMBIC/IE K HEKOMMYTATUBHOU NEOMETPUN MOMXKHO
OTHeCTH anrebpan<iecKyo K-Teopuio 1 TeOPHio KBAHTOBLIX r'pymn. MEbr erre
BEPHEMCA K DTOU TeMe, KOTa OyaeM TOBOpUTL 0 C*-anredpax.

Yupaxuenue 5.6. Onumure npeobpasopanue leandanga ama aaredp

C[t], Cl[e]], R(M), 6(U), C=(U), 0(K) u C[t]/(#?).

OrMmeTuM, 9TO Mg TPOU3BOJBHOM YHUTAJLHOU KOMMYTATUBHOU Ajre-
6per A npoctpanctea 2 (A) m Q(A) —>T0 Beero mumby mEOXKecTBa. OKa-
3bBaeTCA, ecin A — GaHaxosa anrrebpa, TO CYIIECTBYET KAHOHUIECKUN CIIO-
co0 BBECTH TOMOJOrMIO Ha MHOXeCTBe 2 (A) (KoTopoe B 5TOM caydae co-
srnagaet ¢ (A); cM. npemaoxenue 5.3) Tak, 9T0 npeobpasopanus [ eabdan-
2 5aeMEHTOB U3 A GyIyT HENpepLIBHEIMU (DYHKIUAME OTHOCATENLHO DTON
Tonosorum. UTo6B OMUCATE Ty TOMOJOTHWIO, BEPHEMCA HEHAAOITO K IIOJIH-
HOPMUPOBAHHBLIM IPOCTPAHCTBAM.

§5.2. Caabas u caabas™ Tomosorum

[Iyctes E— 6anaxoBo nmpocTpancTro. /lus kaxgoro dpyukuuonana f € £K*
BBegeM moayHopMy || - || Ha E, momaras ||x||; = |f(x)| pas xaxgoro z € E.

Onpegenenne 5.5. Tononorua na FE, 3azaBaeMas CUCTEMOU IOJAYHOPM
{II - llf: f € E*}, naseiBaerca caabot monoaoeuvetd na E n obosnataercs
o(E, E*).
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A Tenepp mpEMEHNM JBOUCTBEHHYIO KOHCTDYKIUIO: BO3BMEM BEKTOD
xz € E u BBenem noxynopmy | - ||, #a E* no npasuay | fll. = |f(z)| zua
kaxgoro f € E*.

Onpegenenne 5.6. Tonomorua ma E*, 3agaBaeMas CHCTEMOH IOJIYHOPM
{|| - llz: z € E}, vassBaeTca caaboi* monoaozuet Ha E* m 0603HATAETCA
o(E* E).

3ameuanue 5.3. OTMeETHM, UTO NOCTIENOBATEMIBLHOCTE {T, } C F cxoauT-
Cs1 K HEKOTOpPOMy sueMmeHTy € E B Tononoruu o(E, E*) Torga u Toab-
KO Torga, korga f(z,) — f(z) mia moboro f € E* (cMm. yupaxuenue 4.3).
B srom cay4gae rosopsr, uro {z,} caabo crodumes k x. Touno rak xe 1o-
CIeOBATETLHOCTS { f, } C E* cxoaures k HexkoTopoMmy f € E* B Tonosornu
o(E*, E) Torga u Toabko Toraa, koraa f,(x) — f(x) mus moboro x € E.

Yupaxuenue 5.7. Tokaxure, aro Tonomoruu o(E, E*) u o(E*, E) xayc-
IOP(MOBHI.

Cremyromiee ynpaxkHeHue OOBACHAET, MOYEMY CIA0BIE TOMOJOTUU TaK
HAa3BIBAIOTCA.

Yopaxuenue 5.8. 1. [Jokaxure, uro caabas ronosorus o(E,E*) ue
CUIbHEe, YeM UCXOaHasA Tonojorus Ha F, u copunagaer ¢ wer npu dim £ < oco.
2. Moxaxwute, aTo caabas™ tononorus o(E*, ) He cunbHee, 9eM TOIO-

gorust Ha E*, sanasaemas wopmon |f|| = sup |f(z)|, n comagaer ¢ Hen
llzll<1
npu dim E < co.

Bousee Toro, cipaBeqineo ciaenyiolee yTBEpXK JEHUE.

Yopaxuenue 5.9. Jokaxure, aro rounosoruu o(E, E*) u o(E*, E) ue-
HOpMEpYeMH, ecit E GeckoneanoMepro. Kak caecTBue, B 3TOM CIydae
ronogorus o (E, E*) ctporo caabee, 9eM UCX0IHAA TOMONOrua Ha F | a Tomo-
aorus o E*, E) ctporo ciabee, dem Tonoaorus Ha E* | 3anaBaemMas HOpMOR

Ifll = sup [f(z)]
lell<1

Caenyromiee CBOMCTBO NPUCOAUTCA HAM B JAJIbLHEUIIIEM.

Yupaxuenue 5.10. [Iycte X — Tonosorutieckoe mpocTpascTBoO.

1. Noxaxwure, uTo orobpaxkenue ¢: X — (E,o(E,E*)) Hempepbis-
HO TOT[a W TOJBKO TOrAA, KOrJaa miA kKaxkgoro f € E* orobpaxenue
foy: X — C menpepubiBHO.

2. Nokaxure, aro orobpaxenue ¢: X — (E* o(E*, E)) neupepnBHO
TOrZa M TOALKO TOrAa, KOraa Iid Kaxmoro y € F orobpaxenne X — C,
x — p(z)(y), HeTIPepHIBHO.
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3ameuanue 5.4 (HeobsasarenbHoe). [lone3no cpaBHUTL pesyibraT Ipe-
OBIAYIIErO yIpaxKHeHua ¢ ynpaxnermem 4.15: Tam mMmena MeCcTo «IBou-
CTBeHHas» cuTyamua. Jemo B ToM, 9T0 caabasa u crabaa® TOmOJOrnd — 3TO
YACTHBIE CIyYIall TAK HA3BIBAEMOW NPOEKMUEHOT TOMOJOTHHU, 3 TOMOJOTHA
Ha O(K)—4acTHBN ciydan undykmuenot Tonogornu. Boaee mogpo6HO 06
5TOM MOXKHO NPOYUTATH, HAIPUMED, B KHUre [25].

Wrak, crabas Tomonorus Ha F, Kak TpaBuio, ciadee, yeMm ucxoguasa. [lo-
asTOMy ¥ QYHKIIMOHAIOB HA I, HENPEPHIBHLIX B CIa00U TOMOJIOTUH, TOTKHO
OBLITH MEHbIIE WK, II0 KpalHeln Mepe, He 6oJblie, yeM B ucxonauou. Ha camom
Iese, KaK MOKA3BIBACT CICAYIOIIEe YIPAXKHEHUE, UX POBHO CTOIBKO JKe.

Yupaxuenne 5.11. [loxaxure, uro aunenns ¢pyuxuumonan f: E — C
HENPEPLIBEH TOTAA U TOJIBKO TOT'[A, KOTIa OH HENPEPLIBEH B CIa6OU TOIO-
qorum; vaEIME caoBavu, (E,o(E, E*))* = E*.

Tax ¥T0 caabas TONOJOTUSA XOTh U CJaabee UCXOIHOU, HO «HE HAMHOIOY.
Bor erte ogna witocTpanus TOrO Xe SABICHUA.

Yupaxuenue 5.12. [Tokaxkure, 9TO JUHENHOE IoAnpocTpauctso F' C E
3aMKHYTO TOT'[a U TOILKO TOTZA, KOTIa OHO 3aMKHYTO B CIA00U TOITOJOT M.

CrpaBeLIMBEL U AHAJOTUIHEIE yTBEPK AeHIA Ipo caabyo® ronorormo?
Yro6Bl OTBETUTH HA STOT BOIMPOC, BCIOMHUM HEKOTOPBIE CTAHIAPTHBIE
daxThl 13 PYHKIUOHAIBLHOTO aHAINA3A.

Hamomunanue 5.1. Kanonuueckoe saoncenue ig: E — E** 3agaercs
dopmy.ton

igp(z)=F,, rge F,(f)= f(z) gua xoboro f € E*.

Kanouudeckoe BIOXKEHWE BCEra W30METPUTHO. KCIM OHO CIOPBHEKTUBHO
(a 3HAYUT, ABAAETCA U3OMETPUIECKUM M30MOPGUIMOM Mexiay F u E**)
TO MPOCTPAHCTBO F HA3LIBAETCA pedaekcusubim.

Ipumepri-ynpaxuenuns. 1) Joxaxure, aro npoctpanctsa P u LP (X, )
pedraexkcuBHL Ipu 1 < p < 00, ¥ 9TO T'IILOEPTOBO TPOCTPAHCTBO pedIeK-
CHUBHO,

2) MloxaxkuTe, 9TO MPOCTPAHCTBA Co, £1, £>°, Cla,b], L'[a,b], L>°[a,b]
Hepe(IeKCUBHEI.

Teneps MBI MOXKEM OMUCATH PYHKIMOHAIL HA E*, HenpepLIBHLIE B CIa-
oo™ TOmOMOTHN.

Yupaxuenne 5.13. [oxaxure, uTo aunennsm pyuxuumonar F': E* — C
HelpepLBeH B CIa60U* TOMOJOrMH TOTIA W TOALKO TOrAA, KOTAa OH MME-
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er Bug F, miaa mekoroporo (egunHcTBeHHOrO) x € E; MHBIMU CJOBaMH,
(E*,0(E*,E))* =Imig.

Caeacrsue 5.2. Caedyrouyue céoticmea banarosa npocmpancmsa E ox-
BUBAACHINHBL:

1) E pedaexcusno;

2) aunetnniit Pywxyuonas F: E* — C nenpepvisen no wmopme mozoda
U MoAbKo mo2da, Ko2da on Henpepviser 6 caabol* monosoeuu.

Yupaxuenue 5.14. /JokaxuTre, ITO 0aHAXOBO IPOCTPAHCTBO I mHepe-
(IeKCUMBHO TOrJa M TOJBKO TOTJAA, KOrjaa B [/ CyIeCTBYIOT 3aMKHYTHIE
O HOPME, HO He c1ab0™ 3aMKHYTEE WHENHEIE TIOATIPOCTPAHCTBA.

Bot nonesnoe npumenenne caadon® tomomorun. lycrs T € B(E, F) —
OTPAHMYEHHBIN OMEepaTop MexXAy OaHAXOBBIME TPOCTpaHcTBaMu. Hamo-
MHEM, 9YTO B OOIIEM CJIy4Yae YTBEPKICHUSI «oneparop I WHBEKTUBEH»
u oneparop T umeerT MIOTHBEI 00pPa3» HEIKBUBAJEHTHBLL (CM. yIpaXKHe-
mwe 3.9). Tem HE MeHee, CIPABEIIUB CACAYIOMMN PE3yIbTAT.

Yopaxuenue 5.15. Jokaxure, uro oneparop I' € #(E, F) unbexruses
TOTIa U TOJIBKO TOTAA, KOraa ero o6pas Im7T™ caabo* mmoren B E*.

IMoxanynu, mambosee Aad HAC BaXKHBIM CBOHCTBOM CJAa00K* TOMOJOrHH
OyzeT CaeryIoIIee.

Teopema 5.1 (Bamax—Aunaoruy). Jas ato6020 6anarosa npocmpancm-
sa E samxnymuid edunvunbtli wap conpascennozo npocmpancmsa Ugs =
={f e E*: ||f|| <1} xomnaxmen 6 caaboii* monosozuu.

Joxazameavcmeo (nabpocox). Pacemorpum muoxectso DVE | cocTos-
Iee M3 BCEBO3MOXKHBIX OTOODAKEHUN W3 3aMKHYTOTO E€IWHWYHOTO IIApa
Up ={z € E: ||z|| <1} B samkayTell eqnamanbit quck D C C. D10 MHO-
JKECTBO — KOMITAKT B TUXOHOBCKOU TOHOJOrMu. PaccMoTpuM oToOpaxkeHne
Ug+ — DYP | conocramamioniee KaxkIOMy (DYHKIMOHAIY €0 OTpAHUIeHIe
na Up. HeTpyaso mpoBepuTsh (mposephTe!), 9TO OHO TOTOMOTHYECK WHDb-
eKTHUBHO U MMeeT 3aMKHYThIl 06pa3. CiregoBaTenbHo, map Ugs DOMEOMOp-
¢eH 3aMKHYTOMY HOIMHOXKECTBY KOMIIAKTHOI'O MIPOCTPAHCTBA U IOTOMY
KOMITAKTEH. O

3amedvanue 5.5. /14 cpaBHEeHUA HAIIOMHUM, YTO eIMHUIHLIN IIap B Oec-
KOHEYHOMEPHOM HOPMUPOBAHHOM IPOCTPAHCTBE HEKOMIIAKTEH B MCXOIHOU
TOMOJOT .

Caegctsue 5.3. Sammxnymorii edunuunbit wap Ugs 3amxmuym v 6 caaboti®
MONOA0RUL.
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Yupaxuenue 5.16. Toxaxkure, 4T0 3aMKHYTHIU equHudHbl wap Ugp C E
KoMmnakreH B caabou rononoruu o(E, E*) Torga u TOIBKO TOr[Aa, KOI'AA
npocTparcTBO F pedreKCuBHO.

§5.3. Tomosorusa Ha cmekTpe u npeobGpa3oBauue Ienndanga

Teneps MBL B COCTOAHUY OIPEAEIUTH TONOJIOIUIO Ha CIEKTPE YHUTALb
HOI KOMMyTaTHBHOU GanaxoBou aureOper A. Hamomuum (cMm. npepmoxe-
HEE 5.3), YTO CyUIECTBYeT KAHOHMYECKAsA OUEKINSA MEeXKAY TPOCTPAHCTBOM
(HeHyseBHIX) xapakTepos 2 (A) u MakcuMaabHBIM criekTpoM {2(A), koTo-
pas COMOCTABIAELT KaXKAOMY XapakTepy ero aapo. IlosTomy B ganpHenmem
MEL Oygem oToxgecrsaats 2 (A) u Q(A).

Ompepgenenue 5.7. Orpanuvenue caabou™® ronomoruu o(A* A) na MHO-
xecTBO X2 (A) C A* HasmBaeTcsa 2eabPandosoli monosoevetd ua Z (A) =
=Q(A4).

IIpepnoxenne 5.4. Cnexmp Q{A) — womnaxm 6 2eabdandosot mono-
A02UL.

Joxazameavcmeo. Hanomamm, ato 2 (A) C Ua- (cm. crencteue 2.2).
Beuay Teopembr Bamaxa—Ausaoriy HaM LOCTATOYHO NOKA3ATh 3aMKHY-
Tocth 2 (A) B Ua~. Bosbmem npowssoabubiit yrxmmonan f € 2 (A) (rae
3aMBIKaHUE GEPETCA B CIAGOM™ TOMOJOTUY) U MOKAXKEM, ITO OH ABIACTCA
xapakTepoM. [las sToro ¢pukcupyem a,b € A u £ > 0 u nogbepeM Xapak-
Tep x € Z(A) Tak, 9T06H OH Jdexan B caabon® oxpectHoCTH Uy p o (f, €)
¢dbyrkmmonana f. Hamomuum: »TO o3Ha9aeT, 9TO 3Ha4eHusa f m Y HA Ka-
XKJOM U3 DJIEMEHTOB a, b u ab oTaIMyaoTesa Apyr OT Apyra MeHee 9eM Ha €.
CrenoBaTenbHo,

|f(ab) — f(a) F(b) < |f(ab) — x(ab)| + |x(a)x(b) — x(a)f(b)| +
+[x(a)f(b) = f(a) f(b)| <&+ lalle + [[b]e-

B cuny unpowssoasuoctu € > 0 moaygaem f(ab) = f(a)f(b), r.e. f—xa-
pakxTep. Ocranock mokasars, ato f # 0. daa sTtoro nogbepem Y € 2 (A)
Tak, YTOOBl BHINOAHAIOCH HepaseHcTBo |x'(1) — f(1)] < 1/2. Hockoabky
x'(1) =1, orcroga caeayer, aro f(1) # 0. CaegoBaTensHo, f— HeHyIEBON
XapakTep, T.e. aieMeHT MHoxecTBa £ (A). O

Wrax, Tononorus na 2(A) seegena. Caenyiouas TeopemMa IOKA3EIBAET,
410 npeobpaszosanue leabdanga (cm. onpegenenus 5.3 u 5.4) 3amedaresnn-
HEIM 06pa3oOM C HEU COIVIACOBAHO.
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Teopema 5.2. I[Tycmo A — yHumasonas KOMMYMoMUeHas 6aHaT066 a4-
2ebpa. Cnpasedausbl caedyouyue ymeepucoenus:

(1) a € C(A)) dan awbozo a € A;

(2) Ta: A— C(QA)) — yrumaavnoiti 2comomopdusm mopmv 1;

(3) ||| = r(a) das wwbozo a € A;

(4) oa(a) =a(Q) das arwobo2o a € A (m. e. Tx coxpansem cnexmp);

G)KerTy={I: IeQA)}={a€ A: o(a) =0}.

Hoxasameavemeo. (1) Uz onpenenenns GyHKUUU ¢ CIegyeT, YTO OHA
aBasieTcs: orpannyenueM Ha Z (A) C A* dyukumonana F, =is(a) € A*,
KOTODLIA HelpepuiBeH B caadbou™ ronosoruu (cm. yupaxuenue 5.13).

(4) Eciu anement a € A mHeoGparum, T0 G(x) = x(a) =0 mra HeKOTO-
poro x € Z(A) (cMm. creacteme 5.1), Tak 9TO G — HEOOPATUMBIN DIEMEHT
B C(Q2(A)). Takum obpasom, 4 mepeBoauT HEOGPATUMEIE DIEMEHTH B He-
o6paTumble, a 3HAYAT, COXPAHAET CIEKT].

(3) YrBepxaeHue ciegyer HemocpencTBeHHO u3 1. (4) u oupeneneHus
sup-aopMbl Ha C(Q(A)).

(2) U3 . (3) caegyet, uro ||a|| = r(a) < ||a| pas moboro a € A.

(5) Yrmepxpaenue crepyer us 1. (3), samedanuma 5.2 W TpeIOKE-
HUA 5.3. O

fAapo mpeobpaszosauua lenbpanga, omucannoe B 1. (5) mpensrayuien
TEeOPEMEI, HOCUT CIHEeIINAJbHOC Ha3BaHUE.

Onpegenenne 5.8. [Iycte A— yHnTarbHAd KOMMYTaTHBHAA anreOpa. Ee
padurasom Jocerxobeona HasbiBaeTcs MEHOKecTBO Rad A= {I: T € Q(A4)}.
Anrebpa A maswiBaerca noaynpocmot, ecin Rad A = {0}.

3amedvanue 5.6. Ha camom mesme pamuxan /xexko0COHA MOXKHO OIpee-
JUTHh AJA IIPOU3BOJBHBIX (HeyHI/ITa.JIBHBIX n HeKOMMyTaTI/IBHBIX) KOJIeIT. HO—
APOOHOCTH CM., HATIpUMeED, B KHure [10].

TaxuM 00pazoM, U3 MPESEIYINCH TeOPeME CACIYeT, UTO KaXKIYI0 IO
JAYIPOCTYIO YHUTAILHYIO GAHAXOBY aare0py MOXKHO PEATN30BATH KAK Adre-
OpY, COCTOAMIYIO U3 HEMPEPHIBHBIX (DYHKIIUU HA HEKOTOPOM KOMIAKTE — €
MaKCHMaJIBHOM CIIEKTDEe.

B xadecTBe ynpaxHeHus TOKAXKUTE €IIe OIUH Pe3yabTaT 00 «aBTOMAa-
TUYECKOU HENMPEPHIBHOCT (Cp. caeacTBue 2.2).

Yupaxuenue 5.17. [Iycte A u B— yHuTaabHbe KOMMYTATUBHLIE OaHa-
XOBBI aiarebprl, npudeM anrebpa B noaynpocra. [Jokaxure, 94T0 Ja0601
VHUTAJIBLHEIL TOMOMOP(pU3M 13 A B B HempepLIBeH.
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§5.4. IIpeo6pazoBauue I'ebdanga: mpuMepsl

IMocmoTpum Teneps, Kak BEIVIAAAT CIEKTP u npeobpasoBanue [eabdan-
Ia A HEKOTOPBIX «KJIACCHYIECKNX» 0AHAXOBLIX aare6p. Haxmem ¢ anrebpor
C(X) menpeprBabIX QyHKIMU Ha KOMIakTe X . 1 2TOro HAIOMHUM BHA-
vale OWH CTAHIAPTHHIN (GaKT U3 OOIIEN TOMOJOTUY, YTBEPK AAIOIINN, ITO
Ha TI000M KOMITAKTE MMEeTCs «IOCTATOYHO MHOT'O» HEIPEPHIBHBEIX (PYHK-
IIUu.

Teopema 5.3. ITycmv X — zaycdopdos womnaxm. Toeda das awbbix
z,y € X, x £y, natidemca maxas pynwryus f € C(X), wmo f(z) # f(y).

[JokaspIBaThL DTy TeopeMy MBI He OyIeM; OTMETUM, BIPOUEM, ITO AJSI
METPU3YEMBIX KOMIAKTOB OHA OYEBUAHA: JOCTATOYHO B3ATH (DYHKIIWIO
2 plx, 2).

Crouctgo aarebpst C(X), ykazanuoe B Teopeme 5.3, 0GbIMHO GOPMY.IU-
pytor rak: aazefpa C(X) pazdeasem mouru npocmpancmea X .

IIpenmaoxenne 5.5. Ilycms X —zaycdopdos xomnaxm, A =C(X) — aa-
2e6pa nenpepvienvir gynrxyul na X. Tozda omobpaxcenue

0x: X —-QA4), z—0x., 6x.(f)=Ff(x),
ABAACTCA 20MEOMOPPUIMOM.

Joxazamenbcmeo. YTBEpKICHNEC 00 NHHEEKTUBHOCTA OTOODaKEHUA §x
ABAsgETCA nepedopMyaupoBKon TeopeMsl 5.3. CIOPBHEKTUBHOCTD BHITEKAET
U3 CJAELYIONIEN KIIOYEBOU JIEMMEL.

Jlemma 5.1 («o Hy1ax»). Iycms I C C(X) — cobemeennbiii udeas. Toeda
cywecmeyem maxas mouxa x € X, umo f(x) =0 das aroboii f € 1.

LAoxazameascmeo. IIpeamonokuM TpOTUBHOE; TOTAA A J0borox € X
Haugerca Takasa Gyukuua f, € I, aro f,(x) # 0. Beugy menpepriBHOCTH
dyuxuuu f, cymecrByer Takas okpecrHoctsb U, 3 x, uro f,(y) #0 pas
awoboro y € U,. loap3ysace KOMOIakTHOCTHIO IpocTpancrea X, mogbepem
Z1,...,Tn € X TaK, 94TOOBl BHINOJHATOCHL yciaoBme Uy, U...U U, =X,

n
u moaoknM f = > |fa,

2= fu.fe,- Torma f €I u f(z) # 0 =vu B oHOM
i=1 i=1

Touke x € X. Takum o6pazom, ugean I comepkuT oOPATUMEBIN DIEMEHT f
U TIODTOMY COBIALAET CO BCen aireOpou. IIporusopetne. O

N3 nemmbr 5.1 cregyer, B 9aCTHOCTH, YTO KAXK IBIT MAKCUMATLHBIN U €A
I C A cogepxurcsa B Kerdx , m1s mekoroporo z € X, a 3Ha9UT, COBIIAET
¢ Kerdx , BBuny makcumambrocTr. Tem caMbIM dx — CIODBEKIIHA.
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HenpepriBHOCTE OTOOpaKeHus d x BeITEKaeT u3 ynpaxuenus 5.10. B ca-
MoM gene, ais aoboro f € A orobpaxenue X — C, z — dx (z)(f), coBua-
IAeT ¢ f u IOTOMY HENPEPHIBHO.

Nrax, dx — HempepbiBHAA OUEKIWA MKy KOMIAKTHHEIMEA TTPOCTPAH-
cteamu X u 2(A4). CaegoBaTensHo, dx — roMeoMOphUaM. O

3ameuanue 5.7. O6paTure BHUMAHUE HA CXOACTBO MPEIOXKEHUA 5.5
u ynpaxnernusa 5.4. Ha camom meme noBOABHO 9aCTO OKA3BIBAETCA, 9TO
MaKCUMAJILHLIM CIEKTD TOW WIN WHOHU aareOphl (PYHKIINU HA KAKOM-IH6O
MHOXKecTBe X coBmagaeT ¢ X. U3 mokasaTeabcTBa MPEMIOXKEHUI 5.5 BUI-
HO, 9TO [Jf DTOrO HYXKHO: BO-TIEPBBIX, aarebpa AOMKHA PA3NeJaATh TOUKA
OPOCTPAHCTBA X, a BO-BTOPHIX, IS HEE NOMXKEH ObITH CIPABEIIUB aHA-
JOT «IEMMEL O HyJaax». Kcrarw, sTa jJeMMma COpaBeqmmBa m aad aareGpul
muOrouneHoB Clty,. .., t,] OT HECKOIBKMX MEPEMEHHBIX; COOTBETCTBYIOIIEE
YyTBEPK AEHNE — 3TO c1abad pOpMa 3HAMEHUTOR meopemv I uabbepma o ny-
a2z (Nullstellensatz). C ee mokazaTembCTBOM (KOTOPOE 3AMETHO CJOXKHEE,
gem gaa C(X) wim C[t]) MOXHO MOBHAKOMUTBLCS, HANPUMED, IO KHIKKE

[2].

Onmmem Temeps mpeotpasosanue embdamga amre6pst C'(X). Oxaswi-
BaeTcs, pu oToxaecthaeHnr X u (C(X)) OHO CTAHOBUTCA TOXKECTBEH-
HBEIM OTOOpaxeHneM. IToOB CHOPMYIUPOBATE DTO OONEE CTPOTO, BBEAEM
craepyiommye 0603HAYEHNUA.

IIycte X u Y — koMmakTHBIE TOIOJOrMYECKUE IPOCTPAHCTRA, i X —
— Y —nenpepriBHOe oTob6paxenue. PaccmoTpum oToOpaxkeHnme

e CY)—=C(X), ¢*(f)=fop (feCY)).

Jlerko BuAEeTH, 9TO (® — YHUTATBHBIN TOMOMOp(U3M HOpMEL 1. Bymem ro-
BOPHUTH, 9TO TOMOMOPGU3M ©° UuHIYUYUPo6an 0TOOPAKEHUEM (.

Bor mekoTopbie npocTeninne CBOUCTBA MHAYIIUPOBAHHBIX MOMOMOP(hU3-
MOB.

Ipegnoxenne 5.6. (1) Feau p: X =Y wu ¢: Y — Z — nenpepoisnvie
0MOODAHCERUA KOMNAKIMHBIL npocmpancme, mo (1Pp)® = p*°.

(2) Cnpasedauso pasencmeo (1x)® = 1o (x)-

(3) Ecau o — 2omeomopPusm, mo p® —usomempuneckutdi u30mopPuam.

Joxazameavcmso. lpsamas mposepka (yoeguTecs!). O

C IIOMOIIIBO TOHATUA I/IH,ZLyHI/IpOBaHHOFO FOMOMOpdefIBMa JETKO OIINCaThb
npeobpasosanue ['envpanga aarebpur C(X).

IIpeamoxenne 5.7. [Iycmv X — xomnaxmmuoe zaycdopdoso npocmpan-
emeo, A = C(X) — aneebpa nenpepwvienviz Pynwxuut na X. Toeda npeobpa-
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soeanue [eavanda Ty: A — C(Q(A)) — usomempuueckut uzomopPusm
U 06PAMHBIM K HEMY A6AAEMCA 0% .

Loxazameavemeo. [lokaxkeMm, 9TO KOMIIO3UIUSA OTOOPAKEHNN

%

AT 0(0(4) 2 o(X) (5.1)
— roxgecrBenHoe oroopaxkenune A = C(X) B ceba. B camom gene,

[0%La(H](@) = Ta(f)(0x.0) = 6x.(f) = f()

i eeex f € C(X), z € X. CregoBarensno, 6% 4 = 14. Kpome Toro, §x —
romMeoMopduaM (CM. HpetoxeHue 5.3), mosTOMy 0% — H30METPHYECKUN
mzomopduam (cm. npemtoxenrue 5.6). Orcoga cregyer, aro I'y Toxe mzo-
MeTpuaeckni nzomopdusm n [y = (6%) 7. O

3ameduanue 5.8. I3 nokasarenncTBa BUIHO, YTO ecan A —3To Kakas-jiu-
60 nogamrebpa B A = C(X), cHaGxeHHAT HE MEHEE CHILHOM HOPMOU, 9eM
paBHOMepHAA, TO KoMmosuuusa 0% [ 4 — 3T0 ToxZecTBeHHOE BIOXKeHHE A
B C(X). MlosTomy ecan dx — romeomopdusm X Ha ((A) (a MBI yke BHI-
ACHWIN, KO/ BTO Tak), TO 06pa3 mpeobpasosanus [easdanga 'y anre-
O6pel A—>5T0 cama anre6pa A.

Nrak, c anrebpon C'(X) Bce AcHO. YTOOB HAXOIUTH CIIEKTD U MPEOOPa-
soBanme [eabhanga HEKOTOPLIX APYTUX OAHAXOBBEIX AIreOp, MOJE3HO BhI-
ACHUATD, KAK MOHATHE I'eIb(paHI0BA CIEKTPA CBA3AHO C MOHATHEM CIEKTPA
aJleMeHTa aareOpehl.

Yunpaxuenwue 5.18. I[lycte A — yHuTaspHas KOMMYTATHUBHAA OAHAXOBA
anrebpa, mopoxaenuas (kak Gamaxosa aareGpa) saementoMm a € A (3T0
o3HadaeT, 94T0 A coBmagaeT ¢ 3aMLIKAHMEM JHMHEHMHOU OOGOJOYKM MHO-
wectBa {1,a,a?,...}). MokaxuTe, 1TO MHOXKECTBO 3HATCHUN (DyHKITAW

a: Q(A) — C cosmagaer ¢ o(a) u & ocymecTsagerT romeoMopdusm )(A)
Ha o(a).

B kadecTBe mmmocTpanuu CoeqanTe CIeAyionee yIpaxHEHne.

Ynpaxunerwe 5.19. Onummure crexTp u npeodpazosanue Lerbdana am-
re6p C"[a,b) u (D).

W3 mpuBeeHHBIX TPUMEPOB BUIHO, UTO TOBOJBHO YACTO CHEKTD (PyHK-
IIIOHAJBLHON AATe0pPHI COBNAIAET, C TOYHOCTLIO 10 roMeoMopdu3Ma, ¢ 061a-
CTBIO Onpeaenenus GyHkuui ud ajarebpel (cM. 3amedanue 5.8). Ho unorga
006JIaCTE OIIPEIeNeHIs IIPUXOIUTCSA HEMHOI'O «[IOAIIPABUTELy. BoT mpumep Ta-
KOU CHUTYAITUH.
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Yupaxuenue 5.20. [lycte K C C — kommnaxkr, K— 0o0beInHEHNE KOM-
nakra K 1 Bcex OrpaHUYEHHBIX KOMIOHEHT CBA3HOCTU €r'0 JONOJHEHUS.
Hoxaxwure, 9T0 cnekTp aarebpur & (K) (cm. mpumep 2.12) coBmagaer ¢ K.

Yxazanue. KpoMme HEKOTOPHIX CTAaHAAPTHHIX (PAKTOB U3 KOMILTEKCHOT'O
AHAMN3a MOXKHO BOCIIOIB30BATHCA, HATTPUMED, BEKTOPHOZHATHON TEOPEMOU
eNUHCTBEHHOCTH (JeMMa 3.1).

B mpenwigymem mpuMepe 00JaCTh OMpeReneHuns GYyHKIUA U3 aareOphl
TMPUILIOCH PACIIAPUTE. A MHOTIa ee OBIBAET HYKHO «CKJICUThY — HATIPUMED,
KaK B CIEIYIOIIEM yIIPAKHEHUN.

Yupaxuenue 5.21. Ilycte A — anrefpa BCeX HENPEPHIBHBIX 2T-TIEPUO-
IWYECKUX (DYHKIUYN Ha TPAMOU, CHaOXeHHAA sup-HopMmon. Omuumre Q(A).

3amedvanue 5.9. B §2.2 Mmu caeqsanu caenyromee HegpopMaibHoe HAG/IIO-
OeHue: cnexkmp PynKyuw Kax ssemenma PynKyuonabnol ateebpbt — 3mo
MHOHCECTNEO 3HAUEHUT PYHKUUU MG MOINPassennoty obiacmu onpedeae-
#u4. Tenepb TOHATHO, ITO 3TO O3HAYAET: ecan aarebpa A cocTont us QpyHk-
IUU HA KAKOM-HUOY b MHOXecTBe X, TO cuekTp dhyHkuuu a € A coBnaga-
erT ¢ MHOXKECTBOM 3Ha4eHMU (yHKOMU ¢ Ha rejbdangoBoM ciexrpe (2(A)
(cM. Teopemy 5.2, . 4).

3ameuanue 5.10. Cuexrper aare6p suga L (X, u) — o510, Kak npasuio,
HEYTO NOBOALHO dK30THIecKoe. Hanpumep, criekTp anreGper £°° (koTophI,
KAK HETPYIHO IIPOBEPUTH, COAEPKUT MHOXKECTBO N ¢ IHCKPETHOU TOMOIO-
THeN) COBMAJAET C TAK HABBIBAEMOU CIMOYH-4eL06 Kol Komnaxmupurayued
BN mpocTpaucTsa N.

Emme o0 mosesnoe cBoUCTBO peobpasosanus [enpdhanna—ero corua-
COBAHHOCTDH C TOJOMOP(MHBIM UCINCICHUEM.

Yupaxuenue 5.22. [Ilycte A — yuuraibHas KOMMYTATUBHAS OaHaxo-
Ba aarebpa, a € A —ee saement, U C C — oxpecrHOCTD Ccnektpa o(a)

u f € 0(U)—rosomopduas pyuxuusa. Joxaxute, ato f(a) = f o a.

§5.5. KareropHas mHTepIIpeTamms
nmpeobOpaszoBanusa 'eabdanga

Y nomaTun reanpaHgoBa CIEKTPa U IpeobpasoBanusa [eandania ecTh
OJIHO YPE3BLIYANHO BAaXKHOE CBOWCTBO: OHU HOCAT €CIMECMEEHHblll Xapak-
Tep (mprdeM He TOIBLKO B XKUTEHCKOM CMBICJAE, HO U B MATEMaTUIECKOM ).
s TOro 9TO0OBE FOBOPUTDH O ¢€CTECTBEHHBIX) MATEMATUIECKUX ABICHUIX,
CYUIECTBYET OYeHb YAOOHBIN ABLIK — A3LIK Kame2oput U Pynkmopos.
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Pexnama. [lonsTus kareropuu u GyHKTOpPA HOCAT BYHIAMEHTAILHBIN
0bIIEeMaTEMATUIECKAN XapPAKTEDP U OTHOCATCS K PA3PIATY HOHATHN U3 CEPUM
«ITO JOIKEH 3HATH KX AbID (MaTeMaTnk). OHE MOMOTAal0T BOCIPUHAMATE
MaTeMaTUKy KaK eINHYI0 CUCTEMY, & He KaK COBOKYITHOCTD U30JUPOBAHHBIX
HayK.

Onpegenenne 5.9. ToBopsar, uTo 3agana kamezopus €, ecan

1) sagam knacc Ob % (s16MEeHTEL KOTOPOr0 HA3LIBAIOTCA 00 EKMAMY Ka-
Teropun 6 );

2) mia Kaxaou mapel 00bekTOB X, Y KaTeropum € 3a1aHO MHOXKECTBO
h4(X,Y) (snementsr koTOpOro HaswBawOTCA MopPusmanmu u3 X BY'); BMe-
cro ¢ € he(X,Y) wacro numyr ¢p: X - Y wm X 2y

3) ms kaxaeix X, Y, Z € Ob ¢ 3anano oTobpaxkenue

he (Y, Z) X he(X,Y) — he(X, Z);

06pa3 napsl (¥, @) upu 5ToM 0TOOpaKeHU 0003HAYAETCS Y O Y U HA3BIBA-
eTcst Komnosuyueti MoppusaMoB ¥ u .

ITpu sTOoM TpebyeTcs, ITOOBI 3aKOH KOMIO3UIINKT MOPGU3IMOB 001a,1aJ Cie-
OYIONIME CBOUCTBAMU:

a) I J066IX MOpGU3MOB X Ly, Y. Zu Z X W srmomseno coot-
Howente (x 01) 0 = x o () 0 9);

6) mias xaxgoro X € Ob% cywecrsyer Takou mopdusm lx (Hasbr-
BAaEMBII 10KAALKOT edunuyeld WIN MoNIeCmeenwblm MOPPUIMOM), TTO
s Jarobsix MopguaMoB @: X — Y um ¢: Y — X BHIIOJHEHB DABEHCTBA
poly=pulyxyotp=1.

Onpenexenne 5.10. Moppusm ¢): Y — X HaspiBaeTcs 06pammbim K MOP-
dusmy ¢: X —Y (1 obosmataeTcs depes 1), ecan pop=1x uporh=1y.
Mopdusm, 0baana0mu OGPATHBEIM, HABBIBAETCA U30MOPPUIMOM.

Onpegenenne 5.11. Kareropus &/ naseiBaeTca nodkame2opueti KATero-
puu A, ecim Ob o/ C Ob A, nsa mobeix X,Y € Ob &/ BHIIOIHEHO BKIOYE-
mre h/(X,Y) Chg(X,Y) n 3ak0H KOMIO3UINE, & TAKKE JOKATLHBIE eIU-
HUIE B &/ Te xe, 4To B AB. Eam k Tomy ke hy (X,Y) =hg(X,Y) mn
a06eix X,Y € Ob @7, To roBoOpAT, 94T0 & — n0ANGA TOIKATENOPUSL.

[IpuBegem HECKOIBKO IPUMEPOR.

IIpumep 5.1. Kareropuss muoxectB Set. Ee 00BeKkTHI — MHOXKECTBA,
MOP(}U3MBI — 0TOOpaXKEHUA, KOMIO3UIUA — OOBIYHAA KOMIIO3UIUA OTOOpa-
JKEHUU, JOKAIBHAS eJUHUIIA — TOXIECTBeHHOEe 0oToOpaxenue. Uzomopdus-
MEL B Set —DT0 OMEKTUBHLIE OTOODaAXKEHNUS.



§5.5. Kareropuas nurepnperanus npeobpasosanus ['easdanga 81

Muorve BaXXHBIE KATETOPUU COCTOAT U3 «(MHOXKECTB C JOTOJHUTEIBLHOU
CTPYKTYPOW»; B KAIECTBE MOP(MU3MOB IIPU HTOM HEPYTCA Te OTOOPAKEHU,
KOTODBIE 3Ty CTPYKTYPY COXPaHAIOT.

Mpumep 5.2. Kareropus rpynn ¥r: 06beKTH — BCEBO3MOXKHBIE I'PYIIIIH,
MOP(U3MEL — I'OMOMOP(PU3MEL I'PYIII.

AnagoruvyasiM 06pa3zoM CTPOATCA U APYTUE AIreOpandecKue KaTero-
prM: KaTeropus KoJel, BEKTOPHBIX IPOCTPAHCTE, ACCOLUATUBHEBIX aaredp,
anre6p Jlu, ... (comcok mpogomkuTe camm).

B Tomonorum — crou xaTeropuu.

Ipumep 5.3. Kareropua Jop: 06bEKTE — TONOJOTHIECKHE IPOCTPAH-
CTBa, MOP(PU3MBI — HEMPEPHIBHLIE OTOOpaKeHusa. OCOOEHHO BAXKHOU [JIs
HaC OyIeT ee TIOJHAA TOAKATETOPUA 6omp, OOBEKTHI KOTOPOU — KOM-
MaKTHBIE XayCcAopdOBLI MPOCTPAHCTBA. OTMETHUM, ITO U3OMOPGMUIMBI KAK
B J0p, Tak U B 60Mp—>TO B TOYHOCTU T'OMEOMODMPUIMEL.

Mpumep 5.4. OnHa U3 OCHOBHLIX KaTeropunl (PyHKIMOHAIHLHOTO aHa-
au3a — KaTeropus ABan, 0OBEKTHl KOTOPOU — OAHAXOBBEL IIPOCTPAHCTBA,
a MOP(UBMEL — OrpaHudeHHbe ( = HEIPEPLIBHbIE) JUHEUHBIE OLePaTOPLL.
UzomopdusMeL B BBan — 3TO MONOA0UUECKUE U30MOPPUIMbL, T. €. JIUHEU-
HBIE OTIEPATOPHI, AB/SIOIIMECS ToMeoMopduaMaMu (BBUAY TeopeMmbl Banaxa
5TO TO K€ CAMOE, 9YTO OUEKTUBHBIE OIPAHUIEHHBIE OEPATOPHI).

Ipumep 5.5. Hapany ¢ xareropmen PBan ymoOHO TaKXKe PaCCMATPHU-
BaThb €e (HEmoJHYI0) TOAKATEropuio Zani, 06bEKTH KOTOPOU TE XKe, 9TO
u B HBan, a MOPPUIMBI — JUHEVHLIE CHCAMUA, T.€. JUHEHHBIE OMepaTOPHI,
HOPMa KOTOPBIX He mpeBocxoauT 1. M3omopdusmer B HBany — 3TO u3ome-
MmpuvecKue u30mopPusmel, T. €. GUEKTUBHLIE JTUHEUHBIE ONEPATOPHI, COXPa-
HSIOLINE HOPMY .

IIpumep 5.6. BamnaxoBel aareO6pLl 1 UX HENPEPLIBHLIE MOMOMOP(U3MEI
Takke 00pa3yioT kareropuio, obosHadaemyio 4depes Ao/. Ee momgkare-
TOPUI0, COCTOMANIYI0 M3 YVHUTAJLHBIX KOMMYTATHBHLIX OAHAXOBHIX alaredp
7 HETPEPHIBHLIX YHUTAJBHLIX TOMOMOPMU3MOB, MBI 6y1eM 00603HAYATH “Ie-

pes €A .

Mpumep 5.7. [lpusegeM Temeps TpUMEp KATETOPUH, HE ABJIAIOIICUCS
KaTEroOpuen «MHOXKECTB €O CTPYKTYpomy. IlycTh 4 — mpomsBoibHAA Ka-
Teropua. IndomopPuamom oowexTa X € Ob(%) HasbIBaETCA NPOUIBOIL-
et Mopdusm X — X. Kareropus sugomoppusmos &nd(€) onpeaenser-
csl cregyomuM o6pasoM: ee oObekThl — 310 napul (X, ¢), roge X € Ob(%)
1 ¢ € he(X,X), a moppusm us (X, ) B (Y,9)) —>dTO0 Takon Mopdusm
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u: X - Y B €, uro gmarpamMmma

X
u u (5.2)
b

@
e

KoMMyTaTuBHa. Kak HerpynHo nposepurh, nuarpavma (5.2) sagaer uso-
MopduaM B nd(€) Torga M TOIBKO TOTAA, KOTWA % — H30MOPQU3M B 6.
B sTom caywae roBopsAT, 9TO DHAOMOPOUIMEL © U ¥ nodobubi. B vacTHOCTH,
A € = PBan MBI OMYy9IaeM OTHOIIEHUE TON00UA JUHEUHBIX OMEepaTOpOB,
a mst € = PBan; — UX U3OMETPUYECKYIO SKBUBAIEHTHOCTEL (CM. OIpeLene-
Hue 3.2).

Mpumep 5.8. [Tna xaxgou xareropuum € ee dyaavnas Kamezopus €°
oupepnessercs Tak: Ob%° =0b% u hyo (X,Y) = he (Y, X). Komuosuuus
MOP(}U3MOB B G° — 5T0 KOMIO3ULIKUA MOP(PU3MOB B 6, B3ATLIX B 00PATHOM
HNOPAIKE.

B pasubix 0o61acTsAX MATEMATHKU YACTO BO3HUKAET IIOHATHE (IIHTYIIV-
POBAHHOTO OTOOPAKEHUSY. DTO IPOUCXOAAT B TEX CUTYALUIX, KOTAA He-
KOTOpasA o0Imas KOHCTPYKINA ONpeaeTeHa He TOThKO Ha 00BbEKTaX, HO U HA
MopdusMax Mex Iy HuMu. PopMaTbHOE ONpeaeaeHne TakORO.

Onpegenenne 5.12. [Iycte € u 9 — xareropuu. ['oBopsar, 4To 3anan
rxosapuanmuwlli pynxmop F: € — P, ecin

1) xaxaomy oomexTy X € Ob(%) comoctaraen o6wexT F(X) € Ob(2);

2) ma kaxaeix 06bexkToB X, Y € Ob(¥) sanano orobpakenue

F:hy(X,Y) - hg(F(X),F(Y)),

Y AOBIETBOPSAIOIIEE YCJIOBILAM
a) Fpo)=F(p)oF (¢) pus mobbix MoppusmoB p: X —»Y u: Y —Z;
6) F(1x) =1p(x) ma moboro obwexTa X.

Wuorga 6eiBaeT Tak, 4TO «MHAYUUPOBaHHOE oTOOpaxkenue» F'(y) cmo-
TPUT B IPOTHUBOMIOJIOKHOM HAIPaBIeHUN. B Takou cuTyanuu roBOpAT, ITO
33aH KOHMPAEapuanmuvil Gynxmop.

Onpegenenne 5.13. Konmpasapuanmuvii pynxmop us € B 9 — 510 KO-
BApPUAHTHBIA (PYHKTOP U3 AyaIbHOU Kareropuu 6° B 2.

TOGEL MOAYUNTL MPAMOE ONpENeTeHue, HYKHO B 1. 2 U3 ONpe/eieHus
KOBaPUAHTHOI'O (PYHKTODA 3aMEHWTH (QUIYPUPYIOLIEE TaM OTOODAKEHHEe
Ha orobpaxkenue hy (X,Y) — hg(F(Y), F(X)), a yeioBue a) 3aMEHUTH Ha
yeaosue F(p o)) = F(vp) o F(p).
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Bor npocreniiee, HO 0Y€Hb BaXXHOE CBOUCTBO (PYHKTOPOB.

Ipepnoxenne 5.8. Ecau F: € — 9 — Pynkmop (xosapuanmmusiii uau
Kowmpasapuarmubili), a @ — uzomopdusm 6 €, mo F(p) —usomopdusm

6 9.

DyHKTOPEL BCTPEYIAIOTCA B MATEMATHKE OYKBAaJILHO HA KAaXKJIOM IIary.
OBOILHO ©aCTO B3AMMOCBSIAM, CYIIECTBYIOIIUNE MEX Iy Pa3JAIHBIME 0013~
CTAMM MaTEeMATHUKHU, BEIPAKAIOTCSA IPU IOMOIIK TOT'O WIX HHOT'O (hYHKTODA,
OPY 3TOM CBOUCTBO (PYHKTOPOB COXPAHATH M30MOPQGU3MEL (CM. TPEIBIIY-
ee TPEIJIOKEHNE) NaeT YAOOHBA CIOCO6 CBONUTD 3a0a491 U3 OJHOU 06aa-
CTU MAaTEMATHUKU K 33Ja9aM U3 IPYTON O0IaCTU. DTO IMUPOKO UCIOIB3YeT-
€5, HAIIpUMEp, B aareb6panvdecKor TOIOJIOI UMY, KOTOPasA U3y9IaeT TOIOJIOIM-
YeCKUe IPOCTPAHCTBA, IIPU IOMOIIM PA3HOOOPA3HLIX (PYHKTOPOB, AEACTBY-
IOMIUX U3 TOTOJOTUIECKAX KATErOPUN B anredpamdeckue. Bosee moapo6Ho
00 DTOM HANUCAHO BO BBEJEHUN K KHUTE [22].

W3-3a memocTaTrka BpeMEHU ¥ MECTa MBI HE OyIeM 3aAepPXKUBATHCA
HA MHOIOYUCJAEHHLIX IPUMEPax GYHKTOPOB (CM. JUTEpATypPHbIE YKA3AHU
B KOHIE IaBbl). [IpuBegeM auins HECKOABKO NPUMEPOB, HEOOXOAUMEIX HAM
IS JaJbHEHIIero.

IIpumep 5.9. KourpaBapuauTueil @ynkmop conpaxcenus *: HBan —
— JBan comocTaBIAeT KaxKI0My 6AHAXOBY MPOCTPAHCTBY F ero ConpsKeH-
HOE TPOCTPAHCTBO I*, a Kax 10My orpannteHnomy omepatopy 1: K — F—
CONpsIKEHHBIN onepaTop 1T*: F* — E*. OToT %e PYHKTOP MOXHO PacCMa-
TPUBATL KaK (PYHKTODP u3 HBani B HBan;.

A renmepwn onwmieMm nBa GYHKTOPA, UMEHONAX HETOCPEJICTBEHHOE OT-
HOIIEHWE K KOMMYTATUBHEIM OAaHAXOBEIM aarebpam. [lepBemn m3 mux yxe
BCTPEYAICA HaM B § 5.4,

Mpumep 5.10. Kourpasaprauruei ¢yukrop C: Gomp — €A cono-
crapasieT Kax oMy komunakTy X GanaxoBy aarebpy C'(X), a nenpepslBHOMY
orobpaxenuo ¢: X — Y —romomopdusm ¢*: C(V) - C(X), f— fop
(cm. mpeanoxenue 5.6).

Ipumep 5.11. KourpasapuaaTubinn GpyHKTOp ): €A — Gomp, HABHI-
BAEMBIA (HYHKMOPOM CNEKMPA, COMOCTABIACT KAXKION YHATATEHON KOMMY-
TaTuBHOU OaHaxoBOU anredpe A ee remspangos cnexTp 2(A4), a xkax oMy
YHATAIBHOMY HENPEPBIBHOMY TOMOMOpdum3My t: A — B — menpepuiBHOe
orobpaxenue () : Q(B) — Q(A), nepesonsamee xapaxrep X € (B) B xa-
pakTep x o ¢ € Q(A). Mupivmu caosamu, 2(1)) — 5>TO IPOCTO OrpaHUYeHUNe
COMPSTKEHHOTO omepaTopa ¥*: B* — A* na Q(B).

Ynpaxuerue 5.23. Kax ((¢)) gercTByeT Ha MakCUMAIbLHEE UJEAJHI?
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Nrak, y mac ects aBa dyukTopa C' u (), 1ercTBYIOMUE BO BCTPEIHBIX
HanpasieHusax. Mul yike 3Haem (cM. npegioxenue 5.5), 9T0 ecau H04elcTBO-
BaTh HA KAKOU-HUOY b KoMIakT X ¢yakTopom C, a MOTOM IPUMEHHUTH {2,
TO TMOAYIATCA, ¢ TOTHOCTHIO 10 TOMEOMOP(hU3MA, UCXOAHBIN KOMTAKT X . Ha
CaMOM [lele MOXKHO CKazaTh Goabiie: roMmeomopduamer X = Q(C(X)), pac-
CMOTPEHHBIE IS BCEBO3MOXHBIX KOMIAKTOB X , COTVIACOBAHKLI APYT C APY-
rom. YTo6ul chopMyIupoOBaATH 3TO GOMEE CTPOrO, BBEAEM €IIE OTHO BAXKHOE
MOHATHE.

IIycte €, 9 —xareropuu u F,G: € — 2 —xoBapuanTHbIE GPYHKTODEL.

Onpegenenne 5.14. Ecmecmsennoe npeobpazosanue (wmm @Gynxmopnoiii
mopfusm) «: F — G —ovTo cemenncreo moppusmos oy : F(X) — G(X)
B 2, 3anaHHbix miad kaxgoro X € Ob(¥), obragawoee TeM CBOUCTBOM,
uTo 1 a06oro Mopdusma ¢: X — Y B € amarpamma

X)L Ry
-

KOMMYTATUBHA.
Eciv ax — usomopdusm gas mo6oro X € Ob(%), To o nasbiBaercs
ecmecmeennot 3x6usarenmuocmplo (Wm PynrEmopuvim u20mopPuzmom).

IIpumep 5.12. PaccMoTpuM IBa KOBAPUAHTHEIX (PYHKTOpA, AEUCTBYIO-
X B Kareropuu Zan GaHAXOBBIX IPOCTPAHCTB: TOXKACCTBEHHBIA (QYyHK-
TOp 1%4n U GYHKTOP «(IBOMHOTO COMPAKEHUA **: FBan — JBan, ONpeaes-
eMBIU KaK KOMTIOBUIMA (PYHKTOPA CONpsX)eHua (cM. mpumep 5.9) ¢ caMum
cobon. [laa kaxaoro GaHaxoBa MPOCTPAHCTBA I pacCMOTPUM KAHOHUYE-
ckoe Baoxkenuve ig: E — E**. Herpyauo nposeputs (nposepwrel), aTo ce-
MEUCTBO

{ig: E— E*: E € Ob(%an)}

— mopdusMm PYHKTOPOB 1g., — **. Eciu orpanuaurs HaIM (PyHKTOPEL
Ha IMOJHYI0 MOJKATErOpuio ZJBan, COCTOAILYIO U3 PeQIeKCUBHBIX IIPO-
CTPAHCTB, TO MLl TOAYYAEM €CTECTBEHHYIO BDKBUBAJEHTHOCTH MEXKIY TO-
XK IECTBEHHBIM (PYHKTOPOM U (PYHKTOPOM «IBOMHOTO COMPAKEHUA. (DTO
0OBACHAET, TIOYEMY €CTECTBEHHBIN M30MOP(U3M MEXKIY KOHETHOMEPHBIM
JIUHEUHBIM TPOCTPAHCTBOM U €0 BTOPBIM COMPXKEHHBIM, O KOTOPOM O0BIY-
HO PACCKa3BIBAIOT B KypCe JUHEUHOU aareOpbl, HABBIBACTCI «€CTECTBEH-
HBIM». )
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3ameuanue 5.11. TuTepecHo, YTO A3BIK KATErOPUU U (DPYHKTOPOB OLLI
OPUAYMaH CHENWAJBLHO s TOrO, 4TOOBI BBECTHU IIOHATHUE €CTECTBEHHOU
SKBUBAJCHTHOCTH, T.€. YTOOBI MATEMATUIECKHA CTPOrO OMUCATH MHOTOYHN-
CJIEHHBIE CUTYAIUM, KOTIa «ITO-TO €CTECTBEHHO M30MOPMhHO deMy-To». Bee
OTH MOHATHUA (KATEropus, GpyHKTOD, 6CTECTBEHHOE MPeo6paA30BaHue, €CTe-
CTBEHHAA SKBUBAJEHTHOCT, ...) BBeau C. dunenbepr u C. Makaenn B 1945 r.

(ext. [33]).
A Temepn Bepuemcsa k ¢pyukTopam C u §).
Yupaxuenue 5.24. /[okaxxure, 9TO CEMEUCTBO TOMEOMOPQUIMOB
{0x: X - QC(X)): X € Ob(%omp)}
SBJISAETCA E€CTECTBEHHOU 3KBUBAJEHTHOCTBIO TOXKIECTBEHHOTO (PYHKTOPA
14omp 1 byuKTOpa L0 C': Gomp — Gomp.
Yupaxuenue 5.25. /loxaxxure, ITO CEMEUCTBO TOMOMOP(MUIMOB
{Ta: A= C(QA)): Ae Ob(6%BH)}

— eCTeCTBEHHOe NIPeoOpa3oBaHue U3 TOXKIeCTBeHHOrO (GYyHKTOpa lyggey

B pyukTop C o Q: €BA — €A .
MoOKHO IOUTH ellle Jabllle U YCTAHOBUTDL CJAETYIOMINN (DAKT.

Yupaxuenue 5.26*. Joxkaxure, 9TO WA KaXKI0U YHUTAJILHOU KOMMY-
TATUBHOU OaHaxoBOU aarebpul A u kaxgoro koMmmnakra X cymecrByeT Ou-
exnua hegymp(X, Q(A)) 2 hegy (A, C(X)). dTa Oueknusa ecTeCTBEHHA II0
A n X (upuganTe CTPOrUU CMBICI TOCJACTHEN PPa3e U JOKAKUTE).

3ameuanue 5.12. Ceouctso GpyukTopos {) u C, yKazaHHOE B IPEILIIY-
MeM YIPaKHEHUH, O3HAIAET, ITO STH PYHKTOPLI CONPANCENbL TPYT APYTY.

JlurepaTypHbIe yKa3aHUA

Baszosaa madopmanma o npeobpazoBanuu [enbdarma COIepKUTCA BO
MHOI'MX yIeOHUKAX 110 OAHAXOBLIM A1reGpaM 1 TEOPUU OIepaTOPOB (CM. -
TepaTypHble yKazaHus K 1. 2). Mel caegoBanu B ocuoBHoM kuure [29];
B YaCTHOCTH, OTTY/a B3ATA KATErOPHAA MHTEPIPETANNA IPEOoOPa30BAHUA
Tensdanga. Teopema 5.3 nokasama, HanpuMmep, B yaebuuke JIx. Kemm [13].
ITo moBoy manpHERIIEN MH(GOPMAIIAN O KOMMYTATABHEIX OAHAXOBBLIX AITe-

6pax cM. kuuru [4, 39, 21] u B ocobennoctn [5].
HauGonee momHoe pyKOBOACTBO MO TEOPUM KATETOPUN — HEJABHO IEpe-
Begennas xuura C. Makuenna [17]; cm. rakxke yaebuux U. Byxypa u A. [e-

asuy [3]. OAHO W3 JAydIInX BBEIEHUN, CHAGKEHHOE GONBIIMM KOJIXIECTBOM



86 5. Ilpeo6pasopanue Ienbdanga

npumepos, — ropas riaasa kuuru C.W.Tensdanga u 0. U. Manuna [7],
a Taxxe gobasnenre K jgexnuam IO0. . Manuna [18]. O kaTeropusax, Tunud-
HBEIX 011 (PYHKIMOHAIBHOrO anamm3sa, cM. [30]. OCHOBHEIE CBeZeHUT O Ka-
TEeropuax W (GYHKTOPAX eCTh TaKke B J00M KHUTE 10 aarebpamiecKkon
TOTOJOT U

ITo moBony caabon u caabou® Tomomoruu cM. [30] minm Kakyo-1ubo us
KHUI' O TONOMOTMYIECKUX BEKTODHBIX IPOCTPAHCTBAX (CM. JUTEPATYDHLIE
yKasanus K . 4).
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Teneps MBI y2Ke 3HAEM JOCTATOYHO O KOMMY TATUBHEIX OAHAXOBEIX aJre-
Opax U MOXKeM BepHYTBLCA K HallleMy Pas3roBOPY O (hYHKIIMOHAJILHOM UCUH-
CTeHNN OT OI'PAHMYEHHOTO omeparopa. Hama ciaegyromas meas — IOCTPO-
UTb Henpepvieroe (PYHKIUOHATBLHOE HCIUCICHUE, T.e. HAYIUTHCA IpUMe-
HATH K OIIEPATOPY HENPEePHLIBHBIE (DYHKIINK, OPEIETeHHEIE HA er0 CIIEKTPE.
Ha npumepax Mbl yOeauIuCh, YITO 5TO BO3MOXKHO HE BCEIJA: MPOU3BOILHBIN
OrPAaHMYEHHBIA OIEPATOP MOKET He OOJAIATE MAXKE TIATKAM UCIUCICHIEM
(a yX HENpEepHIBHEIM — 1 MOAABHO). TeM He MeHee, CYIIECTBYET BaXKHBIN
KJIACC OMEPATOPOB, K KOTOPHIM MOXKHO TPUMEHATH HENpepLIBHBIE (K Ja-
K€ HEKOTOPBIE PA3PBIBHLIE) (DYHKIUU. DTO TAK HABBIBAEMBIE HOPMAAbHBLE
OIEPATOPHI B FrIAEOEPTOBOM IPOCTPAHCTBE, K U3YIeHNIO KOTOPHIX MEL I Ile-
PEXOIMM.

§6.1. OmepaTopsl B rib6€pTOBOM IPOCTPAHCTBE
u C*-aare6psl

Hamomunamue 6.1. [lycts H — runsbeproeo npocrpancteo. CyimecTsy-
€T KAHOHIUYIEeCKOe OTOOpaKeHne

Ju:H—H", Ju(y) = fy, rae fy(z)=(x,y) a1 Bcex z € H,

KOTOPOE aHTUIMHENHO W, BBULY TEOpeMul Pucca, OMEeKTUBHO U M30METPUI-
Ho. [IycTe Teneps Hy u Hy — ruas6epToBs npoctpanctsa, T € B(Hy, Hy) —
orparuyeHHbIn onepaTop, T € B(H;, H{) — ero conpsaxeHHbn. Ipmumo-
60 conpanxcennvim K T HaspisaeTca onepatop T : Hy — Hy, onpenenaeMbIi
[IPU IOMOIIK KOMMYTATUBHOU AMATPAMMEI

.
Hy <" g

T+

Hl%Hz

Nuaxe rosops, T+:J§11T*JH2. Omneparop T+ nuneen, orpanuyen, u |11 || =
= ||T||. DxBuBanenTHEIM cnocoGom oneparop T mMoxer GBITH ompegenen
KaK equHCTBeHHOe oTobOpaxkenue u3 Hs B Hi, yIOBIETBOPAIOIIEE TOX I€-
cry (Tz,y) = (x,T"y) naa scex v € Hy, y € Ho.
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B nanbuenmmem, roBops 06 OmepaTopax MeXAy TUIb0EepPTOBBIMU TPO-
crpancrBamu, BMecTo T Mbl Gygem (Kak 370 O6BIYHO U 1en1aeTcs) MUCaATh
T* m HA3BLIBATL >TOT OMEPATOP conpacennbinm K T (OmycKas CIOBO «>pMu-
TOBOY). B ocTaBImenca 1acTu JeKIui «OOBIIHBIE) COMPAKEHHBIE OMEPATOPHI
HaM OOJBITE HE BCTPETATCA.

PaccmarpuBas onepaTopbl, AEUCTBYIOUME B KAKOM-TO OJHOM THIb-
6eprosom mpocrpancree H, mbl noxyuaem onepauuio x: B(H) — B(H),
T — T*, na aarebpe HB(H). llocmorpuM, KakuMu CBOUCTBAMU OHA O0.ia-
TaeT.

IIpenaoxenue 6.1. ITlycmov S, T € B(H) u A\, u € C. Toeda
1) (AS + uT)* = AS* + uT™;
2) (ST)* T*S*

3) T** — .

4| T = HTH7

5 T =T

Hoxazameabcmeo. CBOUCTBO 4 y2ke yIOMHHAJIOCH BHIIIE, & TOKA3ATENb
CTBO CBOUCTE 1—3—mpocToe ynpaxuenue. /[lokaxem csouctso 5. C oguon
croponst, |[T*T|| < [|[T*||[|T|| = ||T||* BBuAY cBoticTra 4. C ApyTOil CTOPOHE,

|IT2|* = (Tw, Tz) = (T"Tz,z) < |T*Tz|||z]| < 7T |||
s Beex © € H. Orcona crefyeT NpOTUBOMOIOKHOE HEPABEHCTBO. O

OTHU CBOUCTBA ONEPALME (3BE3L0YKA» CIYKAT MOTUBUPOBKOU MJIS CJIe-
IYIOIIETO OIPeNeNeHuUs.

Ompepgenenue 6.1. [Tycte A—anrebpa. OTobpaxkenne «: A — A a—a*,
HABBIBAETCA UHEOA0YUET, eCIN OHO 00Ma1aeT CBOUCTBAMHU 1—3 U3 mpero-
xkeuua 6.1. Aarebpa, cHAOKEHHAA UHBOJIIOIUEN, HABBIBACTCA UHEOLH0MUG-
1ot anzebpoti. Hnsosomusnas 6anarosa as2ebpa—:>to HaHaxoBa aaredpa,
cuabXeHHas MHBOJAIOLKEH, obaagaromen ceoucrBoM ||a*|| = ||a|| a1 Beex
a € A. NluBomoTuBHas GaHaxoBa aaredpa HaswBaeTcsa C*-aazebpot, eciu
B Hell BRIMOJHACTCA TOXkIeCTBO ||a*all = |al|? (a € A). Camo sT0 TOXKIE-
cTBO HazbiBaeTCs C*-mosxcdecmsom.

Cpasy xke BBeIEeM OTOODAKEHUS, YBAKAIOIINE WHBOMIOIINIO.

Onpegenenne 6.2. lomomopdpuam ¢: A — B MexIy WHBOIIOTUBHBEIMU
anrebpaMu HA3BIBACTCA UHGOAOMUBHBIM (AT *-20MOMOPPUIMOM), €CIn
p(a*) = p(a)* pasn Beex a € A.

AcHo, 4TO KIACC BCEX MHBOMIOTUBHBLIX aarefp (MHBOMIOTUBHBLIX OaHa-
XOBBIX aarebp, C*-aare6p) U UHBOAIOTUBHEIX (MHBOJIOTUBHBIX OUDAHUYEH-
HBIX) TOMOMOD(MU3MOB 06Pa3yeT KATETOPHIO.
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BoT Heckoabko mpuMepos.

Ipumep 6.1. [Tone C cranoBurca C*-aarebpon, ecin B Ka4eCTBE UHBO-
JIFOITUY B3ATH KOMILIEKCHOE COTIPAKEHIE.

Ipumep 6.2. Kak caenyer us npenaokenus 6.1, B(H) — C*-aarebpa.

Mpumep 6.3. lIycrs X — xaycaopdos komnakT. OnpegenuM WHBOJIIO-
muto Ha C(X) mo popmyne f*(x) = f(z) (x € X). Jerko Bugers, aro C(X)
cranosuTcsa C*-anreGpon.

Ipumep 6.4. Anasorwaasim o6pasoM, ecau (X, 7, (1) — IPOCTPAHCTBO
¢ mepon, 1o amrebpa B (X) &/-u3aMepuMBIX OrpDaHUYEHHBIX (DYHKIUN
u amrebpa L>(X, u) sBusorcs C*-amrebpaMu OTHOCUTENLHO WHBOLIOLUY

fr(@) = f(z) (z € X).

ITpumep 6.5. Anreopa C™[a, b] — nHBOMIOTHBHAA GaHAXOBA aaredpa OT-

HocuTenbHO uHBOMONNY f*(2) = f(x) (x € [a,b]).

Ipumep 6.6. Anre6pa o7 (D) — WHBOMOTUBHAA 6aHAXOBA aareGpa OTHO-
curensno unsomonyu f*(z) = f(2) (z € D).

Yupaxuenue 6.1. /loxaxure, ¥TO ecau n > 1, TO

1) anre6pa C™[a,b] ve sBasercs C*-anrebpon;

2) auarebpa C"[a,b] He usomopdHa Hukakon C*-aarebpe Kak UHBOJIIO-
TUBHAs OaHAXOBa aarebpa (T.e. He CYLIEeCTBYeT HEIPEPBIBHOIO OUEKTUBHO-
ro x-u3oMoppusma arre6pel C"[a, b] Hu Ha Kakywo C*-amrebpy A);

3) anredpa C™[a,b] He m3oMopdHa HuKakon C*-arre6pe Kak OaHAXOBA
anrebpa;

4) anrebpa C"[a, b] He n3oMopdHa HuKakou C*-atrebpe Kak atredpa,;

5) To xe camoe Bepuo u A amre6prr o7 (D).

IlpuBeneM Temepb TUOWYHBIA TPUMEp *-TOMOMOpQuaMa Mex 1y C*-ar-
rebpaMu.

IIpumep 6.7. llycrs (X, u) — npocrpancTBo ¢ mepou, u nycrs H =
=L*(X, u). Orobpaxkenne p: L=(X, u)—PB(H), nepesogsmee f€L>°(X, u)
B oeparop ymuoxenus My € J(H), aBisercs yHUTAIbHBIM M30MeTPUYe-
cKUM *x-ToMoMopduaMoM. B camom geme, coorHomenune M }k = My nerxo
nposepAeTca (mposepbTe!), a OCTATBHOE ClenyeT U3 yupakHeHus 3.2.

Takum ob6paszom, amrebpa L™(X, ) um3oMeTpudecku BKJIAIBLIBAETCS
(¢ coxpaneHuem muBoaonuy) B aarebpy #(H). OxaswiBaeTcs, TO Ke Ca-
MO€ BEpHO 11 Jaro6ou C*-anrre6pHl.
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Teopema 6.1 (Bropas Teopema lenbpanga—Hanmapka). Jas w0601
C*-anzebpur A cyugecmeyiom 2uabbepmoso npocmpancmeo H w uzomempu-
weckut x-eomomopduzm A — B(H).

M=u1 He GyeM MOKA3LIBATE DTY TEOPEMY, MOCKOILKY DTO YBEIO OBl HAC
B CTOPOHY OT HAIEN OCHOBHOU TE€MEBI M MOTPEeOOBAIO OBI MHOT'O BPEMEHN,
HO BCE K€ 3HaTh O HEU CTOWUT.

IIycTs Tenmepb, A — MHBOMIOTUBHAS YHUTAJILHAA aareopa.

Onpegenenue 6.3. DiemenT a € A HA3LIBACTCA CAMOCONPAICCHHBIM, €C-
an a* = a. MHOXeCTBO BCEX CAMOCONPSKEHHEIX 3IEMEHTOB B A 0603Ha9A-
eTca Ag,.

Cﬂe,ZLyIOIHQG OIPEeaIOXKEeHNE IIOKA3BIBAE€T, ITO CaMOCOIPIXKEHHDBIC DJIEMEH-
TBI UT'PAIOT POJb «,Z[QﬁCTBHTGJIbeIX quce.

Mpegnoxenne 6.2. Jas a06020 a € A cyuwecmsyem eJuncmeennas na-
PG CAMOCONPAHCEHHBIT daemenmos b, c € Agy, Y3084€MEOPAIOUUT YCAOBUIO

a=>b+ic. IIpu smom a = %(a—i—a*), b= %(a —a*).
Hoxazameapcmeo. Ilpamas nposepka (yoeguTecs!). O

Onpegenenne 6.4. DreMenT u € A HABBIBACTCA YHUMAPHBIM, €CIU UL =
=u*u=1 (T.e. ecim oH obpaTum 1 u* =u"1).

Onpegenenne 6.5. DremenT a € A HA3BIBACTCA HOPMAAbHBIM, €CIT AQ" =
*
=a*a.

OrMmeTuM, 9TO AHOGOU CAMOCONPAKEHHBIN BIEMEHT HOPMAJEH U JI00U
YHUTAPHBIA DJEMEHT HOPMAJEH.

Onpegenenne 6.6. DiemenT p € A HABBIBACTCS 0PMONPOEKMOPOM, €CIN
2
pr=p =p.

Caenyroinee ympaxkHeHne OOBACHAST TEOMETPUTECKAN CMBICA BBECH-
HEIX IIOHATUML.

Yopaxuenue 6.2. 1. Joxaxure, aro oneparop U € B(H) yuurapen <
< ou 6uextuser u (Uz,Uy) = (z,y) nus Beex x,y € H.

2. Mokaxure, aro oneparop P € Z(H)— opTOnpoeKTop < CyUIeCTBY-
eT TaKoe BAMKHYTO€ JUHENHOE MoATpocTpaucTso Hy C H, uro Px = ¢ s
Beex ¢ € Hy u Pz =0 qna seex x € Hy.

Yopaxuenue 6.3. Jokaxxure, 4T0 OIEpPATOPEL CABUIA HA IPynnax (CM.
npuMep 3.4) B COOTBeTCTBYIOMuUX L>-TPOCTpaHCTBAX YHUTAPHEL.
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IIpumep 6.8. Ilycts (X, ) — npocrpancteo ¢ mepon, f € L>°(X, p),
My € B(L*(X, n)) —oneparop ymuoxenus na f. U3 coornomenusn M; =
= M5 (cm. npumep 6.7) serxo caegyer, 9To

1) oneparop M HOpMaTeH;

2) omeparop M, camocompsixker < f(x) € R gu1 mourm Beex z € X;

3) omeparop M, yuurapen < f(z) € T gia mourm Beex & € X;

4) omeparop M; — opronpoexTop < f(x) € {0,1} m1a1 mourm Bcex
reX.

Sameyanue 6.1. Bckope MBI yBugmMm, 910 My — 3T0 60aBIIe TeM IPO-
CTO MPUMEpP HOPMAJBLHOI'O OIEPATOPA; OKAXKETCS, ITO JIOOOU HOPMAILHEIN
OMepaTop B IMALOEPTOBOM MPOCTPAHCTBE M30OMETPUYECKU DKBUBAJEHTEH
HeKOTOpOoMy onepaTropy My (i mogxomsamux (X, ) u f).

Yupaxuenue 6.4. Uccaeaynre, kakue u3 OMepaTOPOB, YIOMUHABITIXCA
B I'VI. 3, HOPMAJBbHEL, 8 KaKue — HeT.

§6.2. CmexkTpsl smemenToB C*-aare6p.
IlepBaa Teopema Ieandanga—Haumapka

Hama 6Gmmkanmas menb — IOKa3aThb HEpBYIO0 TeopeMmy lenbdamga—
Hanmapka, koTopas, roBops HePOPMAILHO, YTBEPKIAET, UTO KOMMYMA-
musnbie yrumaabuvie C*-ageebpbl — 3M0O MO e camoe, YMo KOMNAKM-
HblE MONOAORUNECKUE NPOCMPaHcMEa. [IonyTHO MBI YyCTAHOBIM HEKOTODHIE
TOJIE3HBIE CITEKTPATBHEIE CBOUCTBA diIeMeHTOB C'*-anre6p, KOTOPHIE MPUro-
IATCSA HAM BIIOCJEACTBUU.

IIpeamoxenue 6.3. [Tycmv A — ynumasvbnas UHBOMOMUEHAL GA2E0pA,
a € A—ee aaemenm. Toeda

1) saemenm a obpamum < saemenm a* ob6pamum; npu smom (a*)~1 =
— —1\*
=(a")"

2) o(a*) ={\: A€ o(a)}.
Hoxazamensbcmeo. YupaxHeHne. O

Mpegnoxenne 6.4. [lycmb A — ynumaavnas C*-aqzebpa, u € A — ynu-
mapnoit aaemenm. Toeda ||ul|=1 v o(u) C T.

Joxazameavcmeo. Tlockomeky ||ul|? = |lu*ul| = ||1]| = 1, MB1 Taxxe ume-
eM ||ul| = 1. Ilosromy eciu A € o(u), To |A] < 1 (cm. Teopemy 2.2). C gpyron
croponnt, A~! € o(u™?t) (cm. ynpaxuenue 2.21). Ho snement v ™! Toxe yHu-

TapeH, moaromy u A7 < 1. 3mauut, |\ = 1, Kax 1 Tpe6oBaIOCD. O
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Yupaxuenne 6.5. [lycte A — yuuransuas C*-aarebpa, p € A — opTo-
upoexrop. Haigure ||p|| u o(p).

Mpegnoxenne 6.5. [Tycmb A — ynumaavnas C*-aqazebpa, a € A — camo-
conparcenublii anemenm. To2da saemenm ' ynumapen.

[na nokaszaTeasCTBA HAM MOHAJOOUTCA CACTYIONMN HECAOKHBIN (PAKT.

Yupaxuenue 6.6. IIycte A— yauraisuas 6anaxosa aarebpa.
1. lokaxuTe, 9TO ecln a,b € A KoMMyTuUpyioT, To Tt = e%el,

2. oxaxuTe, aTo (€)' =€~ * ama moboro a € A.

Aoxazameavemeo npedaoscenus. C y4eTOM IPEIBIAYIIETO YIIPAKHEHUS
TTOTydaeM

(eia)* — Z ((ZL:B'*)n — Z (7::'1)n —eio — (eia)fli 0

Mpegnoxenne 6.6. [Tycmb A — ynumaavnas C*-aqazebpa, a € A — camo-
conpascenuvili saemenm. Tozda o(a) C R.

Joxazameavcmeo. Ecmm X € o(a), To € € o(e'®) no Teopeme 06 oTo-
Opaxenny crnekTpa. W3 mpegplIymmx ABYX NPEIJIOKCHUHA CIEAyeT, 9UTO
le*| =1, a 5T0 BO3MOXKHO TOTBKO TIPE A € R. O

IIpenmoxenne 6.7. [lycms A — ynumaavnas C*-ancebpa. To2da xa-
sedwvili ee zapaxmep x: A — C — x-2omomopPusm.

Hoxazameavcmeo. Iycrs Buadane a € Ag,. Torma o(a) C R, mosro-
My u o(x(a)) CR, T.e. x(a) € R. Ecim saeMeHT a € A npousBOIEH, TO
a=>b+ic, rae b,c € Asy (cm. npemnnoxenune 6.2). Hostomy x(b), x(c) € R
u x(a*) = x(b —ic) = x(b) —ix(c) = (x(b) +ix(c)) = x(a), kax u TpebdoBa-
JIOCB. O

Mpegnoxenne 6.8. [Hycmb A — ynumaavnas C*-aszebpa, a € A — nop-
maavwiii saemenm. Toeda ||al| =r(a).

Joxazameavcmeo. [laa moboro b € Ag, umeem ||b]|? = ||6?|]. llpumenss
DTO PABEHCTBO K DIEMEHTY b = a*a U MONb3ysach HOPMATBHOCTBIO DIEMEH-
Ta @, DOIyIaeM

lall* = lla*all* = [[(a*a)*|| = ||(a*)"a*|| = ||a*]|*.

Caenosarenbo, ||al? = ||a?]|. Ilo uEAyKIMM OTCIOTA JETKO BLIBOJUTCA, UTO

A n o 1
llal|?" = ||a*" || ana mo6oro n. Mosromy r(a) = lim la®" |27 = |lal|. O

Yupaxuenue 6.7. Kakue u3 npegnlaynmx npemriokeHui COXPAHAIOT CH-
Jy M TPOM3BOJBHBIX VHUTAIHHBIX WHBOMIOTUBHLIX OAHAXOBLIX aaretp?
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Tenepb y HAC BCe TOTOBO /s JOKA3aTEAbLCTBA IEPBON TeopeMbl [enn-
danga—Hanmapka. Eme ogun crapgapTHLII (PakT, KOTOPLIM MBI Oyaem
noIB30BaTLCA — 310 Teopema Croyma—Benepmrpacca. [Ipusenem ee ¢pop-
MYJIUPOBKY (6€3 I0KA3aTeIbCTBRA,).

Teopema 6.2 (Ctoyr—Benepmrpace). IIycms X — xomnaxmuoe zayc-
dopdoso npocmpancmeo, B C C(X) —nodaazebpa co caedyowumu c60ii-
CMBaAMU:

1) 1e B;

2) ecau f € B, mo u f € B;

3) B pazdeasem mouru npocmpancmea X (m. e. das aobvix x,y € X,

x #£y, cywecmeyem makas gynkyua f € B, umo f(x) # f(y)).
Toz2da nodaseebpa B naomna ¢ C(X).

Teopema 6.3 (mepBas Teopema Tembdanga—Hammapka). ITyems A —
YRUMaAbHGS Kommymamuenas C*-aaeebpa. Toeda npeobpazosanue I'eab-
ganda Ty A — C(Q(A)) — uzomempuueckuti x-u3omopPusm.

Hoxazameavcmeo. Jua moboro a € A u moGoro z € Q(A) = Z(A)
C YIeTOM TpemIo)eHusa 6.7 umeem

Ta(a”)(z) =x(a”) = z(a) =Tala)(z) = Tala)"(z).

OT10 o3HaUAeT, 9TO [ 4 — *x-romMmomopdusm. Ecnu a € Ag,, TO U3 mipeamoxe-
Hua 6.8 u ceoucTB npeobpasosanus [enbdanga cregyer, 9to ||Ta(a)] =
=r(a) =||a||. Eciz xe snemenT a € A n1pousBoseH, TO

ITa(@)|* = [IT4(a) Ta(a)l| = [T ala*a)l| = [la*al| = [la]*.

CarenosaTensHo, oToOpakenne 'y m30MEeTPUYHO U, B YaCTHOCTH, UMEET 3a-
MKHyTHII 06pa3. Hakower, Jerko BujgeTh, uTo moganrebpa B =ImT 4 C
C C(f2(A)) ymosrerBopser ycaoBusm TeopeMmbl Croyna—Benepmrpacca
(mposepspre!) u nosromy mioraa B C(2(A)). Janbrenmee o4eBr 1HO. O

3ameqanwme 6.2. ITax, HUKaknX IPYyruX KOMMYTATHBHLIX yHUTATHHBIX
C*-anredp, kpome aaredp Buga C(X), ue 6uBaet. A kak xe (7 Ha ca-
MOM J€eJI€é HUKAKOrO IPOTUBOPEYN 34€Ch HeT: aarebpa £°° u3oMeTpudeckKn
uzomopdua C(X), rae X = Q(£*°) = SN — croyn-4exoBckas KoMnakTudu-
Kanus MHOXKeCTBa N, HAJEJeHHOrO NMCKPETHOM TOHOJAOTHEN (CM. 3ameda-

mue 5.10).

Takum 06pas3oM, ecau MBI JOTOBOPUMCS OTOXKAECTBIATH TOMEOMOPQ-
HbIE KOMIIAKTHL ¥ U30METPUIECKY *-U30MOopdube C*-aare6Gpsl, TO, TOBOPA
HECKOJIBKO HecTporo, coorsercraue X > C(X)—osTo Ouekiusa MexK 1y KOM-
MAKTHBIMYU IPOCTPAHCTBAMEU ¥ KOMMYTATUBHBIMU YHUTAIbHBIME C™-anre-
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6pamu. Ho Ha camom geie MOXHO CKa3aThb OOJBIINE: DTO COOTBETCTBUE ITO-
3BOJIIET OTOXAECTBUATH HE TOJIHKO OOBEKTHI, HO U MOP(PU3MBI COOTBETCTBY-
IOmMux KaTeFOpHﬁ. TaKI/Ie CATyallu1 BCTPE€YIaAIOTCA B MaTEMATUKE JOBOJBHO
1aCTO, U O UX OMUCAHUA CyHIeCTBYyeT CHeHI/IaJIBHBIIU/I TEePMUH.

Onpepgenenne 6.7. [Iycte ¢ u 9 — kareropuu, F: ¢ — 9 — koBapu-
aHTHBIN GYHKTODP. [0BODPAT, 9T0 F' ocyuecmensem sx6usaienmuocms (Win
ABAACTNCA IKGUBAACHIMHOCTIBIO) MEKIY € U P, ecaum CyIEeCTBYET TaKOU
dyuxTop G: P — €, aro pyukrop F o G uzomopden 14, a G o F uzomop-
den 1. lpu sTom GyukTop G HasbBaeTCA k6a3uofpamubim K F.

Ecmu F': € — 9 — kouTpaBapuaHTHBEIN (HYHKTOP, TO TOBOPAT, 9TO OH
OCYUECMBALEN GHMUIKEUBAAEHMHOCTL KATETOPUN 6 U 9, eCJIU COOTBET-
CTBYIOIUINY KOBAPUAHTHBIN (HYHKTOD F': €° — & — DKBUBATCHTHOCTD.

Coopumyaupyem Temneps mepsyio Teopemy Lenbdanza—Hanmapka B 60-
Jilee TIOMHOU U TpaBwibHOU dopme. ObozHadum depes C*o/lg kaTeropu:o
yHUTATBHBIX C*-a1re0p U HEMPEPHIBHBIX YHATAIBHBIX *-TOMOMOP(U3MOB,
a gepes CC*o/lg— ee NONHYIO NOAKATErOPUIO, COCTOAILYIO N3 KOMMYTAa-
TUBHBIX YHUTAIBHEIX C*-aare6p.

Teopema 6.4 (mepBas Teopema Iembdanga—Hammapka). Pywxmop
C: Gomp — CC*Ilg ssasemca aHMUIKEUEAACHMHOCTIBIO KAME2OPUT.
Keazuobpamupim x nemy cayscum @ynxmop U: CC*Ilg — Comp. Ilpu
amom 6: lgymp — Qo C u 't Locugy — C o ) — dynxmopubie uzoamop-
Pusmut.

Loxazameabcmeo. YTBepXK JeHe CaeqyeT u3 TeopeMbl 6.3 u ympaxue-
Hun 5.24 m 5.25. O

Ha mepBBIT B3TVIAT MOXKET MOKA3ATHCA, 9TO B 3TOU (POPMYIAPOBKE MBI
NOTEPATA 9acTh uHdopManuu: Benb [ 4: A — C(Q(A4)) —oT0 He mpocTO He-
MPEPLIBHLIN OUEKTUBHBIN *-U30MOPMU3M, a erme u uzoMmeTpus. Ha camom fge-
Je, KaK MbL ceirdac yBuguM, uzomopdusm B C*e/lg (a suauur, u 8 CC*lg)
A6TOMAMUUECKY, ABJIACTCA U3OMETPHUEH.

IIpepmoxenue 6.9. [Tycmv A — unB0A0OMUBHAA YHUMAADHAA OAHATOBE
aseebpa, B —ynumaavnas C*-aseebpa, p: A — B — ynumaapubii x-20m0-
mopduzm. Tozda comomopdusm ¢ nenpepvisen u ||| = 1.

Hoxazameavcmeo. Ilycrs Bradane a € Aga; Torga p(a) € Bg,, nosromy
le(@)|| = r(p(a)) < r(a) <|la|| (cm. npenmoxenue 6.8). Ecau xe sremeHT
a € A TIpOW3BOJEH, TO, TPUMEHAA TOJLKO 9UTO MOKABAHHOE HEPABEHCTBO
K DJIEMEHTY G*@, MBI TOTy9IaeM

le(@)1* = lle(a) e(a) ]l = lle(a*a)ll < [la*all < [la|[lall = [lalf*.
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CrenoBarensHo, ||¢(a)| < ||la|| mus aoboro a, T.e. ||¢]| < 1. IIporusononox-
HOE HepaBeHCTBO caeayeT u3 Toro, 4ro ¢(1) = 1. O

Caegcraue 6.1. 060t ynumasvubltl *-u30mopPusm mexcdy ynumaab-
oty C™-anze0pamu u3omempuuen.

3ameqanue 6.3. HepopmanbHen CMBIC mepBOU TeopeMbl ['enbdanna—
HanMapka COCTOUT B TOM, YTO M3ydaTh KOMIAKTHI — DTO TO KE CAMOE,
YTO U3YYIATh YVHUTATbHBIE KOMMYyTaTuBHBEIE C*-amre6pul. [losToMy Ha mpo-
U3BOJBHYIO (T. €. HHKOMMYTATUBHYI0) YHUTAIbHYIO C*-anre6py MOXKHO CMO-
TPeTh KaK Ha «aareGpy HeIPePBIBHBIX (DYHKIINN HA HEKOMMY TATUBHOM KOM-
MAKTHOM MPOCTPAHCTBE (WIM, BLIPAXKAICDH elle $olee BOABHO, KAK HA, (He-
KOMMYTATUBHOE KOMIIAKTHOE MPOCTPAHCTBOY). M Ier paccMaTpuBaTh Te-
opuio C*-anredbp Kak (HEKOMMYTATUBHYIO TOIOJOTMIO» TEPBBIM CUCTEMA-
Tudecku Hadaa pazsuBaTh A.Koun. MuTepecHo, 4To Takas TOUKa 3peHUsA
nprHecia (M IPOLOIKAET NPUHOCUTH) GONBLUIYIO HOAL3Y O0EUM HAyKaMm —
KaK TOIOJOTUU, TaK ¥ TEOpUU OmepaTopHbIX aarebp. Cm. JauTepaTypHBIe
VKA3aHUsA B KOHIIE TIABHL.

Bot eme oxHO mOJE3HOE CHEKTpalbHOEe CBOUCTBO C*-aarebp, KOTOpoe
BCKOp€ HaM TIOHAJOOUTCA.

Teopema 6.5. ITycmy A — ynumaavnas C*-aqaeebpa, B C A — 3amrny-
mas *-nodaazebpa, codepacawan edunuyy A. Toeda op(b) = o4(b) das wo-
6o20 b€ B.

Hoxazameavbcmaso. JJocTaTOMHO NOKa3aTh, ITO B — HAOIHEHHAS IOI-
aarebpa, T.e. YTO KaXKILIM djaeMeHT b € B, obparuMmbn B A, oOpaTum
u B B. Urak, mycts b € B N Inv(4); Torga b*b € Bgy, N Inv(A), mosTo-
vy og(b*d) C R (npemaoxenue 6.6). 3mauur, maa awoboro ¢ € R ome-
menT b*b + itl ob6patum B B. Paccmorpmm Tenepn (b*b + itl)”! € B
u (b*b)~! € A xax anemenTo anre6pnt A. Yerpemussa ¢ K HyJTIO U HOIb3Y-
ACH BAMKHYTOCTBIO HOZaare6pel B, Mbl Buaum, ato (b*h) ! € B. IloaTomy
saement (b*b)~'b* € B— nerrit o6paTHbi 41s b. [IpUMeHAS aHATOTHMHOE
paccyXkaeHne K dJaeMeHTy bb*, MBI mosyvaeM, ITO 2IeMeHT b 00paTumM crupa-
Ba B B. Carenosarensro, b € Inv(B), kak u TpebGOBAIOCE. O

§6.3. HenmpepbiBHOE MCYIMCICHEE: TIOCTPOEHUE M CBOMCTBA

A Tenepnb, kax u 6bLIO O6EMIAHO, MBI AOKAXKEM, YTO HOPMAJAbHBIE OIe-
pPaTopEL B Iuab0epPTOBOM HPOCTPAaHCTBE (& HA CaMOM [eje — HOPMAJIbHELE
DIeMeHTHI MIo6bIX C*-aare6p) 06a,1a10T HEMPEPLIBHLIM UCIUCISHAEM.
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IIycte A — yuuranbHas MHBOJIOTHBHAsA OaHaxoBa aarebpa, a € A —ee
sHopMasbubl siaement, K C C—xomnakr. Kax u paubute, yepes ¢ € C(K)
06o3raduM QyHKIMO H(2) = 2.

Omnpepgenenue 6.8. Henpepvisuvim ucuucienuem om a na K HazeiBaeTcs
HEMPEPLIBHBIA YHUTAIBHBIN *-ToMoMopdusM 7. : C(K) — A, yaoBmeTBops-
FOIIMH YCIOBUIO Y, (1) = a.

IIpegnoxenue 6.10. FEcau nenpepvienoe ucuucaenue om a wa K cyuwe-
cmeyem, mo oo eJuUHCMBENHO.

Hoxazameavcmeo. llycrs P C C(K) — yuuranbhas nogairebpa, mopo-
#aeHHan GyHxuuamu ¢ u ¢ (T.e. MHOXECTBO BCEX HOJMHOMOB OT ¢ u 1).
N3 teopemer Ctoyma—Benepmrpacca crenyer, 9To nogairebpa P mior-
Ha B C(K); ¢ Ipyrou CTOPOHBI, OTOOPAKEHHUE Y. ONHO3HAYHO OMPEIeTIeHO
Ha P. O

Yopaxuenue 6.8. JokaxxkuTe, 9TO eCIM HEIPepLIBHOE UCIUCICHUE OT 4
na K cymecrsyer, To o(a) C K.

Ecau we mamarars Ha A HUKAKUX YCJIOBUU, TO HEIPEPBIBHOT'O UCIUC/IE-
HUS MOXET U HE CYIIECTBOBATH. ITOOBI B 3TOM yOEIUTHCS, CAEIAUTE CJIe-
ayIolllee yIpaxXKHeHUe.

Yupaxuenue 6.9. [lpuseguTe TpuUMep YHUTATHLHON WHBOJIOTUBHON 6a-
HAXOBOU aareOpsl A U HOPMATBHOTO DIEMEHTa a € A, He 0013 AAI0MEr0 He-
TIPEPLIBHLIM UCYUCICHUEM HU HA KAKOM KOMITAKTe.

Teopema 6.6. ITycmv A — ynumaavuas C*-aqzebpa, a € A — Hopmaab-
noil aaemenm. Toeda das awbozo womnaxma K C C, codepacawezo o(a),
cywecmeyem eduncmeennoe nenpepuisnoe ucuucaenuey.: C(K)— A oma
na K. Ecau K = o(a), mo omobpaxcenue Y. u30MempuuHo.

Joxazameabemso. ocTaTodHo paccMoTperh caydan K = o(a) (mo-
gemy?). Illycte B C A — yunransaas C*-nogaarebpa, MOPOXKICHHAA DJIe-
meHTOM @ (T.e. B =S§pan{a™(a*)": m,n € Z;}). OdeBugHo, mogaire-
6pa B xommyrarusna. [ycrs ) = Q(B) —ee Makcumanbubii cnextp. B cu-
ay nepsou Teopembl Leabdanna—Hanmapka npeobpasosanue [enbdanga
I'p: B — C(f!) — n3omerpuyeckun *-uzoMmopdmamM. Paccmorpum oTobpa-
wenne p: } — op(a), o(x) = a(x) nas seex z € ). M3 cromcTB mpeolpaso-
Banus [enbdanga caenyer, 9To @ — CIOpBEKIUA; Kpome Toro, og(a) = o(a)
BBULY TeopeMsl 6.5. I3 CIOPBEKTUBHOCTH OTOOPAKEHUS (0 BEITEKAET, ITO
uagyuupoBaduem romomopdusm ¢°®: Clo(a)) — C(R), f+— f o, usome-
tpuider. Onpegenum Teneps 7. : C(o(a)) — A Kax eIUHCTBEHHOE OTOODA-
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JKEHUE, MeNAIIee CASTYIOMYI TUArPaMMy KOMMYTATABHON:
BC— =4

S

C(Q) =—-C(o(a))
©
(3mecw BepxHss cTpenka— Baokenue B B A). U3 ckazaHHOTO BBILIE CIE1y-
eT, 9TO 7Y, — U3OMETPUIeCKun x-roMomopdusm. [lamee, ama mwoboro x € )
Mt mveeM @° (t)(z) = t(p(z)) = a(x), nosromy 7.(t) = T3 ¢*(t) = a. Cre-
[IOBATEIBLHO, Y, — HENpPEepBIBHOE ucuucienue ot a Ha K = o(a). O

Yupaxuenne 6.10. [[oxaxkuTe, ITO HA CAMOM fAeje 0TOOpaxKeHue p: 3 —
— o(a), yIacTByIOILIEE B TOKA3ATEALCTBE TEOPEMEI, HE TPOCTO CIOPHEKTUB-
HO, & ABIACTCA ToMeoMOpduaMoM (Cp. yupaxkHenue 5.18). CregoBarenbo,
p*: Clo(a)) — C(Q) — u3oMeTPUIECKUN *-U30MOPDU3M.

TeopeMy 6.6 MOXHO TepenucaTh B CJaemyoleM Buge (Cp. TeOpeMer 2.7
u 4.3).

Teopema 6.7. ITycmv A —ynumaavnas C*-aneebpa, K C C —nenycmoii
womnaxm. Cyuecmsyiom Kanornuuecxkue OuexyuL

HOPMAALHBLE YHUNGAbHBLE
aaemenmot a € A: V= ! x-eomomopdusme
o(a) CK CK)y— A

3decv cmpeara, OelemeyOwas CAE6a HANPABO, CONOCMABAAET, IALMENNY
a € A ezo nenpepwisnoe ucuucaenue xa K, a cmpeara, deticmsyowas cnpa-
86 Haae80, conocmasasem 2omomopdusmy 7: C(K) — A saemenm 7(t),
2de t(z) = z daa awoboeo z € K.

Wrak, menpepuBHOE mCIuCIEHRE TIOCTPOEHO. [locMOoTpuM Teneps Ha ero
ceoucTBa. Beroay nanee A— yunransaas C*-aarebpa, a € A— HOPMATLHBIN
DJIIEMEHT.

Bo-miepBLiX, HENpepHIBHOE UCUUCICHUE, KAK U CJAETOBAIO OXKUIATH, CO-
[JIACOBAHO € I'OJOMOPQHBIM.

Yupaxuenue 6.11. I[Iycts v, 1 7. — romomMopdHOe ¥ HEMPEPHIBHOE UC-
qucaenus ot ¢ Ha o(a). [JokaxuTe, 9TO CACAYIOMAA TAATPAMMA KOMMYTa-
TUBHA:



98 6. C*-anre6pul U HENPEPBIBHOE UCIUCICHUE

(31€Ch BEPTUKAILHAA CTPEIKA — KAHOHUIECKUN «POMOMODP(MU3M OrDaHUIE-
HUSD , OIPELEIAEMBIN OYeBU JHEIM 00pa3oM ).

Yupaxuenue 6.12. Chopmyaupyure u JOKaKUTE COMNACOBAHHOCTH HE-
IPEPLIBHBIX UCYUCJIEHUN Ha PA3HBIX KOMIakTax (cp. yupaxsnenue. 4.12).

Baarogapsa pesyasTaTraM IBYX MOCJACIHUX YIPAKHEHUNA MBI MOXKEM, KO-
rga ynobuo, BMecto v.(f) mucars npocro f(a) mus 1060 HENpepLIBHOK
¢yuxuuy f Ha moGom koMuakTe, cogep:xkameM o(a) (Kak Mbl U geiaiu
PaHBIIE LA TOJMHOMAAIBHOTO, PAIIMOHAILHOIO B TOJIOMOP(PHOTO HCIUCTIE-
HUD).

Yopaxuenue 6.13 (Teopema 06 orobpaxenuu cmektpa). Jokaxure,
gTo mis aobon pyukunu f € C(o(a)) cupasemmuso pasencTso o(f(a)) =

= f(o(a)).
Ynpaxuenue 6.14 (Teopema o Kommosummu). Jokaxure, aTo eciu f €

€C(o(a)) mg € C(a(f(a))), To g(f(a)) = (g0 f)(a).

Yopaxuenue 6.15 (nepecranopouHocTh ¢ romomopdmamavu). Ilycrs
p: A — B — yunTtansHem x-romoMoppusm C*-anredp. [lokaxwmre, 4TO

¢(f(a)) = f(e(a)) ana aoon dpyrkumn f € C(o(a)).
Crexcteue 6.2 (cormacoBaHHOCTH ¢ mpeoGpa3oBanmeM Lenbdanga). Ec-
au aqzebpa A xommymamuena, mo f(a) = f od das aobol Pywxyuu f €

€ C(o(a)).

Hoxazameavcmso. [JoCTaATOYHO NPUMEHUTH PE3YIALTAT IPEIBIAVIIETO
VIPAXHEHUA, B3AB B KAYE€CTRE (o JIOOOU XapakTep arrebpnr A. O

Kak u B caygae romomopduoro ucuucienus (cMm. yupaxsenue 4.18),
€CTECTBEHHO CIPOCUTh, BEPHA JU TEOPEMa 00 OTOOPAXKEHUU CIEKTPA IJIA
ero gacten. Bnpodem, Kak BUIHO U3 CACAVIOMIETO YIPAKHEHUA, ¥ CIEKTPA,
HOPMAJIBHOTO OTEPATOPA DTUX IACTEH HE TAK YK W MHOTO.

Yupaxuenue 6.16. [lycte T € B(H) — nopmansaei omepatop. [loka-
KUTE, ITO

0. (T)=2, 03p(T) =0u(T)=0(T), 0p(T)=0com(T).

Yrazanue. Buadane nokaxkure ciegyiouiee:
1) KerT'=KerT*T aus mo6oro oneparopa I € B(H);
2) ecim onepatop T mopmaren, To KerT = Ker T* = (ImT)+.

Yopaxuenue 6.17. Ilycre T € %(H) — nopmaububll oneparop, f €
€ C(o(T)). Bepro au, aro g,(f(T)) = f(6,(T))? OrBeTbTe HA TOT XKe BO-
IpocC i O.
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Teneps pazbepurech ¢ «<MOJEIBHBIM IPUMEPOM» HOPMAIBLHOI'O OIIEPATO-
pa (cp. 3ameqanue 6.1).

Yupaxuenue 6.18. Ilycte (X, ) — OpOCTPaHCTBO C MEPOHW, W TYCTh
f € L™(X, ). Onuimure HeNpPEPHIBHOE MCUUCJACHWE OT ONEPATOPA yMHO-
xenus My, percrsyromero B L2(X, ).

NurepecHo, 9T0 MHOTOE U3 TOTO, UTO GBLIO TOABKO ITO TOKA3aHO (WIN
OpeaIOXKeHO B KadeCTBe pra)KHeHI/IH), IIEPEeHOCUTCA Ha cnyqaﬁ «HECKOJb-
KUX MEPEMEHHBIX». UTOOB B 5TOM yOEAUTHCA, CIETANTE CISAYIONIEe YIPAK-
HCHUC.

Ynpaxuenue 6.19 («mayuno-ucciregoBaTemsckoey). [lycts A — yaurams-
Hag C*-anarebpa, ai,...,a, € A—TIOMapHO KOMMYTHUPYIOIINE HOPMATILHEIE
omeMenThl. [IpuayManTe OmpeneJeHne COBMECTHONO CIEKTPa o (a1, . .., ay)
TaK, 9TOOBl OH ObLT HemycThM koMnakToM B C” u nas n = 1 upesBpamad-
¢ B OOBIMHBIN crieKTp saeMenTa. CHOpMyIupyuTe U JOKAKUTE TEOPEMY
O HEIPEPHIBHOM (DYHKUMOHAIBHOM KUCYUCIEHUU OT @1, . . . , a4y U TEOPEMY 00
OTOOPaXKeHUU CIEeKTPA.

JlurepaTypHble yKa3aHUA

O quo u3 ayummx BBeAeHUN B Teoputo C*-anredp, HEABHO IEPEBEICHHOE

Ha pycckull s3bik, — kHura Jx. Méppu [20]. Boree riyboxkue pesyibprarsl
o upeacrasiaenusx C*-amre6p cogepxarcs B monorpaduu 2K. Juxkcembe [12].
Cwm. Takxke [29, 30, 26, 21]. B 9acTHOCTH, B M0G0 U3 DTUX KHUT (KPOME

[30]) MOXHO HAMTM AOKA3aTEALCTBO BTOPON Teopembl [embdania—Han-
mapka (Teopema 6.1). O QU3NIECKUX MPUIOKEHUAX OMEPATOPHBIX aaredp
(8 wactHocTH, C*-aarebp) cm. monorpaduioo Y.Bparremu u [. Pobunco-
Ha [2]. Teopema Croyna—Benepwrpacca (reopema 6.2) gokaszana B yues-
mukax [26] u [23].

C HEKOMMYTATHBHOU T€OMETPUEN MOXKHO MO3HAKOMUTBLCSA TIO OCHOBO-
nonarawoten kuure A. Konna [34]; 6omee 1OCTYNHEIE MCTOYHNKY — KHUTA,
Tk JJanan [12] win nexnun H. Xurcona u [T:x. Poy [11].
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B npespraymien riase MBI BBIACHUIM, 9TO JIOO0U HOPMAILHBIM JIEMEHT
yHUTATBHOU C*-a1reGpel 00Ja0aeT HEMPEPHIBHLIM UCUUCACHUEM Ha, JIOO0M
xommakTe B C, comepxareMm ero crexTp. Hamra odepennas 3agada — mpo-
JOMKUTH HEMPEPLIBHOE UCUUCICHUE C aareOphl HEMPEPHIBHEIX (OYHKIWY Ha,
6osee MUPOKYI0 aarebpy, COCTOAIIYIO U3 BCEX OIPAHUYEHHBIX OOPEJEeBCKIX
dyuxuuu #Ha 3TOM KOMmakTe. B mpoussonbHou C*-aarebpe cpenaThb 3TO,
BOOOIIE rOBOPsA, HEIB3s; TEM HE MEHEE, Mbl IOKAXKEM, ITO B HAIIEH («IJIAB-
HOMy C*-anreGpe — anredpe Z(H) — mo60ol HOPMATBLHBIN DIeMEHT 00/
maeT 60pereBCKUM ucaucaeHneM. /11 5Toro HaM MOHATOOUTCA HEKOTOPAs
moaroroBka. [l HavYa s MBI yCTAHOBUM HECKOJIBKO O0ImX GpakToB 06 ome-
paTopax B ruibOEPTOBOM IIPOCTPAHCTEE.

§7.1. OnmepaTopsl ¥ MOy TOPAIMHENHEIE ()OPMBI

IIycts H — BexTopuoe npocrpancreo (kak seerga, uajg C).

Onpegenenne 7.1. Orobpaxenne ¢: H x H — C HasbBaeTCsa noaymo-
paaunetrnoti Popmot, ecan ms a0ouix A, u € C u mwobbrx x, y, z € H BBITON-
HEHBI PABEHCTBA,

1) S(Ax + py, z) = AD(x, 2) + pd(y, 2);

2) Bz, Ay + 12) = A& (e, y) + Ad(x, 2).

TMonyropamuuentas ¢popma ¢ HaszbIBaETCA apmumosot, ecm ¢(z,y)=P(y, x)
[ JIIOOBIX ,y € H.

Orobpaxenune H — C, x — &(x,z), HaswBaeTcsa xeadpamuunot @op-

Moti, accoyuuposannoti c .

Cremyromas mostesHas (GOpMYyaa MOKA3LIBAET, YTO MOy TOPAIUHENHAS
)
(popMa MOTHOCTBIO BOCCTAHABINBAETCA 1O CBOEN KBAPATUTHON (hOpMe.

Yupaxuenue 7.1. Jokaxure, 9To ecaun $ — noayropaiuaennas ¢popMma,
TO CIPABEIJIUBO MOHNIECNE0 NOAAPUIAGUUYL

3

1 . . .
b(z,y) = 1 Zz’%ﬁ(w + ity 2z 4 i*y).
k=0

Yupaxuenue 7.2. Jokaxure, 94T0 noiyropaiunennas ¢gopma € spyu-
TOBA TOTJA U TOJLKO Toraa, koraa &(z,z) € R s moboro = € H.
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IIycts Tenmeps H — ruinbepToOBO MPOCTPAHCTBO. KaxaoMy JIvMHEUHO-
My (e 0b6s3areqbHO orpaHuvennomy) ouneparopy 1: H — H conocra-
BuUM momyTopammHennyo ¢opmy @7 va H no npaswry @7 (z,y) = (Tz,y)
(z,y € H).

Cremyromiee ynpaxHeHne OKa3bIBAET, 9TO Kak (popMa $Pr, Tak U cOOT-
BETCTBYIOIIAA €U KBAAPATUIHAA (POPMA MOTHOCTHIO ONPEIEIAIOT OIEPATOP.

Yupaxuenme 7.3. Jokaxure, uyro eciu S,T: H — H — nunennsie omne-
paropel, 10 S =1 & &g =&y & (Sz,z) = (Tx,z) nus Becex z € H.

3ameuanue 7.1. O6paTuTe BHUMAHNE HA TO, ITO HaJ R 5TO He Tax: 10-
CTAaTOYHO PACCMOTPETHh MOBOPOT Ha 90° Ha MIOCKOCTH.

Yupaxuenue 7.4. JJokaxxure CIIYIOININE YTBEPXK ICHU:

1) omeparop T € HB(H) camocoupsukes < ¢popma P spMuToBa <
< (Tz,z) €R nns seex x € H;

2) omeparop T € #(H) nzomerpuuen < T*T = 1;

3) omeparop U € #(H) yHuTapeH < OH U30METPUIEH U CIODBEKTUBEH.

3ameqanue 7.2. Koneuno, n. 2 u 3 u3 nociegHero yrpaxHeHus CIIPaBeI-
JIUBEL U [JISI OIEPATOPOB, NEUCTBYIOMIAX MEXK Y ABYMS PA3HBIMU MUIBOEPTO-
BEIME TTPOCTPAHCTBAMU. HamOMHUM B 3TOU CBA3YM 00 OTHOINEHUN N30METPH-
YECKOU DKBUBAJEHTHOCTH OmepaTopos (cM. i 3). Ilockoabky maomeTpude-
CKUM 130MOPGU3M MABLOEPTOBLIX MTPOCTPAHCTB ABTOMATUYIECKY YHUTAPEH
(T.e. coXpaHseT CKaIAPHBIE [IPOU3BEAEHUS), L/ OLEPATOPOB, ACUCTBYIO-
X B MUIBOEPTOBBIX MPOCTPAHCTBAX, BMECTO TEPMUHA, (M30METPUIECKAsd
SKBUBAJEHTHOCTEY OOBITHO YIOTPEOIAIOT TEPMUH (YHUTAPHAS DKBUBAJEHT-
HOCTB».

Mel yx)e BUAeIN, 9TO TaKUE CBOUCTBA OMEPATOPA, KAK «OLITH YHUTAP-
HELIM», «OBITh OPTONPOEKTOPOMY, «OLITH U30METPHUEN», MOI'Y T OBLITEL OIIpeIe-
JIEHBI KAK B N€OMETPUIECKUX TEPMUHAX, TAK U B anrebpanveckux. Bor eme
IBa TaKuUX CBOUCTBA.

Ompegenenue 7.2. 1. Oneparop T € #(H) naswiBaeTcs xousomempued,
ecm TT* =1.

2. Oneparop V € #(H) uasbiBaercsa uwacmuunol usomempuetd, ecau
(V*V)2 =V*V.

Yupaxuenue 7.5. [lanTe TeoMeTpuUecKoe ONPEIEJeHNe KOU3OMETPUN

7 9aCTUYHON U3OMETPUH.

Nrak, xaxaomy oneparopy I’ B H cooTBercTByeT MmOJAyTOpaJIMHENHAL
dopma $p. [locmoTpum Tenepsb, Kakue GOPMbL COOTBETCTBYIOT OI'DAHUIECH-
HBIM OIIEPATOPAaM.
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Onpegenenne 7.3. onyropamunenuas dpopma ¢ Ha ruILGEPTOBOM MPO-
crpaacree H naspBaercs oepawuuennot, ecam cymecrsyer takoe C > 0,
aro |D(z,y)| < O|lz||||ly|l ann Becex 2,y € H. Tounas auxuas rpans Takux C
HA3EIBACTCA HOPMOT dhopMel § u obo3HauaeTCA ||P||.

Herpyauo mpoepurTh, 9TO TaK ONpEAEICHHAS HOPMA LEMCTBUTEILHO
ABJSETCA HOPMOU HA IPOCTPAHCTBE BCEX OrPAHUYEHHBLIX ITONYTOPAJIMHEN-
ubix gopm Ha H. Bmpodem, 510 OyaeT Jerko CIeIOBATL W3 TOKA3AHHON
HIKEe TeOpeMsI 7.1.

IIpumep 7.1. Jlerxo Bugers, 9T0 a4 106000 OrPAHKYEHHOO OIEPATO-
pa T B H ¢popma P orpanutena u ||[Dr| < |1

Caenyrommas TeopeMa MOKa3bIBAET, YTO APYIUX OrPAHUYEHHBIX IOy TO-
pPAIMHERHBIX (POPM He OLIBAET.

Teopema 7.1. Omobpasxcenue

NPOCMPAHCMEO 02D GHUUEHHIL
noaymopasunetinbix gopm nwa H

Q(H)—){ }, T &7,

— U3OMEMPUUECKUT, U30MOPPUIM.

Hoxazameavcmeo. UnbekTuBHOCTE OTOOpaxenus 1 — & caenyer us
YOpaxKHEeHUs 7.3.

Ilycte @ — orpanmtdennas moayTopaauHenHas (dpopMa. Sapukcupyem
y € H u paccmorpum dyskuuonas ¢Y: H — C, x — &(x,y). Acuo, uro
SV ¢ H* u ||9Y| < ||2]|ly||. HosTomMy cymecTByeT eIMHCTBEHHBIN BEK-
Top S(y) € H, yamosnersopsowun ycaosuio $(x,y) = (x, S(y)) pus uzo-
ooro x € H. U3 monyropamuaenHocT (GopMbl ¢ M CKAMIPHOTO MTPOU3-
BeleHUsa creayer, uto S: H — H — JInHewHBIM omepaTop; KpoMe TOro,
IS = 11PY|| < ||1@]llly]| mas moboro y € H, T.e. omeparop S orpann-
yer u ||S]| < ||P||. Honoxum T = S*; rorga ¢ = 7, Tak 4ro oTobpaxe-
une T — $p — ciopbexmusa. Hakomerl, m30MeTPUIHOCTL 3TOr0 OTOOpaxKe-
HuA cpa3y caepyer u3 nenouku HepaseHers ||T'] = ||S|| < ||@r|| < |T]|. O

§7.2. KoMIuiekcHbie MepbI

[aa mocTpoenus G6OPeJEBCKOr0 UCUNCICHUA HAM MOHATOOATCA HEKOTO-
peie GakTh U3 Teopur Mephl. HeKoTOpbIe u3 HUX coBCeM mpocThie (1 Oy a1y T
[PEVIOKEHEl B KAUECTBE YIPAXKHEHWN); OCTaJbHBEE MBI IpuBeseM 0e3 Jo0-
Ka3aTeJabCTBa.

IIycts X — MHOXKeCTBO, &7 C 2% — g-aare6pa ero mogMHOKECTB.
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Ompegenenue 7.4. OroGpaxenue p: &/ — C HA3BIBaETCA KOMNAEKCHOT
MePoTl, ecu IIA MIO0r0 KOHEIHOrO Ha00pa MONAPHO HE IIEPEeCEKAOMIXCA
MHOKECTB A, ..., A, € &/ cupaBemImBO PABEHCTBO

u<|_| A7) = izn;um,-).

ECJII/I AHAJOTUIHOE PABCHCTBO BBIITOJTHEHO U O CI€THBIX CeMeﬁCTB7 TO Me-
pa it HA3BIBACTCA 0 -addumusnoi.

Onpegererne 7.5. [0BOPAT, 9TO MEpa [t UMEET 02PAHUUECHHYIO 6aPUA-
yuw, ecam cymecTteyeT Takoe C > 0, 9TO 1717 J060r0 KOHETHOTO HA0Opa
{A;}* | momapHO He NMEPECEKAIOMINXCA MHOXKECTB U3 &/ BBLIIOIHEHO HEPa-

n

BeHCTBO Y |p(Ai)| < C.
i=1

OueBuaHO, 100as8 HEOTPUIIATENBHAA MEPA UMEeT OrPDAHUYEHHYIO BAPU-
aIuIo.

YrBepxaenue 7.1. Jiwbas o-addumuenas Mepa umeem 02paruuenuyo
8GPUGYUUN.

Onpegenenne 7.6. [lycTs p— Mepa orpanu<deHHon Bapuanuu Ha &7 . Ee
sapuayueli HaspIBaeTcsa GyHKUU |p]: o — [0, 400), 3aganuas GopMmyon

() =sup{ 3 4 4= || s s o}

i=1
YrBepxkpenue 7.2. Qynxyua |p| aeasemen mepot wa o .

Ob6osraunm vepes M (X)) MHOKECTBO BCEX KOMIUIEKCHBIX MED OTDAHU-
vennon sapuanuu Ha & . O4eBugaHO, M o7 (X) — BEKTOPHOE IPOCTPAHCTBO.

YrBepxgenue 7.3. Qynryus p— ||pl] = |p|(X) asazsemes nopmot na
My (X). Omuocumesvno smoti wopmvr Moy (X) asasemea 6anazosvim
NPOCMPAHCNEOM.

Hamomuum (cm. npumep 2.10), aro depes By (X) Mer o6o3HagaeM Ga-
HAXOBY aareOpy BCeX OrPaHUYCHHEBIX &7 -m3MepuMbIX GpyHkmmz Ha X. [lia
Kax 10ro noaMHokecTBa A C X depes x4 00G03HAUAM €r0 XapaKTEPUCTH-
9eCKYI0 PYHKINK (MHAMKATOP). Ioaoxum

Se(X)=span{xa: A€ &} C By(X).

Dyuxnun u3 Sy (X) OymeMm HasbBaTh & -npocmvimu. Jlerko ybeautbes
(y6enurecs), 4To Sy (X ) — noganretpa B By (X).

Yupaxuerwme 7.6. Joxaxure, 1o noganrebpa Sy (X ) miorua B By (X).
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Yupaxuenue 7.7. [lokaxure, 970 1 a060u Mepsl i € M (X) cywe-
CTByeT eqUHCTBeHHBN pyHkimonan I, € B (X)*, yI0BIe TBOPAIOIINI yCJI0-
Buto I, (xa) = p(A) s moboro A € .

Omnpegenenne 7.7. /11 mobon pyukimn f € By (X) pernauna I, (f) Ha-
3LIBACTCA UNME2PAA0M QYHKINHA [ IO Mepe [ 1 0603HATASTCA /X f(x) du(z).

Teopema 7.2 (Xwibge6panar, Kanroposud). Omobpascenue
My(X) = By(X)",  p— 1y,
— UBOMEMPUUECKUT UBOMOPPUIM OARATOBLIT NPOCTNPAHCME.

IIycTe Temeps X — KOMIAKTHOE XaycAOP(OBO TOMOJOTHIECKOE MIPO-
cTparcTBO, & = PBor(X) — o-aarebpa ero OGOPEIEBCKUX TOJIMHOKECTB.
B stom cayuae BMecTo By (X)), S (X) n Mgy (X) M1 6ygem mucats B(X),
S(X) u M(X) cooTBeTCTBEHHO.

Onpenerenne 7.8. Bopeaesckas mepa na X —>3>TO KOMILIEKCHAS MEPA, HA,

Bor(X).

Oupegenenne 7.9. Bopenesckas mepa p Ha X HA3BIBAECTCA pe2yaapHOT,
ecau 1 Kaxaoro B € Zor(X) u kaxgoro € > 0 HAUAYTCA TaKoe OTKPHI-
Toe MuokecTBO U D B m Takou komnakt K C B, uro |p|(U\ K) <e.

Yreepxaenue 7.4. Peeysapnas 60pesesckas mMepa na KOMNAKME T-a0-
dumusna.

Jameqanue 7.3. /11 MeTpU3yeMBbIX KOMIIAKTOB BEPHO M OOPATHOE: JIIO-
6as o-anauTUBHAA OOpENeBCKad Mepa pPeryJsapHa.

O6o3nauny 1epes M (X) C M(X) nogMHOKECTBO, COCTOALIEE U3 PEry-
JAPHBIX Mep.

YrBepxkpenue 7.5. Ilodmnoncecmeo M(X) — zamxuymoe sexmopmnoe
nodnpocmpancmeo 6 M(X) (u, caedosameavno, asasemes Ganarosvim
NPOCINPAHCINGOM).

Bor kioueBas TeopeMa, KOTOPOU MBI B JaJbHEHUIEM OyAeM HEOJIHO-
KPaTHO TOJb30BATHCA.

Teopema 7.3 (Pucc, Mapkos, Kakyramu). Omobpasicenue
M(X) = C(X)", p— Iy,

— uzoMmempuneckuti u30MopPHuU3IM OaHATOBHIT NPOCTMPAHCMNE.
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Sameqanue 7.4. O6o3uaqum uepes jyr: M(X) — M(X) u jo: C(X) —
— B(X) Tox ecrennrie Baoxkenus. B cuny reopem Xuibaebpanara—Kan-
Toposu4a u Prcca—MapkoBa—KakyTaHu CONpsKeHHBIN OIEPATOD j& mel-
crByeT u3 M(X) B M (X). Moxuo moKasaTh, 9T0 j o jyr = 1y (x). Orcio-
Aa caenyer, €to M (X)) — gomoansemoe mognpocTpancTso B M(X), a j& —
npoexTop u3 M(X) ma M(X). (OToT IpoekTop B HEKOTOPOM CMEICIE «Pe-
CYJIAPU3YET» MPOU3BOMLHYI0 GOPENEBCKYIO MEPY OTPAHMYEHHOU BAPWALIAN. )

§7.3. Caa6o-mepHas Tomoxorus Ha B(X)

[Iyctes mo-mpexkaeMy X — KOMIOAKTHOE XayCAOP(OBO TOMOJIOTHIECKOE
npocrparcTBo. Kaxgon ¢yukumu f € B(X) comocraBuM (HyHKIMOHAT
Fr e M(X)*, gencrsyrommun no dopmyne Fr(u) = /X f du. Hoaygennoe
otobpaxenne B(X) — M(X)* o6osnaunm 4uepes s. EcInm 0TOXIECTBUTH
M(X) c C(X)*, To nerko ugeTs, 4ro »: B(X) — C(X)** —mupogomkenne
KaHOHUYECKOT'O BIOKEeHU ic(x): C'(X) — C(X)**. C apyroi CTOPOHEI, MBI
moxkeM oToxkgecTBUTh M(X) ¢ B(X)*, u Torma Fy € M(X)* —»sTo orpa-
nryenue na M(X) dynxmmonana ip(x)(f) € M(X)*, rae igx): B(X) —
— B(X)** = M(X)* — xaHOHNYIECKOE BIOKEHUE (CM. IHArpamMmMy):

1B(X)

B(X) — 2% L B(X)™ —2— M(X)*

jCT \ ml

io(X) ~
CX) ——C(X)" =———= M(X)"
W3 cxazannoro creayet, 9to ||»(f)|| < ||f|| oas mobon dbymkimum f € B(X).
Ha camoM nese, Kak BHIHO M3 CIEAVIOIIENO YIPAKHEHWUA, MOXKHO CKAa3aTh
6oJIbIIe.

Ynpaxuenue 7.8. Jokaxure, uro »: B(X) — M(X)* —usomerpus.
Yxazanue. llpumenure »(f) k Mepe, COCPELOTOUEHHOU B OJHOU TOUKE.

Yupaxuenue 7.9. Hangure ommbky B CAEIyIOMIEM «I0Ka3aTEILCTBE)

M30METPUYHOCTH OTOOPAKEHUA 3
«[Ls mobon dpyuximu f € B(X) umeem s(f) € C(X)**, a C(X)** uzo-

MeTpuYecKn BKIagbiBaeTca B B(X)*, mootomy »(f) nexur B B(X)** u,
OYeBUAHO, COBNAAaeT € 00paszoM (GyHKIUA f IPU KAHOHWYECKOM BJOXKE-

aur B(X) — B(X)**. [lockoabky nociaeinee n30MeTPUYIHO, Mbl IOy 9aeM
(D = 1111

Wraxk, s nabextusHO oTo6paxaer B(X) 8 M (X)*. 1o nospoaser gaThb
ClIeyIoIee ONpeneIeHue.
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Ompegenenue 7.10. Caabo-mepnoti monosoeuet va B(X) naswiBaercs
upoo6pas crabou™® rononoruu o (M (X)*, M (X)) npu sroxenuu »c: B(X) —
— M(X)*.

Crnago-mepuyto Tonosoruto Ha B(X) Mbl OygeM 0003HAYAThH CHUMBO-
oM wm. [To onpeneneHnio 5Ta TOMONOTU 33,13€TCA CEMEICTBOM IOLYHOPM

- s € MKV}, e £l = | £ o]

Yupaxuenue 7.10*. Jokaxure, 9TO MOCIEAOBATEILHOCTL f, € B(X)
cxoaurea K f € B(X) B wm < OHA PABHOMEPHO OTDAHUYEHA U CXOJUTCA
K f morodevHo.

HamomuuyM, ¥T0 mas aoboro 6anaxoBa mpocTpancTsa F ero obpas npu
KAHOHWYECKOM BIOXKeHWW ip: E — E** samkuyT B E** mo mopme (u yx
NOJABHO HE TUIOTEH TaM, eClId TOabKO F He peduekcusno). Oanako B E**
eCTb U JpyTras TOMOJOTHUA, & UMEHHO, o ( E** | E*). OKxa3siBaeTCA, BEPHO CJe-
AyIoIee.

Yupaxuenue 7.11. Tokaxure, wro 06pa3 Imip mmoren B E** orHocu-
Tenbuo Tononoruu o(E** E*).

CaemoBarensHo, 06pa3 Imi g mioTeH u B 11060M «ITPOMEKYTOTHOMY IO~
npocrparcTse F' C E**| ero cogepxamem. B mpumenennn x C(X) 10 npu-
BOJUT K CJICAYIOMIEMY PE3yJAbTATY.

Caegcreue 7.1. ITodnpocmpancmeo C(X) naomuo 6 B(X) omuocu-
MeALHO CAAOO-MEPHOT MONOA02UL.

Hamomunu, aro va C'(X) n va B(X) ecTs nuBOMIONMS, 3aKaHHas (HOp-
myaon f*(z) = f(z). Orrocurensro sron uusomonuu C(X) u B(X) apra-
I0TCA MHBOJIOTUBHBEIMK OanaxoBeiMu anarebpavu (u gaxe C*-aarebpamu;
cM. upumepst 6.3 u 6.4).

Onpegenenne 7.11. H160.410MuUHAA NOAUHOPMUPOEAHHAA GA2EODG—DTO
TMOJUHOPMUPOBAHHAA anrefpa, CHAOKEHHAS HEeMPEPHIBHOU WHBOIIOINEN.

Ipepnoxenne 7.1. Aueeopa B(X) — ungo40muenas noiunopmMupoeai-
HAA AA2e6P0 OMHOCUMEADHO CAQBO-MEPHOT MON0AORUL.

Aoxazameavcmso. Sapuxcupyem pyaknuio f € B(X) u nokaxeMm, 910
omepatop ymuOoxenus Lg: B(X) — B(X), g — fg, HenpephIBeH B cia-
60-mepHOn Tonogoruu. /g npoussoasron Mepsl u € M (X) onpeneaum 60-

peaesckywo Mepy f - u dopmyaon (f - u)(A) = /A f du. U3 perymsprocTu
mepsl p u ogeuguon ounenku |(f - p)(A)| < |p|(A)||fllo creayer peryisp-
HOCTB MepHL f - . Hanee, gus arobon npocron dpyukimu g € S(X) MeI nmeem
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/X fgdu= /X gd(f - ). TlockoapKy 00€ 9acTh MOCIEHErO DABEHCTBA HE-
TPEPHIBHO 3aBUCAT OT g € B(X) (mo pasHOMepHOR HOpMe), a S(X) mroTHO
B B(X), MBI BUUM, 9TO 3TO PABEHCTBO BHIMIOJHEHO W [MJd JHOGOU (DYyHK-
mun g € B(X). Orcioza cregyer, aro || fgll, = gl f.p 81 m06on GyHKImM
g € B(X), nosromy omeparop Ly: g +— fg HenmpeprIBeH B €1a060-MEPHON TO-
nosoruu (cM. ynpaxzenue 4.5). CaegoBarensro, (B(X), wm) — noausop-
MupoBaHHag anrebpa. HempephIBHOCTHL MHBOMIONNK CJAEIyeT U3 PABEHCTRA

1Ml = 1l £l O

Yopaxuenue 7.12. /JokaxuTe, ITO €Can TPOCTPAHCTBO X OECKOHEYHO,
10 ymHOkerue B (B(X),wm) He ABIAETCA COBMECTHO HENPEPHIBHBIM. [lo-
KaXWUTe, ITO OHO, T€M HE MEHEe, ABJIAETCS CEKBEHIUAILHO COBMECTHO HE-
upepbiBEbIM (T. €. ecau f, — f u g, — g B wm, 10 [r9, — fg B wm).

§7.4. Caa6o-oneparopuas Tomosorus Ha % (H)

[Iyctes H —runsb6epToBo npocTpaHcTrRO. [ kaxauix z,y € H onpeze-
JmM TOTYyHOPMY || - |2,y Ha B(H), monaras ||T||,,, = |(Tz,y)| ana xaxgoro
onepatopa T € #(H).

Onpegenenne 7.12. Tononorus wa HB(H), 3anapaeMas CUCTEMON TOIY-
HOPM {|| - ||z,y: ,y € H}, HAsBIBACTCA €4000-0NEPAMOPHOT Monosozuet
1 0GO3HATAETCA EPE3 Wo.

Yupaxuenue 7.13*. O6osuatum uepes & (H) IpoCcTpaHCTBO BCEX Orpa-
HUYEHHLIX oneparopos B H ¢ xomeunomepHbiM o6paszom. IlocTpoure uso-

mopdusm (B(H),wo)* = .7 (H).

Ipepnoxenne 7.2. Aseecopa B(H) — un60410musnas noiuHopmupo6ai-
HAA AA2E0PE OMHOCUMEADHO CAGO0-0NEPATNOPHOT TONOAOUL.

Hoxazameavcmeo. Nua mobex S, T € B(H) u mobuix z,y € H cupa-
BeqyuBeL paBeHCTBA ||ST||4,y = (ST, y)| = ||S |72,y OTciOZa crenyer, aTo
omepaTop npasoro ymuoxeuusa Ry : B(H)— B(H), S+ ST, uenpepriBen B
caabo-oneparopron Tomogorun. C apyrou ¢cropoust, || ST ||, =Tz, S*y)|=
=||T|z,5+y, MO3TOMY 1 Omeparop jaeBoro ymuoxenus Lg: B(H) — B(H),
T +— ST, uenpepsiBer B c1abo-onepaTopuou tonojaoruu. Hakower, Hempe-
PHIBHOCTD HHBOJIOLNY BHTeKaeT u3 paBeHCTBA || 175, = ||T||y,z- O

Yupaxuenue 7.14. Jokaxure, 4TO ecau npocTpancTBo H 6eCcKoHeTHO-
MepHO, TO yMHOKeHuE B (AB(H), wo) HE ABIAETCA COBMECTHO HEPEPHIBHBIM.

Teneps, HaKOHeI, y HAC BCE TOTOBO /IS IOCTPOEHUS OOPEJEBCKOIO IC-
YUCIEHUA OT HOPMAaJIBLHOI'O OLEPATOPA.
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§7.5. Bopeaesckoe ucumMcaeHne: MOCTPOEHUE U CBOMCTBA

Mycre H — rmnsbepToBo npocrpanctso, 1T € B(H) — HOpMATBHDBIT
orparmIeHHELN onepaTop, K C C — KOMOAaKTHOE MOAMHOXKECTBO. Kak u
panbine, depes ¢ € B(K) o6osuadanm dyskimo t(z) =z (z € K).

Onpenexenne 7.13. Fopeaescroe ucuucaenue or T wma K —>to He-
MPEPHIBHBIN YHUTAIBHBIN *-roMoMopdusM v, : (B(K),wm) — (B(H), wo),
Y IOBJETBOPAIOIIAN YCIOBUIO Yy (1) = T'.

Bor npocrenime cBocTBa 60PEIEBCKOr0 UCIUCICHU.

Ilpegmoxenue 7.3. I[lycmv Gopeaescroe ucuucaenue om T na K cywe-
cmeyem. Tozeda

(1) ono eduncmsenno;

(2) K >a(T);

(3) Mle(x)y = Ve (m.e. 6opeaescroe ucuucienue npodoaxcaem wmenpe-
pHIBHOE);

(4) omobpancenue yy: B(K) — B(H) nenpepvisno no nopme u ||| = 1.

Hoxazameavcmeo. Yreepxaeuue (4) creqyeT us TOTO, 9TO 7Y, — *-T0-
MoMmopdusm Mexay C*-amrebpamu (cMm. mpepaoxerne 6.9).

Yreepxaenus (3) u (2) caexyoT u3 yreepxkaerus (4) u CBOUCTB Hempe-
PBIBHOI'O MCIUCICHUA.

Yreepxaenue (1) caegyer us yrBepxkaenus (3) U IIOTHOCTH LOJALIe-

opet C(K) B (B(K),wm) (cM. caencTsue 7.1). O

s noxasarTenbCTBa CYIIECTBOBAHUSA OOPEIEBCKOIO KCYUCIEHUS MBI
crepBa gokaxkeM Hosee obiiee yTBEDXKIEHUE O IPONOKEHUN IIPEICTABIE-
HUU KOMMYTaTUBHBIX C*-a1re6p, a MOTOM MIPUMEHUM €r0 K HEIMPEPLIBHOMY
HCYNCTIEHNIO OT 33JaHHOT'O ONEePATOPA.

Teopema 7.4. Ilycmv X — womnaxmnoe zaycdopdoso monoso2uuecroe
npocmpancmeo, w: C(X) — B(H) — ynwumanvnvit x-2omomopdusm. Toeda
cyuecmeyem euURCmeenubiti Henpepuienblll YHUMaibHbll *-20MOMOPHUIM

7 (B(X),wm) — (B(H),wo), npodosrcarwui 7

C(X) "= B(H)

7
X Ve
Jc \L -
7T
e

Aoxazameavemeo. 3adukcupyeMm OPOU3BOIbHBE X,y € H u 3amaaum
¢yuxunonanr F,, ma C(X) dopmyron F,,(f) = (n(f)z,y). Ilo Teope-
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me Pucca—Mapkosa—KaxyTanm cymecTByeT efuHCTBEHHAA MePa [y, €
€ M(X), yaoBieTBODSIOIAs yCIOBUIO

(7(f)z,y) = /X fdps, xmaxaxgon pysxum f € C(X). (7.1)

Hpu o1oM [|pta,y[| = [|Fey || < [[7[ll2][llyll = lz[lly[l (cy. mpesmoxenme 6.9).
Kpowme Toro, serko Bugers, 9T0

PawtBy,: = Olgz + Blly,: B floay+Bz = Oflay + Bﬂz,z (7.2)

A T00bIX &, Y, 2 € H u mobwix «a, § € C.

Teneps BocmOAB3yeMCst TeM, 4TO HpaBas 4acTb paBexncrsa (7.1) umeer
CMBICJ HE TOJLKO IJS HENPEPLIBHOW, HO W MLIA JIOOOW GOPEIEBCKON Orpa-
HugeHHON QyHKImE f. A uMeHHO, BozbMeM w00y ¢yukiuio f € B(X)
M TTOJTOKTAM

éf(xay):/xfd,uz,y (ZE,yEH).

N3 Toxpects (7.2) cregyer, uro $; — momyToparnHenHas (opma Ha H.
Kpowme Toro, aasa mo0bx =,y € H BHITIOTHEHB HEPABEHCTBA

125 (2,9) < [ ool 2y || < [ f oo [l ]l

moaToMy opma @ orpanudena. CrenoBaTeIbHO, BBUAY TeOopeMsul 7.1 cyte-
cTByeT eguHCTBeHHBIN oneparop 7(f) € HB(H), yIoBIeTBOPAIOMIMI yCIO-
BHIO

F(f)z,y) =By (,y) = /X fdpey (z,y€ H). (7.3)

IlpaBas wacTe mocaegnero paseHcTBa JuHenHo sasucut or f € B(X),
nosroMy mnocrpoennoe orobpaxenue 7: B(X) — ZA(H) aumenno. Ha-
aee, 3 QopMyas (7.3) BHIHO, YTO O JOOBIX 2,y € H MBI mMeeMm
172,y = [ fllna,, - CremoBaTensro, oToGpaKeHue @ HETPEPHIBHO OTHO-
CUTEIBHO CIa00-MepHOU Tomnotoruu Ha B(X) u c1abo-omepaTopHON TOMO-
gorun Ha B(H).

Yr06bL 4OKA3ATD, YTO 7T — #-I'OMOMOPMU3M, BOCIOIBL3YEMCs CJIe 1Yy IOLIEeN
JEMMOM.

Jemma 7.1. IIycmv A, B — un60410MUusHbIE NOAUHOPMUPOEAHKBIE AA2e-
opvr, Ag C A —naomunas nodaszebpa, p: A — B — nenpepuisnoe aunetinoe
0moOpaNRcenue, 0ZPAHUNERUE KOMOPO20 MG Ay ABAAEMCA *-20MOMOPPHu3-
mom. Toz2da @ —x-2omomopPusm.

Aoxazameavemeo. Kak o6brdu0, st Kaxa0ro a € A 0603HaduM gepes
L,,R,: A— A omepaTophl JEBOTO (COOTBETCTBEHHO TPABOT0) YMHOKEHIUS
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Ha a. MBI 3HAEM, ITO
p(ab) = p(a)p(b) ana a06BIX a,b € Ag.
OTO O3HAYAET, UTO
(poLa)lay = (Lya) ©®)]a, m1amoboro a € Ag.

IMockonbKy 06a 0TOGPAXKEHNA W3 TOCAETHETO PABEHCTBA, HEMPEPLIBHEL HA A,
a Ap mwiotHo B A, 5Tu 0TOOpaiKeHua JOKHLL COBIAAATEL Beony Ha A. Urak,

poLy=Ly)op ammoboro a € A,
WIH, SKBUBAJIECHTHO,
plab) = p(a)p(b) s moboro a € Ay n (yxke!) mo6oro b € A.
[TocseqHee PABEHCTBO MOXKHO IIEPENNCATD TaK:
(9o Rp)a, = (Ryw) ©@)a, mnamoborobe A.

Kak u BBIIIE, OTCIOMA CJAEAYET, YTO YIACTBYIOUIME B TOCIETHEM DABEH-
CTBE OTOOPAKEHUSA COBIANAIOT HA BCen aarebpe A, a 5To u 03HAYAET, 9TO
p(ab) = p(a)p(b) mna mobex a,b € A, kax u Tpebosaiock. Urak, ¢ —ro-
momopduam aiarebp. Hakonen, orobpaxenus a — p(a*) u a— ¢(a)* us A
B B 10 ycjaoBuio coBnananoT Ha Ag, a 3HAYNT (BBUAY WX HEMPEPHIBHOCTM),
u Ha Bcen anrebpe A. ClenoBaTembHO, ¢ — *-TOMOMOD(HUIM. O

[TpuMeHsaA TOMBKO YTO MOKA3AHHYIO JEMMY K HAIIEW CUTYAIMM, MBI TIO-
JAydaeM, 9TO 7 — *-roMoMopdu3M. Ero e iMHCTBEHHOCTD CAEAYeT U3 IMIOT-
Hoctu C(X) B (B(X),wm). Tem caMbIM TeopeMa LOKA3aHA. O

Jameuanue 7.5. UTOOB nytle yACHUTL CYyTh [OKA3aTeJbCTBA IOC/TIE-
HeW TeOPEeMEL, IOJE3HO B3IVIAHYTH Ha CICAYIOMNE KAD TUHKIN:

C(X) Je B(X) §
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JleBasg KapTUHKA MOKA3BIBAET, ITO JIOOOU HENpPEpPLIBHLIN (PYyHKIMOHAT F
Ha C(X) npogomxaercs (€JUHCTBEHHEIM 00Pa3oM) X0 wWiM-HEIPEPLIBHO-
ro ¢yaxmmonasa va B(X). A mmenno, mu Gepem mepy p € M(X), coor-
BercTByomyo F, n nomaraem mo onpegerenuio F(f) = /X fdp mna mo-

oon pyuxium f € B(X). B nokazaTeascTBe T€OPEMBI, IPOULTIOCTPUDPOBAH-
HOM Ha IPABOU KAPTHHKE, AaHAJOTMHYHAA IPOLEIypPa MPUMEHACTCA YiKE He
K QYHKIMOHATAM, & K IPeICTaBICHUAM. B 2TOll kapTUHKe 4Yepes €, , 060-
3HaveH ¢yuxnmonan Ha Z(H ), comocrasasionmn oneparopy I' € B(H) ero
(MATPUYHBLIN BIeMeHT» £, (1) = (Tz,y). IIponeaypa mpogomKeHus Ipes-
CTaBJICHUA T YCTPOEHA TaK: MO 3AMAHHOMY NPEICTABICHUI) T CTPOUTCA
dyukmuonal Fy, =&, , 0T na C(X), 3aTeM OH IPOOIKAETCA 10 PYyHK-
MIOHATA FLy Ha B(X) (cM. JeBy10 KapTUHKY ), & IOTOM BCe (DYHKIIMOHAIEL
F,, (CKICUBAIOTCA) B MPECTABICHAE 7 TIPU TOMOIITA COOTBETCTBHS MEXK Ty
OIIEPATOPAMHE ¥ IIOLY TOPATUHENHLIME (POPMAMH.

Io-gpyromy Teopemy 7.4 MOxHO repedOPMYINPOBATE TAK.

Teopema 7.5. [Iycmo X — xomnaxmmuoe xaycdopdoso monoao2uueckoe
npocmpancmso. Cyuecmeyiom KanoHuveckue 6ueKyuy

YHULAAL HBLE YHUMAADHBLE HENDPEPBIEHBLE
*-20MOMOPP UMb = *-20MOMOPPHUIMbL
C(X) — #(H) (B(X), wm) — (#(H),wo)

3deco omobpancenue, delicmeylouee CnPpasa MaLe60, CONOCMABAAEN, K-
acdomy 2omomopdusmy p: B(X) — B(H) eeco oepanuuenue na C(X),
a omobpancenue, JelicmayOuee CA8a4 HANPABO, CONOCINABAAEM KAHCIO-
my eomomopduzmy w: C(X) — B(H) eeo xanonuueckoe npodoaxcenue
nae B(X).

B kadecTBe ciecTBUA MBI IOMYYaEM TEOPEMY O CYIIECTBOBAHWUM OOpe-
JIEBCKOT'O UCYUCACHUS OT HOPMAABHOT'O OIIEPaTOpa.

Teopema 7.6. IIycmv T € B(H) — nopmaavneiii onepamop 6 2uavbep-
mogom npocmpancmee H, K C C — xomnaxm, codepacawuti o(T). Tozda
cywecmeyem eduncmeennoe bopesescroe ucuucaenue v, : B(K) — B(H)
omT wna K.

Hoxazamesvbcmaeo. [loCcTaTOYHO TPUMEHUTH TPEIBIIYIIVIO TEOpeEMY,
B3fB B KadeCTBe 7 HempepwiBHOe uckucaenue v.: C(K) — B(H) or T

na K. O

C yuerom Teopem 6.7 u 7.5 MBI MOxKEeM 1epedOPMYJUPOBATE TEOPEMY
0 60pEIeBCKOM UCYUCJAEHUN CJAEIYIOMMIM OOpa3oM.
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Teopema 7.7. ITycmv H — 2uavbepmoso npocmpancmeo, K C C — ne-
nycmot xomnarm. CYywecmsyiom KanonuuecKxue dueryuy

HOPMAALHDIE YHUMAAbHBLE
TeBH): = k-2oMoMOpPu3MbL p 2
o(TYCK C(K)— ZA(H)

YHUMAAbHDIE HENPEPLIBHDIE

= *-20MOMOP PU3MBL
(B(K), wm) — (#(H),wo)

3decv cmpeaxu, detdcmeyrouue mexcdy NEPevimM U 8MOPbLM MHONCECTNEAMU
me oce, wmo u 6 meopeme 6.7, a MEHCIY 6MOPLIM U MPEMbUM MHONCECTNEA-
MU — e Hee, wMno u 6 meopeme 7.5.

3amedqanue 7.6. [locrenuan TeopemMa — 3TO €Ile OMHA «BAPUAIINA HA Te-
My» TIPOCTEHIIEr0 ATreOpan<deckoro npuaiuuna (cM. . 1): aunetinvie one-
pamopst — amo npedcmasaenus aaeeopvt muozousenos Cli]. C sroun Touku
3PEHM, «XOPOIINE» JUHENHEIE OIIEPATOPHI— ATO «XOPOIIUE» MPEACTABICHE
anre6psl C[t], KOTOpEIE TPOIOMKAIOTCA HA Ty WM UHYIO aIrebpy QyHKINH,
comepxaimryio C[t]. B 9acTHOCTH, OrpaHUYMEHHBIE ONEPATODH! B GAHAXOBOM
MpOCTpaHCcTBe L —5T0 B TOYHOCTU HETIPEPLIBHLIE PEACTaBIeHA B F anre-
6pet neasrx Gyuknun O(C), a orpanuvennsie onepaTopsl B E co ciekTpoM
B koMnakTe K — 5>TO HEIpepLIBHEE NpencTapaenus B F aare6por poct-
k0B O(K) (cm. ra. 4). ITo xe xacaercs TeopeMsl 7.7, TO OHA OKA3EIBAET,
MPEACTABICHUAM KAKUX AIre6p OTBEYAIOT HOPMATILHEIE OTPDAHNICHHBIE OTIe-
PATOPHL B THALOEPTOBOM TPOCTPAHCTBE.

YTOORI JYIIE TOHATDH, KaK YCTPOEHO OOPENEBCKOE MCINCICHNE, TIOPO-
OyUTe OMUCATDH €ro I JEAYIOMNX «(KOHKPETHBIX) OEePATOPOB.

Yupaxuenue 7.15. Ilycts (X, ) —npocTpascTso ¢ Mmepon, ¢: X —C—
OorpaHWYeHHaA maMepuMasa QyHknua. OmummTe OOPETeBCKOe HCIUCICHUE
qus omeparopa ymuoxenusa M, meincrsyiomero B L?(X,p). Ilpn srom
00paTuTe BHEMAHKUE Ha, CIEAYIOIE IACTHBIE CIYIau:

1) auarosatbHLIN omepaTop My B £2;

2) omepaTop YMHOXKEHUS Ha (He3aBUCUMYIO mepemennyio» My B L%[a, b,
gencreyomun o npasuny (M f)(z) =z f(x).

Ynpaxuenue 7.16* (q1a /moGurened rapmMoHmdeckoro anamsa). Omnu-
muTe GOPEeIeBCKOe NCIUCICHUE IJIA OMEPATOPOB CABUCa B IPOCTPAHCTBAX
02(Z), L*(T) u L*(R).

Yxazanue. CIBUr — 5TO CBEPTKA ¢ -QPYHKIUEN.
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IMocMoTpum Teneph, KAKUMEU OOIIUMU CBOUCTBAaMU 00JgagaeT GOpeneB-
ckoe ucqucaenue. [lepBoe u3 CIEAyOIMUX CBOUCTB BHOJHE MPEACKA3YEMO
(cp. ynpaxuernus 4.12 u 6.12).

Ynpaxuerue 7.17. lycts K, L C C—xovnaktei u 0(T) C K C L. O6o-
3HaIUM depe3 ’ylf( u ’ybL 6openeBckme ucuucaenus ot 1' ma K un L coot-
BETCTBEHHO, a depe3 rri: B(L) — B(K)— roMoMoppu3M OrpaHUIEHU.
Jokaxkure, 9TO CIEAYIOMAA AUAIDAMMA KOMMYTATUBHA!

(H)

7

B(K) ™

IMockonbKy 60PENeBCKOE NCINCAEHNE TPOAOIKACT HEMPEPLIBHOE U HE 3a-
BHCHAT OT BEIGOPA KOMIAKTA, cogepxkamero o (1), Mbl B fansHenmeM Gy 1em
BMecTO Yy ( f) ucnoaszoBars yike npussianoe oboznadenue f (1) (muis aobon
orpanndenHon Gopenesckon ¢pyukuuu f Ha o(7T)).

HanmoMmuuM, 9TO Kak 1A TOIOMOPMHOrO, TAK U IIA HEMPEPHIBHOTO UC-
YUCJEHUA CIPABEIJUBE NBE BayKHBIE TEOPEMBL: TeopeMa 06 0TOODaKeHUN
cuekTpa u Teopema o komnosunuu (cM. §4.2 u 6.3). Kpome Toro, menpe-
PBIBHOE HCYIWMCJECHRE HA CIEKTPE H30MeTpudaHo (Teopema 6.6). EcrecTsenno
HOMHTEPECOBATHCA, CIPABEIINBLI I AHAJOTHIHEIE YTBEPKICHUA 1A 60pe-
JIEBCKOT'O MCIUCICHUA.

Yopaxuenue 7.18. 1. ABageTcs a1 U30METPUIHBIM OOPEIEBCKOE MCHN-
cienne vy : B(o(T)) — B(H)?

2. Bepno au, uro o(f(T)) = f(o(T)) muns mobon f € B(o(T))?

3. llycre K D o(T) —xomnaxr, f € B(K), L D f(K)— apyroi koM-
nakt, u g € B(L). Bepro ju, aro g(f(T)) = (go f)(T)?

3ameuanue 7.7. JleBas 9acTh HOCICIHErO PABEHCTBA UMEET CMBICI, IIO-

ckompry o(f(T)) = o(w(f)) Co(f) = f(K) C L.

Bor eme 0iHO momesHOe IPUIOKEHNE OGOPEIEBCKOrO MCUUCIEHHI (Cp.
ympaxkHenue 4.21).

Yupaxuenue 7.19. Ilycte U € B(H) — yunrapusim oneparop. Jokaxu-
Te, IYTO CYMIECTBYET TAKOU camMoconpskenuun omeparop T € AB(H), aro

U =exp(iT).

Caenyrolnee yopaXKHeHHe TOKA3BIBAET, 9TO M OOPATUMBIX HEYHUTAP-
HEIX OIIEpaTOPOB AHAIOTUYHOE YTBEPKAeHNe, BOOOIIe IOBOPS, HEBEPHO.
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Yupaxuenue 7.20*. Jokaxure, UTO CYLUECTBYIOT TUILOEPTOBO IIPO-
crpanctBo H u obparumen oneparop U € B(H), ne upescTaBUMbIl B BUIE
exp(T) au naa xaxoro T € B(H).

Yxazanue. B xavectse H nonotizer mpoctparcteo L2(V) N O(V) xaa
HekoTopon kiaaccuieckon obmactu V C C. (Cm. Takxke Oomee mpocrToe
yupazkHeHue 4.22.)

JIutepaTypHBIE yKa3aHUS

MaTepuat 0 COOTBETCTBAN MEXKIY ONEPATOPAME U IIOLYTOPAJIMHEHHEI-
MU (POPMAMU CTAHLAPTEH W €CTh TOYTH B JIOOOM YIeOHUKE MO (PYHKIMO-
HAJTBHOMY aHAIN3Y; MBI CJI6I0BAIN, B OCHOBHOM, Kuure [30]. IIpo xommiexc-
HBIE MEpBI MOXHO MPOYNTATh, HAIPUMED, B KHUrax [J, 31]; MBI moIb30Ba-
auch Takxke gekumavu P.Onsapaca [37]. Tepmun «caaGo-mepuas To10J0-
rus» npunagtexur A. . Xeremckomy; em. [30]. Cirabo-oneparopHas ToHO-
JIOTYA — OHA U3 CTAHAAPTHLIX TOMOJOIMH, TABHO UCIOAL3YEMBIX B T€OPUN
omepatopabix aare6p. Ormernm, 4To, kpome Hee, Ha HB(H) ecTs eme mo
KpanHen Mepe NATH BAXKHBIX HEHOPMUPYEMBIX Tonogorui. O HEKOTOPEIX 13
Hux cM. [29, 30, 20, 2]. IIpu manokeHun Te0peMbl 0 GOPEIEBCKOM MCUUCICHUN
MBI CIEN0BAMM, B OCHOBHOM, KaMTe [29]. Heckombko apyroe noxa3aTeancTBo
(BIs Coy9as CAaMOCOIPSKEHHOTO OMEePATOpa) mpuBeneHo B yaeGHuke [30].
Cwm. maxxe [14, 23, 26, 10].



8. CIIEKTPAJIbBHAA TEOPEMA

CrexTpanbHas TeopeMa — 3TO, B CYIIHOCTH, HE OJHA TEOpPeMa, a He-
CKOJIbKO TECHO B3aMMOCBA3AHHBLIX YTBEDKIEHUM, ONUCHLIBAIOIINX CTPOCHUE
MPOU3BOILHOTO HOPMAILHOT'O OMEpATOPa B TUILOEPTOBOM MPOCTPAHCTRE.
Kakoe MMeHHO M3 DTHX YTBEPXKACHUM CIENyeT HA3ZBIBATH «CHEKTPATLHON
TeopeMom» — geno BKyca'. UTo6H AyHIle TOHATH CMEICT CTIEKTPAIBHOH Te-
OPEMEI, MOJIE3HO BHAYANE BLIACHATD, KAK OHA BEIVIAIAT B KOHETHOMEPHOM
CIy9ae.

B kypce muHETHON ATTe6phI OOBLITHO JOKABLIBAIOT, ITO KAXK AT DPMUTO-
Ba MATPUIA IUATOHAIMIUPYETCA B TMOIXOAANIEM OPTOHOPMUPOBAHHOM 0Oa-
suce. Ha s3bike omepaTopoB 9TO O3HAYAET, UTO KAXK IBIA CAMOCOMPAKEHHBIN
oneparop T € #(H) B KOHEIHOMEPHOM I'UALOEPTOBOM HpocTpancTse H

uMeeT BUI
m
T=> \Ey,
k=1

roe Ej — OPOEKTOPBEl HA NONAPHO OPTOrOHAIBHBIE IIOAIPOCTPAHCTBA.
CuexTpanbHas TeopeMa ABIAeTCA 000OIIEHnEM 3TOT0 yTBEPK IeHns Ha 6ec-
KOHEIHOMEPHEN caydan. OHa yTBepKIaeT, TOBOPA HeGOPMATLHO, UTO JIHO-
OO CaMOCONPAXKEHHBIN (1, 6ogee O6ImUM 06pa3OM, JTOOON HOPMAIBLHBIN)
oneparop T' B runb6epTOBOM TPOCTPAHCTBE H MOKHO B HEKOTOPOM CMBICJE
«PA3MOKUTE 10 NPOEKTOpaMy. CyleCTBEHHOE OTIMYHRE OT KOHEITHOMEPHOI'O
CJIy4as COCTOUT B TOM, YTO 3TO PA3JIOKEHHUE YKE HE ABIACTCA KOHEIHOU
JUHENHON KOMOHMHAIIMEH MPOEKTOPOB U NayKe He ABIACTCA CYMMOU PAIA.
[lemo B TOM, 9TO ecau Kakou-To onepaTop 1’ mpeAcTaBuM B YKA3aHHOM BEI-
e BHUIE, TO MPOEKTOp ) 00s3aH OBLITL TPOEKTOPOM HA €0 COOCTBEHHOE
MOAIPOCTPAHCTBO, OTBEYAONIEE COOCTBEHHOMY 3HAYMEHUIO Ag. HO, KaK MBI
yxKe 3maeM, y T MoxkeT BooOLIEe He OLITL COOCTBEHHLIX 3HAYCHUN.

Brixon us »Tou cuTyanum Takos. BCIOMHMM I0Ka3aTeILCTBO TEOPEMBI
0 OOPEJIEBCKOM UCUUCIeHUN (CM. MPEALIAYIYIO TuaBy). B mokasarerbcree
Y1aCTBOBAJIN HEKOTOPHBIC KOMIIICKCHBIC MEDBL ,U’l“,y7 3aHYMEPOBAHHEBIC TTapa-
MU BeKTOpOB %,y € H. Hamomuum (cM. dopmyay (7.3)), 9ro mis aobon
orpanudentou 6opesesckou dpyuxuuu [ wa o(T') oneparop f(T) ogHoznad-
HO OIIPENeNseTCA PABEHCTBOM

(f(T)z,y) = ) dpiay (N).
a(T)

1Cm. no sToMy moBony 06CyXneHue B KHUTE [23].
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B uacrrocTH, pu f(A) = A MBI HMeeM
To)= [ Aoy
o(T)

STa GopMyIa HABOAUT HA CASIAYIONIYIO MBICIb: & HETB3A Ju caM omepaTop 1’
OPENCTABUTh B BUAE HEKOTOPOro (Ha DTOT pas — ONEepaTOPHO3HATHOIO)
WHTEerpaa

T = /0_ PRI

(mOHMMAEMOro B KAKOM-I100 Pa3yMHOM CMBIC/IE, HAIPUMED KaK MDA UH-
TerpaitbHbix cyMM)? OxasbiBaercs, MOXKHO. B 5TOM Kak pa3 U COCTOUT
cuekTpanbHas TeopeMa (TO4Hee, OQMH U3 ee BapUaHTOB). UTOOBL HPUAATH
CMBICI TIOCTEAHEN (POPMYJIe, HYKHO CIEPBA ONPENEIUTh, 9TO B HEU TOTK-
HO CTOATH BMECTO BOMPOCUTEIBLHOTO 3HAKA, T.€. MO KAKOU Mepe 0epeTcs
uuTerpana. Mepo, ydacTBywoume B (GOPMYIUPOBKE CIEKTPAIBLHOU TEOpe-
MBI, IDUHAMAIOT 3HAYECHUA B MHOXKECTBE [IDOEKTOPOB U HA3BIBAIOTCA CTek-
MPaALHOLMU MEP QMU

§8.1. CmekTpajibHbIE MEPHI

Iycts H — rumasbepToso npoctpancTso. O6osuaqtum gepes PR(H) Muo-
JKECTBO Bcex opTompoekTopoB B H. OueBuano, umeercs OGUEKIUA MEX Iy
PR(H) 1 MHOXECTBOM BCEX 3aMKHYTHIX BEKTOPHBIX HOANPOCTPAHCTB B H |
COMOCTABIIIOMAA KAXKAOMY IPOEKTOPY ero o6pas. Ilpu sToM OkasbiBaeT-
Csl, ITO MHOTHE T'€OMeTPUIECKNe COOTHOIIEHUsA MEX Y TOAIPOCTPAHCTRA-
MU MOYKHO TIEDEMNUCATL B BUAE AJreOpAMYecKUX COOTHOIIEHUN MEX Y MPO-
ekTOpaMu. BOT HECKOIBKO MLTIOCTPALNH.

Ompegenenue 8.1. Bynem rosopurs, ato npoekrops P, Q € PR(H) op-
moeonaavnbt (u nucars P L @), ecoiu Im P | Im Q).

Yupaxuenme 8.1. Jokaxure, aro P1LQ < PQ=0< QP=0< P+Qec
€ PR(H), v aro upu srom Im(P + Q) =Im P & Im Q.

Yopaxuenue 8.2. [lycre P, ) e PR(H). dokaxure, uro PQ ePR(H) &
< PQ =QP, u aro npu arom Im(PQ) =Im P NIm Q.

B manpmenmmem HaM Takxke MOHAIOOMTCA CAELYIOIIEE CBOUCTBO OPTOrO-
HAJIBHBIX IPOEKTOPOB.
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Ynpaxserue 8.3. IIyctes Pi,...,P, € PR(H) u P, L P; mpu i # j. Jo-

KaxXXuTe, 9TO
n
E )\kPk = max |)\k|
1 1<k<n

IS JIIOOBIX Ag, ..., A, € C.
IIycrs Teneps X — MHOXKECTBO, &/ — g-aarebpa, ero noIMHOKECTB.

Ompegenenne 8.2. Orobpaxenne E: o/ — PR(H) mHasbiBaeTca cnex-
mpaabrotl mepoil, ecam

1) E(2) =0;

2) E(X) =1n;

3) ( L] Ak) Z E(A},) npu ycaoBun, uro A; N A; = @ npu i # j;
4) (A ﬂ B) = E(A)E(B) st mobex A, B € o .

3ameTuM, 9TO U3 HOCJIeIHErO cBOUCTBA clenyer, 4ro E(A) L E(B) npu
AN B =g. flcho Takxke, 9TO CBOUCTBO 1 CAEIyeT U3 CBOUCTBA 3.

Yupaxuenue 8.4. /[okaxkuTe, UTO CBOUCTBO 3 B OMPENEICHUM CIIEK-
TPATBHOU MEPHI CJAeIYET U3 CBOUCTBA 4.

Yupaxuenue 8.5. [Iycte o-anrebpa &/ COOEpKUT BCE OTHODJIEMEHT-
HBIE IIOAMHOXKECTBAa MHOXKECTBa X. OHI/IHII/ITG BC€ CIEKTPaJbHBIE MEPbI

o/ — PR(C).

IIpepnoxenne 8.1. [Iycme E: o — PR(H) — cnexmpaavnan mepa. Aan
awbuiz x,y € H u awbozo A € o7 nosowcun E, ,(A) = (E(A)z,y). Tozda
By € Moy (X) u || Egy |l < [lllllyll-

Hoxazameavcmeo. Ouesuguo, E, , — mepa Ha &/. Ir06bl H0KA32TH,
9TO OHA MMEET OrPAHMYEHHYIO BAPHUALNIO, BO3LMEM JMIOG0M KOHEYHBLIA Ha-
6op {A;}, C &/ momapHO He HEPECEKAIOMMXCA MHOXKECTB U [IId Ka-
xgaoro k=1,...,n mogdepem A, € C Tax, 9TOOBI BHIMOJHAIUCH YCIOBUA
(E(Ar)z,y)| = Ae(E(Ar)z,y) n |\;| = 1. C ygeTom ympaskHenus 8.3 mouay-
9aeM

Z| Akmy\_ZAk (Ap)z,y) = <ZAkEAA)my>

)|zl lyll < [zl

WNuaze roeops, E, , uMeer orpann<eHHylo Bapuanumo, u |E,
i qoboro A € 7. JlaabHeninee 0YeBUIHO.

(A) < [l
O
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IIpumep 8.1. Ilycts (X, <7, u) —upocTpancTBo ¢ Mepou, u mycts H =
= L*(X, p). Mdusa xaxporo A € o nonoxum E(A) = M, (oneparop ymMHO-
KEHVWA HA XaPAKTEePUCTUIECKYIO GyHkmmio mEOox)ecTBa A). Torga, ogesua-
HO, F — crekTpanbHas Mepa Ha /. Ecim Mepa i KOHeYHA, TO (DYHKIINS,
TOX eCTBeHHO paBHas 1, nexut B L2(X, pu) u p= Ey 1.

Bot 4yTh Gosee obmmu mpuMep.

ITpumep 8.2. llycte p: By (X) — HB(H) — yHUTAIBHBIN *-TOMOMOD-
dusm. Torga
Ef: o —PR(H), E’(A)=p(xa),

— CIeKTpanbHaA Mepa Ha & .

OxaseiBaeTCsA, IPYIUX CIHEKTPAJBLHBIX Mep u He ObiBaeT. Todunee, crpa-
BEJIIUB CJAETYIONNN PE3YIbLTAT.

Teopema 8.1. IIycmv E: of — PR(H) — cnexmpasvhas mepa ma o-aa-
eebpe o/ C 2X. Toeda cywecmeyem eduncmeennviii yHUMatbmbili *-20M0-
mopgusm I : By (X)—B(H), ydosaemsopaowui ycaoswio Ig(xa)=E(A)
dasn moboeo A € of . Ilpu smom

s (), y) = /X fdE,, (8.1)

dan w1060t gynkywy f € By (X) u aobvix x,y € H.

Hoxasameavcmeo. 3adpukcupyem f € B, (X) n pus mobbix z,y € H no-
JIO2ZKWM

@f(xvy):/xdew,y

Nx onpenenenus mepsl 2, , cregyeT, 4To & — MOTyTOPATHHENHAS (HOPMA
ua H. Kpowme Toro, ¢ yueTom mpemioxenns 8.1 mosydaem

@5 (z, )| < FINEe | < [F Iy,

nosToMy dopma Py orpammuena u ||Pr|| < || f||. Crezosarensro, cye-
cTByeT enumHCcTBeHHBIN oneparop Ig(f) € B(H), ynoBIETBOPAIOIIAN yCIO-
Buio (8.1). Jlerko Bugers, 4To moaydeHHoe orobpaxenue Ip: By (X) —
— %B(H) mmenno u || Ig(f)|| = ||Ps]| < || f|| pas moboit pynxunu f € By (X).
W3 pasercrsa (8.1) crepyer rakxke, 9ro Ip(xa) = E(A) gis ao6oro A € o7,
TO3TOMY

Ig(xaxB) =1e(xanB) = E(AN B) = E(A)E(B)

s mobeix A, B € o/ . CrepoBaTenbHO, orpanndenne orobpaxenus g Ha
anrebpy S (X) mpocToix GyHKINI — romMmoMopdpusm. U3 HempepoiBHOCTH
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orobpaxenus Ip m miorHocTu mnogaare6psl Sg(X) B By(X) b 3a-
kimogaeM, 9T0 Ip: By/(X) — #(H) —romomopdusm. Orcroga xe cregyer
YyTBEpXKI€HUE O efuHcTBeRHOCTH roMoMopduama g, Hakowern, nockombky
By, =FE,, 813 100uX z,y € H, MBI TOTy1aeM

<IE(]E)377ZJ> :Adez,y :/deE & =
= {Ie(f)y,x) =(z,1s(f)y) = Ie(f)"z,y).

CurenoBarensuo, I g — s-romomopduam. Teopema mokaszana. O

Ompepenenue 8.3. Jus mobou Gyuxuuu f € B (X) oneparop Ig(f) na-
3BIBACTCA UHME2Pasom PyHKIUM [ 1o crnekTpanbron mMepe E m o6ozmada-
erca Jepes

/ FO BN,
X

3ameuanue 8.1. Brr, HaBepHOE, 3aMEeTUAN, ITO JOKA3ZATETLCTBO MOCE]-
Hel TeOpeMHl IIOXOXe Ha JOKA3ATEILCTBO TeOpeMBI 7.4 O IPOIO/IKEeHUN
npencrasiennn ¢ C'(X) na B(X): B 060UX CIyYasx IPUMEHACTCA OJUH U TOT
XKe TIPUEM «CKJICMBAHUS) TPH ITOMOIIY IOy TOPATMHENHBIX (POPM.

C yuerom mpumepa 8.2 MOCJAEIHIOID TEOPEMY MOXKHO mepedopMyaupo-
BAaTb CICTYIOMUM OOpa3oM.

Teopema 8.2. Ilycmv X — mnoncecmeo, o C 2% — o-aazebpa e2o noo-
muoscecms. Cyuecmsyiom Kanonuveckue oueKyul

{ CNEKMPAAbHbLE Mepbl} _ YHUTNAADHBLE *-20M0MOPPU3MbL
o — PR(H) - By (X)— #(H)

3decvy omobparcenue, deticmeyouee CNPasa Hate60, CONOCTMABAAEN 20MO-
mopduamy p: By(X) — B(H) cnexmpasvuyio mepy EP (cm. npumep 8.2),
a omobpaxcenue, delicmeylowee caeéa HANPABO, CONOCMABAKEM CNEK-
mpasvnoti mepe E: of — PR(H) eomomopdusm Ip: By(X) — B(H).

ITpumensas Ty TeopeMmy K 60OpeIeBCKOMY UCHYUCIEHUIO OT HOPMATHHOT'O
OMEPATOPA, TMOIYIAEM CAEIYIOIINN PE3YIbLTAT.

Caepcrue 8.1. [Iycmp T € B(H) — nopmaavneiti onepamop, K C C —
xomnaxm, codepaucawuti o(T). Toeda cywecmeyem maras cnexmpasbras
mepa E: Bor(K) — PR(H), wmo

T = / AdE(N). (8.2)
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IIpu amom das w060t gynkyuu f € B(K) cnpasedausa gopmyaa

(1) = /K FO)dE(N). (3.3)

§8.2. PeryasapHsble crieKTpajJbHbIE MEPHI U IIP€ICTaBICHUAS
amre6pst C(X). CnekTpaibHas TeopeMa

CaenctBue 8.1 MOXKHO pacCMaATPUBATL KAaK HEKMH «CypporaT» CIIeK-
TpanabHOU TeopeMmbl. [lodemy «cypporam»? [Jeno B TOM, YTO CHEKTPAILHASA
Mepa, 0 KOTOPOU 31eCh UAET Pedb, ONPEIeaseTcs COOTHomenneM (8.2) He-
OMTHOBHAYHO (XOTs, KOHETHO, 60Jee CUiIbHOE yeiosue (8.3) Breder 3a cobon
pasercTBo E(A) = x4(T) u noaHocThIO onpenenser Mepy F). Ognako 60-
PEJIEBCKOE UCIUCICHAE — BTO He MPOCTO YHUTAMBHBIA #-TOMOMOD(HU3M 13
B(X) B #(H), ou ewe u HenpepblBEH OTHOCUTEALHO CIa00-MEPHOU TOMO-
qgoruu wm Ha B(X) u caabo-omepaTopuon Tomosoruu wo ua B(H). Io-
5TOMY, 9TO6BI JOOUTHCA KEIAEMOT0 B3AUMHO OJHO3HATHOT'O COOTBETCTBUA
MEXK Y OMEPATOPAMHE U CIIEKTPAIBHBEIMY MEDAMU, €CTECTBEHHO MOMBITATHCA
BBIACHUTD, KAKUE CIEKTPAIbHBIE MEPH OTBEYAIOT FOMOMOP(U3MaM, HElpe-
PBIBHBIM OTHOCHTEIBLHO 3THX «OCIA0ICHHBIX) TOMOJOTHH.

Hrax, mycte Temeps X — KOMIAKTHOE XayCAOP(POBO TOMOJIOIUIECKOE
OPOCTPAHCTBO.

Onpegenenue 8.4. loopaT, 4To cmnekTpamsHas Mepa E: Bor(X) —
— PR(H) peeyaspna, ecmn gna mobwx z,y € H xommrexcuas mepa F, ,
peryisapHa.

Ipepnoxenne 8.2. Cnexmpasvnas mepa E: Bor(X) — PR(H) peey-
aapna < 2omomopdusm Ig: B(X) — B(H) nenpepvisen ommocumesbno

caabo-mepnot monoaoceun wa B(X) u caabo-onepamopnoii monosoeuu na

Hoxazameavcmeo. (=) Eciu mepa E peryaspha, T0 gt J00bIx &,y € H
u mo6ou f € B(X) BEIIOIHEHBI PABEHCTBA

s ()l = [Te (.3} = \ [ £dE =111,

Orcrooaa caeayeT HEMPEepLIBHOCTEL TOMOMOpdU3aMa [p OTHOCHTEILHO YKa-
3aHHBIX TOIOJOIHH.

(<) 3aduxcupyem npoussoasuse z,y € H. U3 wm-wo-uenpepsiBHOCTH
roMoMopdusMa [ clenyer, UTO HAUAYTCS fii,..., s, € M(X) u C >0,
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YAOBJCTBOPAIOIINE YCIOBUIO

e (Pllz.y < C max [ f],, (8.4)

1<k<n

s modon pyakumn f € B(X). Honoxum p = Z |k ); Torma pe M(X)

u p > 0. [logcrasnas B wepasencTso (8.4) BMmecTo f q)yHKumo X B, IOIyIaeM

B2y (B) = (E(B)z,y)| < € max |u(B)| < Cu(B).

m
CrenoBaTensHo, As A000r0 paséuenns B = | | By Mbl uMeeMm
k=1

S 1By (B <O w(By) = Cu(B),
k=1

k=

nosromy |E, ,|(B) < Cu(B) mis m1o60ro 60peneBckoro Muoxecrsa B. s
5TOr'0 HEPABEHCTBA U PEryIAPHOCTH MEPHL (4 HEMEIIEHHO CIeqyeT PEryJsip-
HOCTb MepeL Fy 4. O

H

IMoxgBemem mTorn.

Teopema 8.3. ITycmp X — xomnaxmmuoe xaycdopdoso monoso2uueckoe
npocmpancmso. Cyuecmsyiom Kanonusveckue OueKyuu

YHUMAALHBLE YHUMAALHOLE HENPEDLIEHDLE
{ *—20M0M0pg3u3sz} = { *-20MOMOPPU3MbL } =
C(X)— %B(H) (B(X),wm) — (B(H),wo)
peYaAPHbIE
= { CNEKMPAAbHBLE Mepbl} .
Por(X) — PR(H)
Buexyuu mencdy nepevim u 6MOPLIM MHONCECTNBAMY ONUCAHLL 8 Meope-

;e 7.5, a buexyuu medncdy 6MOPLIM U MPEMbUM MHONCECTNEAMU — 6 Me-
opeme 8.2.

Haxouer, 06beuHAA TOCIEAHIO TEOPEMY C TEOPEeMOu 7.7, MBI TTOTyYa-
eM CIefyIolee yTBepXK JcHHE.

Teopema 8.4. I[Iycmv H — 2uavbepmoso npocmpancmeo, K C C — ne-
nycmot xomnaxm. Cyuecmsyiom KanHonuveckue OueKyuy

HOPMAALHBIE ONEPATMOPBL YHUMAALHBLE
TeABH): = k-2omomopPusmot y =
o(T)CK C(K)— #(H)

YHUMAALHBIE HENPEPLIEHBLE pe2yaapnble
=2 *-20MOMOPHusMmb = { CneKmpaabHvie Mepbi
(B(K),wm) — (A(H),wo) Por(K) — PR(H)
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Bor, nakower, u cnekTpanbHas TEOPEMa B €€ TPATUIUOHHON (hOPMY.IU-
DOBKe.

Teopema 8.5 (cmekTpambHas TeopeMa IId HOPMAILHOI'O OIEPATOpa).
ITycms H — euavbepmoso npocmpancmeo, T € B(H) — nopmaavubiti one-
pamop, K C C—xomnarxm, codepucawuii o(T). Tozda cywecmsyem edun-
cmeennas pezyaapnas cnexmpaavhas mepa E: Bor(K) — PR(H), ydosae-
MBOPAOULAA YCAOBUIO

T /K NAE(). (8.5)

IIpu amom das 060t dynkyuu f € B(K) cnpasedausa gopmyaa

(1) = /K FO)dE(N).

Loxazameavemeo. [l0CTATOTHO BOCTIONB30BATHCA OUEKITNEN MEK Ty TIEP-
BBIM ¥ TIOCJAEHUM MHOXKECTBAMU B MPEALIAYIIEA TEOpeMe. [

Yopaxuenue 8.6. B yciosusnx Teopemnr 8.5 gmokaxure, uro E(B) =
=E(BNo(T)) pua aoboro 6operesckoro MuoxkecTsa B C K (unawe roso-
pa, mepa E «cocpenorouenay Ha o(T)).

Onpegenenne 8.5. Crnekrpanbuas Mepa F, purypupyiomas B GOpMy.Ia-
POBKE CHEKTPAJBLHOU TEOPEMBI, HA3LIBAETCA PA3A0HCCHUEM EOUHUYBL OIe-
patopa T', a mpoexkTopsl E(B) (A11 BCEBO3ZMOKHEIX GOPENEBCKUX TIOIMHO-
wects B C K)—ero cnexmpaabnoimy npoexmopamu. Popmyaa (8.5) ma-
3BIBAETCA CNEKMPAALHLIM Pa340Hcenuenm onepaTopa 1.

Yupaxuenue 8.7. Quuinure pasaoKeHne eUHULBL I OEPATOPOB yM-
HOXKEHUA U CIBUTA U3 yIpaxkueHuu 7.15 u 7.16*.

B zakaodenre mocMOTPUM, KAK B TEPMUHAX PABIOKEHUS €IAHAIBT MOXK-
HO ONHUCATH COOCTBEHHBIE NOAIPOCTPAHCTBA U TOYEUHBIU CIEKTDP HOPMAJb-
HOI'O olepaTopa.

Ipepnoxenne 8.3. [Tycmo T € B(H) — nopmasbHbiil onepamop, 4 nycmsp
E: $or(K) — PR(H) — e20 pazaoncenue edunuypi. Tozda

1) Ker(T — A1) =Im E({\}) mna moGoro A € o(T);

2) 0p(T) ={A e o(T): E({A}) # 0}

HAoxazameavcmeo. Ouesuano, B aarebpe B(K) cmpaseniumso paseH-
ctBo (t — A)xiay =0 (3a€ch, Kax u mpexje, Uepes ¢ 0603HAUEHA DYHK-
uua (z) = z). Ilpumenss 6GopeneBCKOE UCUUCIEHUE 7Y, HOAYIaEM, €UTO
(T —ADE({A}) =0, m.e. ImE({A}) C Ker(T' — A1). [lokaxeMm npoTHBO-
[OMOKHOE BKIIOYCHIUE.
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Yupaxuenue 8.8. [lokaxure uro s jawoboro S € B(H) cupaseniuso
pasencTBo Ker S = Ker §*S. Kak caencrsue, eciu oneparop S HOpMaJeH,
1o Ker § = Ker S*.

U3 sroro ynpaxkuerus caegyer, ato Ker(T — A1) = Ker(T* — A1). Cue-
goeaTenbHo, g moboro ¢ € Ker(T — A1) u n106bx m,n € Z BBIIOJIHEHO
PaBEHCTBO

T(T*)"z = A"\"z. (8.6)
O6osnaunm wepes P C B(K) yHuTampHyo TOgaarebpy, MOPOXKICHHYO
dynkumamm ¢ u t. Torma us pasenctsa (8.6) creayer, aro f(T)z = f(A)=
s roton gyukmun f € P.

Tenepn 3adguxcupyeMm Ipou3BoIbLHLIA BeKTOp iy € H. U3 croucts Gope-
JIEBCKOI'O MCYUCJIEHUS CAEAYeT, 9TO OTOOPAKEHUs

f={fMz,y) n fr=fN){zy)

ABJAIOTCA HENMPEPLIBHEIMY JUHEUHEIMA (hYHKITHOHATAMY HA TOJUMHOPMUD O-
BaunuoM npocrpancrse (B(K),wm). Kax 65110 OTMEYEHO BBIIIE, OHU COBIIA~
paror Ha nogaiareope P C B(K). Ho sta nogaure6pa mwiorsa B (B(K), wm)
(movemy?), Tak 9TO >TH PYHKIUOHATLI COBIATAIOT HA Been anrebpe B(K).
Beuay npoussoasrocTu y € H Mub1 sakaodaeM, uro f(T)x = f(A\)x gaa azo-
oon ¢pyuxnun f € B(K) u awo6oro x € Ker(T — A1). Hoaaras B nocaegnen
dopmyne f = x(r}, Mbr nomyuaem E({A})z =z, 1.e. 2 € Im E({\}). C yue-
TOM CKa3aHHOT'O BEIIIE DTO TOKA3EIBAET yTBEpKaeHue 1. Yreepxkaenue 2 —
STO IPAMOE CIENCTBHE yTBEPKICHAS 1. O

§8.3. CmekTpaibHasg TeOpeMa B TEPMHUHAX MHTErPaIa
Pumana—Cruirseca

O6cyauM Temepbh HECKOJABKO MHOW MOOXOX K CIHEKTPAJLHOU TeopeMe,
OCHOBAHHBLIN HA MOHATHUY OEPATOPHO3HAMHOrO nHTerpasa Pumana—CTumi-
Theca. XOTA DTOT TOAX0] MeHee OOIINU, YeM MPeALIAVIIUN, U TaeT MeHee
CUIBHBIE PE3YJbTATHL, ¥ HETO €CTh U OMPEJEJeHHBIE JOCTONHCTBA — B TIEP-
BYIO OY€penb KOHCTPYKTUBHOCTL. KpoMe TOro, OH TEXHUYIECKH MPOIIE, I0-
CKOJBKY HE OIIMPAETCA HA OOIIYI0 TEOPUIO MEPHL.

HanmomuuM BHauamze KIACCHYECKOE ONpenejeHne MHTerpata Puvmana—
Crunrreca. Iycts ¢: [a,b] — R — HexoTopas HeyORIBAOMIAA (YHKIIUA.
BosbMmem kakoe-mnbo pazbuenue

a=X <A <...< A\ =0

orpeska [a,b] u Ha kaxgom orpeske pazbueHus [A;_i,A;] BolOepeM TOU-
Ky &;. lloryuennoe pasMedennoe pasbuenue obozHadmm depes P(A, £); ero
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IMaMEeTPOM Ha3bBaeTCsa ducio d = max (A; — A\;—1). Bospmem dyukmmo
1<i<n

fi]a,b] = C u kaxgomy pasmedenHomy pasbuenuio P(A, ) comocraBum
HHTETPAILHYIO CYMMY

S(f,P(A,€)) Eyfz Ai) = (Xim1)).

ITo onpepenenuio uuciao I € C uaswpiBaercs unmeepasom Pumana—Cmua-
myeca GyHKIUT f 110 0TPE3KY |a, b] oTHOCHTENBHO (©, ecan nus ao6oro e > 0
CymecTByeT Takoe § > 0, 970 1J1d J060r0 pasMedeHHoro pastuenus P(\, )
¢ AMaMeTpoM MeHbIe ¢ BeIMoaHeHO HepapeHcTBO |S(f, P(A,€)) — I] <e.

ITpu sTom mummyT
b
= [ syden

Ecau ¢(\) = A, TO MBI Oy 1aeM OOBIMHOE ONpeeaeHne nHTerpaia PuMana.
Kak u B ciyuae marerpana Pumama, MOXHO MIOKa3aTh, 9TO 40004 Henpe-
puisnas na [a,b] Pynryus uwmeepupyema no Pumany—Cmuamopecy.

Amamornvyuoe ompefeseHne MOXHO IaTh W B TOM CIydae, KOTIA ¢ —
HeyOrBaomaa (pyHKIMA co 3Hadenuamu B PR(H ). Konewno, nua Toro 4ro-
OBL CJIOBO «HEyOLIBAIOWIAY MMEJO CMBICA, HAJ0 CIepBa BBECTU OTHOIICHUE
nopsagka 8 PR(H).

Yupaxuenue 8.9. [Iycte H — runb6epTOBO TIPOCTPAHCTBO, W MYCThH
P, € PR(H) — upoekropnl. [lokaxuTe, 9TO CICAYIOIIUE YCJIOBUSI DKBU-
BAJIEHTHEL

1) Im P C Im @

2) PQ=QP=P;

3) (Pz,z) < (Qz,z) nns modoro x € H;

4) Q — P e PR(H).

Ompegenenue 8.6. Ecau mpoekTopn P, () € PR(H) yIoBIeTBOPAIOT 3TUM
YCJIOBUAM, TO TOBOPAT, ITO P ne npesocrodum Q, n numyt P < Q.
Yupaxuerue 8.10. IIycte E: [a,b] — PR(H), E(\) = E\ — uey0uiBaio-
mas GYHKINA, YIORJIETBOPAoman yeaosuam F, =0, F, = 1.
1. llycts f: [a,b] — C. Janre onpegenenne naTerpata Pumana—Crum-
b
THECA, / f(A) dEy xax orpamum+enHoro omeparopa B H u gokaxwure, 9T0
a
OH CYIIECTBYeT, ecau (PYyHKIMA [ HEIpPEPHIBHA.
b
2. Tonoxum T :/ AdE)y. Joxaxure, uro T* =T, O'(T) [a,b] u gas

mobon ¢pyaxumn f € Cla, b] Bumonueno pasencteo f(T / fA) dE,.
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Taxum o6pazom, kKaxnon HeyOuiBatowen ¢yuxknuu E: [a,b] — PR(H)

COOTBETCTBYET CAMOCONPSKEHHBIN omepaTop 1’ = /b AdE) € #(H). Oun-
mIeM Tenepb OOPAaTHYIO KOHCTPYKIUIO, KOTOPAd II0 ga;gaHHOMy caMoComnps-
xkennomy ouneparopy I € B(H) Belgaer Taxkyo pyukuuio E.

Nrak, nycrs T =T* € Z(H). Hanomunm, uro o(T) C R (cMm. npeanoxe-
Hue 6.6), 1 BO3bMeM KaKOU-HUOY Ik TOTyHHTEpPBAT (a, b], cogepxammmi o(T).
Paccmorpum dpyaxumm

A A0, “X A<O,
”(A):{o <0, tm:{o A>0

Jus xaxaoro A € [a,b] nonoxum Hy = Ker(t — A)4(T) n obo3nadum de-
pe3 Ey oproupoexTop Ha H).

Ompepenenue 8.7. Ilocrpoennas Beiue ¢pyuxuus E: [a,b] — PR(H) una-
3BIBACTCA Ccnexmpasbrot dynrxyuet oneparopa T.

Yupaxuerue 8.11. IIycte E': Bor([a,b]) — PR(H) — pasroxenue enu-
uunel oneparopa I'. Jokaxutre, uto Ey = E'([a, A]) gua moboro A € [a, b].

3amedvanue 8.2. Brarogaps 3ToMy CBOUCTBY CIHEKTPAILHON (PYHKIMHA €€
caMy 9aCcTO HA3BIBAIOT PA3JIOKEHUEM eTUHUILL omepaTopa 1.

Ynpaxuenue 8.12 (cmexTpamsHaa Teopema). Jokaxure, 410

1) Eots = 0 mus mekoToporo 6 >0 u Ep = 1g;

2) E: [a,b] — PR(H), E(\) = E\ —wHey6uiBatomas QyHKIIN;

3) mas kaxgoro ¢ € H yuxmus [a,b] — H, A — FE\x, HempepLBHA
CIIpaBa;

1) T= [ NdEy;

5) @yHK;Hﬂ E: [a,b] - PR(H) co cBoricTBamu 1)—4) equHCTBEHHA;

b
6) f(T) :/ F(N) dE) pna mo6ou pyukuun f € Cla, b).
a
Yrazanue x m. 5. lycre F — kakaa-To PYHKIUSA CO CBOUCTBaMuU 1, 2
un 4, u nycre E' — pasnoxenne eqmHMner omeparopa I ua n. 4. Bragane

nokaxure, 4ro E\ < E'([a,\]) < E, npu A < g1, a 3aTeM BOCIOIB3YyUTECH
o 3.
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Yupaxuenue 8.13. loxaxkure, 9T0 mia ma06ou HeyObBawomen QyHK-
e E: [a,b] — PR(H) coicrBo 3, ykasaHHOE B NPEALIAYLIEM YIIPAXK-
HEHWHU, DKBUBAJCHTHO HENPEPBLIBHOCTH CTpaBa oToOpaxenus E: [a,b] —
— (PR(H), wo).

Ionyvennee pe3yabTaThl yA00HO TepedOopMyIupOBATL CJIELYFOIM
o6pazomM.

Teopema 8.6. Cywecmeyiom Kenonuueckue 6uexuu

neybusaowue GYRKUUU

CAMOCONPANHCEHHDIE E: [a,b] - PR(H):
onepamopwr T € B(H) : = 3>0: E,.56=0, E, =1g,
o(T) C (a, b u Pywxyua A — Exz

HENPEPLIEHA CNPasa Vi

3decv cmpeara, delicmeywas U3 NEPEO20 MHOHCECTBA 60 6IMOPOE, CONO-
cmasasem onepamopy T e2o cnekmpaavuyio dynkyuwio, a cmpeaxa, det-
CBYIOUWAA U3 BTNOPO20 MHONCECTNEA 8 Nepsoe, conocmasasem Pyuxyuu E

b
onepamop / AdE).
a

Caenymolnee ympaxHeHne 00BACHACT MPOUCXOXKICHNE TEePMUHA, «HETIPe-
PBIBHBIA CTIEKTPY.

Yopaxuenue 8.14. Ilycre T € Z(H) — caMOCOIPAXKEHHBIM OLEPATOD,
E: [a,b] — PR(H) —ero cnektpansHas GyHKIma, Ao € o(T). Joxaxure,
9T0

Ao € 0.(T) <= ¢yukums A — E,x HempepbIBHA B TOUKE Ag
st iroboro x € H.

JIurepaTypHBIE yKa3aHUS

CrexTpalbHAA TEOPEMa — OJHA M3 BEPIIMH KIACCUICCKOTO (DYHKIIHO-
HATBHOTO aHAAN3A, ¥ B TOM WM WHOM BUIE OHA MPUCYTCTBYET B GOIBIITNH-
CTBE YIeOHUKOB 110 PyHKINOHAILHOMY AHAJIU3Y U OIEPATOPHLIM alreGpaM.
Meur caegoBanu riaBubiM ob6pasom kuuram [29, 30, 20] (B uepBon u Tpe-
TBEH W3 HUX CIHEKTPAIBHAA TEOPEMa, JOKA3aHA B TEPMUHAX CIHEKTPAIbHBIX
Mep, 4 BO BTOPOW — €Il M B TepMUHAX mHTerpana Pumarma—CTmiTheca;
cp. §8.3). Cm. maxxe [14, 10, 23, 26].



9. PYHKIIMOHAJIbHBIE MOJAEJIN
HOPMAJIBHBIX OITEPATOPOB

Mabl yxe yIOMUHAIN, 9TO CHEKTPAILHAS TEOpeMa IPEeICTaBIAeT cOO0U
COBOKYITHOCTh OJM3KUX IPYD K APYLY PE3YJIBTATOB O CTPOCHUM HOPMAJb-
HBIX onepaTopos. Cenvac HAM U3BECTHHI IBA TAKUX PE3YIbTATa— TEOPEMa,
0 OOPETEBCKOM HWCIUCICHUN W TEOPeMa O CHeKTPaJbHOM pasioxenun. Ha-
1118, CAEAYIONIAA 11eJIb — MOKA3aTh €Ie ONHY PAa3HOBUIHOCTDL CHEKTPAJbLHOU
TEOPEMBI, YTBEPKAAIOIIYIO, ITO JIOO0U HOPMAIBHBIA OMEPATOD B TUILGEP-
TOBOM IIPOCTPAHCTBE YHUTAPHO SKBUBAJECHTEH OLEPATOPY yMHOxeHus M,
HA M3MEPUMYI0 OTPAHUIEHHYI0 (PYHKIIIO (0, TEUCTBYOMIEMY B IIPOCTPAH-
cree L2(X, p). UEBEIMET coBaMu, ¥ TFOGOTO HOPMATHLHOTO OMEpaTopa ecTh
Pynryuonaabras modess. HamoMurM, 9T0 MOAB3Y OT PYHKIMOHATBHBIX MO-
JeJed MBI YK€ TOIyBCTBOBAIM, UCCAENYS CIEKTPHI OMEPATOPOB CABUIA HA
rpynnax (cMm. ni. 3).

§9.1. Moay/m, 6aHaxOBEI MOJy.J¥, THILGEPTOBEI MO Ay.IH

Buadase HanOMHUM HECKOIBKO aarebpanvdeckux onpegenenun. Mur yxe
MHOT0 pa3 y6ex IaIuch, 9TO TOBOPUTE 00 OMEPATOPAX —ATO BCE PABHO, ITO
FOBOPUTE O MPEICTABICHUAX TEX WM WHLIX (PYHKIMOHAMLHLIX aaredp. Ber,
BEPOATHO, 3HAETE, UTO MPEACTABICHUS KAKOU-IUOO aaredpbl — BTO MpH-
MEPHO TO K€ CAMOE, ITO MOIYJU HAJ 3TOU adredpon. B naapHenieM a3bik
MOJyJIeN Aia Hac Oyaer 0otee yao0eH, 1eM A3BIK MPENCTABJICHUN, TTO3TOMY
HAIIOMHUM BKPATIIE, ITO DTO TAKOE.

IIycre A — anrebpa (xak Bcerga, nag C), M — BexTopHOE npocTpan-
ctBO. [oBopaT, aTo Ha M 3amaHa CTPYKTYPA 4€6020 A-m00yas, €CIN 38 1aHO
oununennoe otobpaxkenune A X M — M, (a,x) — a - x, yIOBIETBOPAIOIIEE
yeaosuto (ab) -z =a - (b-x) pnascex a,b€ A, x € M. Eciu anrebpa A yau-
TanpHA U 1 - & = & M Bcex € € M, TO MOAYAb M HA3BIBACTCA YHUMGALHbIM.

IIycre M — neBoin A-monyan. s Kaxgoro a € A paccMOTpuM omepa-
Top Ly: M — M, '+ a - z. Jlerko Bugers, 4ro orobpaxenue A — £ (M),
a v+ L,,— romomMopdusM anre6p, T.e. TpencTapieHune aarebpbl A B Bek-
TopHoM mpocTtparcTtee M. O6parHo, ecim M — BEKTOPHOE TPOCTPAH-
cTBO, a m: A — Z(M)— npencrasaenue aarebpsr A 8 M, To M crano-
BUTCA JEBBIM A-MOJAyJeM OTHOCUTEALHO onepauuu a - ¢ = w(a)x (a € A,
x € M). OueBuaHO, 3TU ABe KOHCTPYKUUM («MOALYJIb — IPELICTABICHUE)
U (IpeCcTaBIeHNe — MOMYJIb») OOPATHHL APYT K Apyry. [Ipu »ToMm ecan amr-
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re6pa A YHUTAJIbHA, TO YHUTAJILHBIM MOIYJIAM COOTBETCTBYIOT YHUTAIb-
HEBIe IIPpelCTaBAeHns, 1 HA000pOT.

Ompepgenenne 9.1. Ilycte A— 6anaxosa aare6pa. Jeswvil 6anaros A-mo-
dyab — DTO GAHAXOBO MPOCTPAHCTBO M, CHAGKEHHOE CTPYKTYPOU JEBOTO
A-monyaa Tak, 9To orobpaxkenne A X M — M, (a,x) — a - &, HETIPEPHIBHO.

Hamomuum (cMm. ynmpaskzenue 2.8), 9TO HENPEPBIBHOCTL B DTOM OIpe-
JEJCHUY SKBUBAJEHTHA CYIIECTBOBAHMIO Taxou koHCTAHTEL C' > 0, 49TO0
le - z|| < Cllal|||z]| zrz aobex a € A uw z € M. D10, B CBOO 0OYepelb,
03HAMAET, YTO BCe OMepaTopwl L, € £(M) orpammuent: u | L,| < CJal|
s Beex a € A. TaxuM 06pasoM, MoaydaeM HempepHIBHBI TOMOMODMDUI3IM
A — B(M), ar— L, T.e. HenpepwIBHOE IpeacTaBacHue aarebper A. O6par-
HO, eC/IM 334aHO HempepbiBHOe npexcrasienue 7w: A — B(M) aarebpor A
B GanaxoBom npocrpancrse M, To M cTanoBuTCs AeBEIM 6aHAXOBEIM A-MO-
IyJeM OTHOCUTENbHO omnepaunu ¢ -z =7m(a)z (a € A, x € M).

Onpegenenne 9.2. Eciu M, N — neBbie 6aHaXOBB A-MOAyJaW, TO MOp-
dusmom u3 M B N HasbIBaeTCA HENPEPHIBHBEIU omepaTop ¢ € B(M,N),
yAOBJeTBOpsomun yeaoBuio p(a - x) = a - p(x) pas Bcex a € A, xz € M.
(Mapivu croBamu, MOpGU3M GaHAXOBBIX A-MOLyIe—3T0 UX MOPDUIM KaK
A-momyaen, KOTOPHIU HEIPEPHIBEH. )

OueBugHO, JeBbIe GAHAXOBHI A-MOAYAN U UX MOPPUIMBI 0OPa3yIOT Ka-
Teropmio; oHa obozuadaerca A-mod. Yepes A-mod; oGoszHavaeTcs mogKa-
Teropus B A-mod, 06beKTH KOTOPOU Te XKe, uTo B A-mod, a MmopduamMbr —
TOJBKO T€ MOPGU3MEL 6AHAXOBBIX MOLYJIEU, HOPMa KOTOPBIX HE IPEBOCXO-
ouT 1:

hg-mod, (M, N) = {¢ € ha-moa(M, N): [l¢| < 1}.

Nzomopdpuambl B A-mod; — 3T0 B TOYHOCTH M30METPUIECKHAE W30MOPdMI3-
MBI MOIyJed (Cp. mpuMep 5.5).

IIpeamonoxum Temepb, YTO A — UHBOMIOTUBHAA OaHAXOBA AIreOpa.
B sroMm caydae pasyMHO BBIZEINTDH KAACC 0AHAXOBBIX A-MOIyJIen, KOTOPBIE
ABISAIOTCA TMIBOEPTOBLEIMA IPOCTPAHCTBAMEU ¥ JOJKHBIM 06pasoM pearu-
DPYIOT HA MHBOIIOLUIO.

Omnpegenenue 9.3. [lycts A—uuBomoTUBHAS GaHAXOBA anrebpa. Jlesbiil
2uav0epmos A-mo0yab — 3TO TUILGEPTOBO MPOCTPAHCTBO H €O CTPYKTY-
pou JeBOro A-MOIYJIsA, MPEBPAIIAOIIEN €0 B 6aHAX0B A-MOIYIb, B KOTOPOM
BLIIIOJHEHO TOXKAECTBO (a - x,y) = (x,a™ - y) muia Bcex z,y € H, a € A.

JIeFKO B OETH, 9TO IIOC/IEAHEE PABEHCTBO B 3TOM OIIpE€ACJICHIN O3HAYacT
B TouHocTH, 9T0 A — B(H), a — L,,— x-romomopdusm. O6paTHO, ecan
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H — runs6epToBO NPOCTPAHCTBO, TO KAXKIBIN HENPEPLIBHEIN *-TOMOMOD-
dusm A — ZB(H) npespamaer H B seBbl ruinbepTos A-MoayIb.

3amedvanue 9.1. Mul ucnoip3yeM TEPpMUH «(TUIBOEPTOB MOAYJAb» B TOM
CMBICTE, B KAKOM DTO OOBIYHO TIPUHATO B TEOPUH onepaTopos (M. [36]). He
CTeyeT MyTaTh DTO TIOHATHE ¢ TTIOHATHUEM 2uabbepmosa C*-modyas. I'pydo
roBops, ruisbepTos C*-Monyab — 310 HGanaxoB Moayiab M wmamg C*-amre-
Opon A, HOpMa KOTOPOIr0 MOPOK AAETCA A-3HAYHLIM CKAJIAPHLIM IPOU3BEIe-
aueM (-, -): M x M — A. Kax npasuio, runs6epros C*-MOLyAb HE ABIAET-
€A TWILOGEPTOBBIM TTPOCTPAHCTBOM. [ MIb6epTOBEI C™*-MOIYIN UTPAIOT BaK-
HYI0 POJb B HEKOMMYTATUBHON DEOMETPUH, HO B HAIIEM KypPCe OHM HAM He
BeTpeTATcsa. O HUX MOXHO HOYMTaTh B KHUrax [19] u [27].

IMuaL6epToBLI MOAY/IM HA,I HHBOIIOTUBHON OanaxoBon aarebpou A oGpa-
3YIOT HOJIHYIO noakareroputo B A-mod, o6ozaadaemyro yepes A-Hmod. Ana-
JIOTUYHO OMpeReNAeTca moaHaA nogkareropus A-Hmod; C A-mod; .

IMockoabKy HAM TPEICTONT WMETH AEH0 B OCHOBHOM C YHUTAILHBIMU
MOJYJIAMY HAJ YHUTATLHBIMA AJIre0paMu, Mbl He Oy1eM BBOJUTDH CIIEIUATb-
HBIX OOO3HAYEHUN [IJId KAaTEerOPUHM YHUTAJBLHBEIX MOAyJel. B maabuenmem
I8 yHATAILHON anre6bpul A cuMpoasl A-mod, A-Hmod u T. 1. 6yayT obo-
3HAYATH KATEMOPUY JEBEIX YHUMAAbHLIE OAHAXOBHIX (TMILGEPTOBLIX ) A-MO-
OyJer; K TyTaHWuIle 3TO HE TPUBEneT.

C TOYKY 3pEHNA TEOPHUH ONEPATOPOB ALK TUILOEPTOBKIX MOIYJICH Y10~
6€eH, B 9aCTHOCTH, N0 caeayomen npuaute. Hamomaum (cm. Teopemy 6.7),
9TO HOPMAILHEIE OMEPATOPHL B IMILOEPTOBEIX IPOCTPAHCTBAX CO CIIEK-
TpoMm B 3aganHoM kommakTe K C C—5To TO xe caMoe, 9TO MHBOIIOTUB-
HEIE YHUTAIbHBIE TpeacTaBienus aare6pel C(K), T. e. 00BEKTH KaTeropun
C(K)-Hmod:

HOPMAJIbHBIE OmepaTopsr 1'
B TUIBOEPTOBBIX o
TIPOCTPAHCTBAX,
y xoropeix 0(T) C K

= Ob(C(K)-Hmod) = Ob(C(K)-Hmod,). (9.1)

TToMnMO 06HEKTOB, B KaTeropusax rutbbepToBbx C'(K)-Monymen ecTs MOp-
dusMbr u, B gacTHOCTH, n30MopduaMbl. Creayiolnee ynpaxHeHne TOKa3bl-
BaeT, 9To u3oMopduaMbl ruabbepToBeix C'(K)-Momyaen HaM yxke BCTpeda-
JUCH «II0J IPYT'UM COYCOMY.

Ynpaxuenue 9.1. Ilycts S € #(H;) u T € $(H2) — HOpManbHEIE Ole-
patopel, K C C — koMmakT, cofepxammu ux cuektpsl, U: Hy — Hy —
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OrpaHUYeHHBIN onepaTop. [Jokaxure, 4TO CJAEAYIOUME YCJIOBUA DKBUBA-
JIEHTHEL:

1) omeparop U yHWTApeH U OCYIIECTBJAAET YHUTAPHYI) DKBUBAICHT-
wocth S m T, T.e. quarpamMmma

H —>H,
Ui lu
o, L>H2

KOMMYTATUBHA;

2) U —wusomopdusm B C'(K)-Hmod;.

Taxum ofpasowm,

HOPMAJIBHBIE OLEPATOPEL
SE%(Hl) HTE%([‘.&) < | H; = H, 8 C(K)-Hmod;

YHUTAPHO 3KBUBAJCHTHBL

IlocMoTpuM Temeph HA HEKOTOPHIE MPUMEPHI GAHAXOBBIX M THIBOEPTO-
BBIX MO[TYJIEH.

IIpumep 9.1. Eciim A — (6anaxosa) aareGpa, TO OHA OYEBUIHBIM 0Opa-
30M ABIAETCA JeBLIM (GaHAXOBBIM) A-MOAYJIeM OTHOCHUTENBHO ONEPALTAN

a-b=ab.

Ipumep 9.2. daa mo6ou aare6pul A mpoctpamctso A" =A@ ... D A
ABJAAETCA JEBBHIM A-MOAYJEM OTHOCUTEILHO ONEpParuu a - (ay,...,0,) =
= (aay,...,aa,). Jwb6on A-Moaynb, nu3oMophHbI A", HA3HIBAETCA €60000-
HOLM KOHEUHO nopoxcdenmuvim A-modysenm. Ecaun A— Gamaxosa aarebpa, TO

n

A™ — GaHaxoB A-MOMyJb OTHOCUTENBHO HOPMHL |(a1,...,a,)| = Z [la;]|
(pasymeeTcs, BMECTO Z MOXHO 6paTh MAX — MOy HTCA BKBI/IBaJIeHTHaﬂ

HOpMa). OTmeTHM, ‘{TO ecim X — KOMIIAKTHOE XayCIOP(OBO TOMOIOIM-
geckoe mpocrpanctso u A = C(X), To Monyab A" uzoMopdeH MOLYJIO
C(X,C") menpepoiBabix Gyukuui Ha X co 3HadeHuamu B C".

ITpumep 9.3 (aua mobuTenen Tomomoruw). [Iycts mo-mpexuemy X —
KOMITAKTHOE MPOCTPaHcTBO, 7: F — X — BekTopHOe paccioenme man X.
IIpocTpancrso ero cedenun

IN(X,E)={f: X - E: f ueupepuBiou 7o f =1x}

asasiercst C'(X)-MoxyseM OTHOCUTEABHO HOTOYeYHEIX onepauun. Ussecruas
TeopeMa 13 TONOJOTMH YTBEPKIAELT, UTO 44 Jroboro paccaoenus K man X
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Hangercsa Takoe pacciaoenue F uwan X, uro paccaoenune E @ F TpuBnainHo,
T. e. m3omopduo paccaoennio suga X X CV x1a mekoroporo N. Ilosromy

I'X,E)®T(X,F)2TI'(X,X xCM =X, cM)y=cx)N.

Moayas P nHang mpou3BOILHOU aarebpor A HA3LIBAETCA NPOEKMUSHbIM
KOHEUHO NOPOHCOEHNbIM MOIYIEM, €CAU OH M3OMOP(EH MPAMOMY CIara-
eMOMY CBOGOJHOTO KOHEYHO TOPOXKAeHHOrO A-Moayas. Taxwm oGpasom,
(X, F) — npoeKkTuBHBIN KOHEIHO MOpoX feHub C'( X )-Mo1yab. SHAMEHNU-
Taa Teopema Ceppa—CyoHa yTBEPKIAET, 9TO JIOOOU TPOEKTUBHBIN KO-
Heuno nopoxgenust C'(X)-Monyab umeer Takou Bug; Goxee TOro, Gymi-
mop ceuenuti I ocywecmsansem 9K6UBaAAEHMHOCTD KAMEZOPUU BEKMOPHBIT
paccaoenuii wad X U KAME20PUU KOHEUHO TNOPOHCOEHHBIT TPOEKMUBHBIT
C(X)-modyaeti. ITa TeopeMa HECET MPUMEPHO Ty KE «UICOJOTHIECKYION
HArPy3Ky, 9TO U mnepBasg Teopema lenbdanga—Harnmapka; B cBoe Bpems
(8 60-x IT. IPOLLIOro BeKa) OHA [MOCLYXKUIA CTUMYJIOM [Js HOIBACHUS HO-
BOU NUCHUILIMHEL— as2ebpauueckoti K -meopuu.

3aberas Bmepen, CKaxkeM, 9TO BCKOPE HAM TPENCTOUT MO3HAKOMUTHCS
¢ «u3MepuMbIME aHagoramm Monyien (X, E) — MonyaaMu «KBaIpaTHIHO
UHTETPUPYEMBIX CEUEHUN U3MEPUMBIX MOJEN TILOEPTOBBIX MTPOCTPAHCTBY,
WK, TO-APYLOMY, «([IPAMBIMEA UHTErPATAMYA THILOEPTOBBIX TPOCTPAHCTBY.

IIpumep 9.4. [Iyctsr X — KOMIaKTHOE XayCAOPMOBO TOMOJOTHIECKOE
npocTpadcTBo, i € M(X) — HeorpunarenbHas peryiapHas GOpeneBCKast
mepa. Torga npocrpancteo L?(X, u) asaserca rumbeproseim C(X)-mo-
AYyJEeM OTHOCHUTEJBHO IIOTOYCTHBIX OHepaHHﬁ.

IIpumep 9.5. [penpiagymun npuMep MOXKHO O0OOIIUTEL CAELYIOMMM 00-
paszom. Ilycte nmo-mpexneMmy X — KOMIAKTHOE XayCAopgOBO TOIOJOTHIe-
CKO€ TIPOCTPAHCTBO, (£, &7, 1) — IPOCTPAHCTBO € Mepon, p: X — X —u3-
MepuMoe oTobpaxkenne (oTHocuTensHO &7 u Bor(X)). [lasa kaxnon QyHK-
mm f € C(X) n xaaon pysxmmm g € L2 (2, p) onpenemam f-g€ L2( 2, p)
dopmyaon (f - g)(z) = f(¢(x))g(x). Torga, kak HeTpyIHO IPOBEPUTH (IPO-
sepore!), L2(2, u) cranosurces rumbbeproseiv C'(X)-moxyaem. Mur Gyzem
o6o3radaTh ero depes L2 (2, (1) ,.

Hama 6iuxanmas meib — n0Ka3aTh, 9TO APYTUX MIILOEPTOBLIX MOLY-
aen Han C(X), kpome onucanusix B npumepe 9.5, He OLIBaeT.

§9.2. OyHKIMOHAILHASA MOJEJIb *-IUKJINIECKOr0 OIepaTopa

IIpexge WeMm npucTynaTh K PeELIEHUIO 3agatdu, CHOPMYJUPOBAHHOU
B KOHIle IpeBIAyIIero naparpada, MbL pa3zbepeMca ¢ YaCTHBEIM CIydaeM —
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npumepoM 9.4. OKasbIBAeTCs, OH TaK¥kKe OMUCHIBACT BEChMA IIMPOKUN KIacC
ruasbeproBeix C(X)-moxynen.

Onpeaenenne 9.4. [Iycrr A — 6anaxosa anretpa, M — neBoii 6aHaxoB
A-vonyan, x € M. 3aMKHYTHIN TIOAMOIYb

Az ={a-z:a€c A}

HA3BIBACTCA UYUKAULECKUM TLOOMOJYaeM, TODOKICHHBIM dIeMeHTOM z. Ec-
JU CYHMIECTBYET TakoW saeMeHT z € M, uro M = Az, To M HaswBaeTcs
YUKAUYECKUM MOOYAEM, & T — YUKAUYECKUM 6exmopom mist M.

IIpumep 9.6. llycte X — xoMmakTHOE XayCcAOP(OBO TOMIOIOTUIECKOE
npocrpadcTBo, p € M(X) — meorpunareisHas peryispHas GOpeneBCcKast
Mmepa. CTaHAapTHAA TeopeMa M3 TEOPHU MEDhI YTBEPKIAECT, UTO KaAHO-
nuueckut 06paz npocmpancmea C(X) naomen ¢ L?(X,p) (cm., Hanpn-
Mep, [15], roe 5TOT dakT A0Ka3aH B MPEANONOKEHUN METPU3YEMOCTH TIPO-
crparcta X ). Mosromy rums6epros C(X)-moxyae L2(X, pt), onucanabin
B npumepe 9.4, ABIACTCA IUKITICCKAM: B KAIeCTBE MUKIAICCKOrO BEKTOPa,
nogouger pynkuusa £ = 1.

Ynpaxuerue 9.2. Aiaerca m nukameckum ruisbepTos C( X )-Moxyan
L*(X,p) © L*(X, p)?

OxaswiBaeTcs, mpumep 9.6 omuckiBaeT Bee (¢ TOTHOCTBIO 10 M30METDH-
“qeckoro uzoMopduama) nukiandeckne ruasbepTosbl C(X)-Mogyau. UTobw:
JOKa3aTh 5TO, BBEJEM HEKOTOPbLIE 0603HAMEHU.

IIycte X — xommakTHOE Xaycaop¢OBO TOIOJOTHIECKOE IIPOCTPAHCTBO,
u nycts H —ruasbepror C'(X)-monyas. COOTBETCTBYIOIIEE *-IIPENCTABIE-
aue 7: C(X) — B(H) KaHOHWYIECKU TPOMNOMKACTCA [0 *-TPENCTABICHUAA
7: B(X) — Z(H), HenpepbIBHOTO OTHOCATENBHO CJIa00-MEPHOU TOIOJIOT N
Ha B(X) u cnaGo-oneparopuon Tomosoruu Ha HB(H) (cMm. Teopemy 7.4).
Pasymeercs, ono Gyger HenpepblBHO U O HOpMe (Kak U J1060e #-Ipei-
CTABJEHNE MHBOJTIOTUBHON GaHAXOBOU anre6per; cM. npeanoxenue 6.9). Tlo-
sromy H cranosuTcs ruisbepToBbiM B(X)-moxyiem. O6oszHaumM vepes
E: PBor(X) — PR(H) cCOOTBETCTBYIOIIYIO PErYIAPHYIO CIIEKTPAIBHYIO Me-
py (cm. §8.2); manomuum, uro E(B)x = xp - & 1 106000 60peaeBcKoro
nogmuoxkecTBa B C X n moboro ¢ € H. 3aduxcupyem x € H u onpeznenum
mepy p, € M(X) dpopmyaon

te(B)=(E(B)z,z) (Be€ PBor(X)). (9.2)

WNabivu croBamu, fu, —3T0 B TouHOCTH Mepa E, , u3 §8.1. Ormerum, 1To
w2 (B) = |E(B)z|?, Tax uTo Mepa y, HeoTpunaTerbHa. HamoManM Takxe,
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9TO

(#(f)r,z) = /X fdus (f € B(X)) (9.3)

(cm. Teopemy 8.1 u onpegenenue 8.3).

B cregyromem npemioxenny 1is 0001 i, -u3MepuMon pyukiun f za X
cMBOJIOM [f] MBI OymeM 00O3HAUATH ee KIACC DKBUBATEHTHOCTH OTHOCHU-
TENTBLHO [ig.

IIpepnoxenne 9.1. Cywecmsyem eduncmsennuvrli mopPusm 2usbbepmo-
eviz C(X)-mooyaeti j,: L*(X, p,) — H, dan womopoeo j,([1]) = z. Ilpu
amom mopdusm j, uzomempuuen v Im j, = C(X)x.

Loxazameavcmso. Jlerko BuaeTsh, IT0 KAHOHUYIECKOE 0TOOPAKEHNE
B(X) = L*(X,pe), [ 1f],

— mopduam Ganaxopbix C(X)-momyaenn. O6osnaum gepes B? (X, u,) C
C L*(X, u,) ero obpas. flcHOo, 9TO OH ABIAETCA TLIOTHBIM TOAMOIYICM
B L2(X, j1,) (06BACHETE TIOUEMY ).

N3 popmyast (9.3) caeayer, 9To

#(f)a,7(9)a) = (7(f5)z,z) = /X fgdna (9.4)

nas m06bix f, g € B(X). Hoaaras f = g, Mbl Bugum, 910 ecau f = 0 p,-11. B.,
o 7(f)z = 0. CaexoBarensHo, onepaTop

B(X)—H, [—a(f)z,

apormryckaeTcsy depes B2(X, u,). DTo o3HauaeT, YTO CYIECTBYeT eIuH-
CTBeHHBIM JuHewHb omepaTtop j0: B2(X,u,) — H, yIOBIETBOPAOITIIA
yeaosuio jO([f]) = #(f)x ana modon dyuknuu f € B(X). Ogerumno, j) —
mopduam C(X)-monyren; kpome Toro, uz gopmyast (9.4) caegyer, 4ro
o umzomerpuder. CrenoBaTenbHO, jO IPOAOLKAETCA 10 U3OMETPUIECKO-
ro mopduama C(X)-moxyaen j,: L*(X, u,) — H. llockoarky [1] asrsercs
nukmraeckuM BexTopoM ana L2 (X, u,), Bektop = = j,([1]) mukrmaeckuin
s Im j,. OTcrona xe caenyeT yTBEPKIEHNE O eIUHCTBEHHOCTH MOP(U3-
Ma Jg. O

B xa4ecTBe CEICTBEAA MBI IOTYy9aeM Te€OPEMy O (QyHKIHOHATLHON MO-
gemu mmkandeckoro rutbGepTosa C'(X)-Moxyis.

Teopema 9.1. ITycme X — xomnaxmmuoe £aycdopdoso monoao2uueckoe
npocmpancmeo v H — yurauuveckut euapbepmos C(X)-modyav. Tozda cy-
wecmsyem maxas mepa i € M(X), u >0, wmo modysw H uzomopgpen
L*(X,p) 6 C(X)-Hmod;.
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IMepengem Teneps OT TUILGEPTOBBIX MOIYJIEH K HOPMAJIBHBIM OIEPATO-
paM.

Ompegenenue 9.5. Hopmansubim onepatop 7' € #B(H) Ha3BIBACTCA *- -
KAUYECKUM, €CIU CYIIECTBYET TAKOU BEKTOp « € H, ¥T0

H =span{T"(T*)"z: n,m € Z4}.
BexTop & mpH 5TOM HA3HIBACTCH *-UYUKAUUECKUM 6eKmopom 1 T .

3amedvanue 9.2. Eciu B npocrpancrse H cyliecTByeT TakOU OEpaTop,
TO OHO C HEOOXOAUMMOCTBIO cernapadeabHo.

Yupaxuenue 9.3. /lokaxkure, 9T0 HOpMaibHBI oneparop 1 € ZB(H)
ABISIETCS *-MUKAndecKuM < H — nuximudeckun runsbepros C(o(T'))-mo-

OYJIb.

C y41eToM BHIMIEYTIOMSAHYTOIO COOTBETCTBUA MEX Y HOPMATLHBIMY OTIe-
paTopaMu U rmIbOEPTOBBIMU MOAVIIAMA MBI IOTYIaeM CICAYIOMMA DE3YIb-
TaT.

Teopema 9.2. ITycmy T € B(H) — x-yurauveckuti Hopmasbubiti onepa-
mop. Toeda cywecmeyom mepa p € M(a(T)), u =0, v yuumapnuiii onepa-
mop U: H — L?(X, 1), ocywecmeanowuti ynumapryio K616 aAEHMHOCTb
meancdy T u onepamopom My ymmuorcenus na «He346UCUMYIO NEPEMERHYION:

H—T>H

L2<aU<lT>, p) L?(a(iTl;, 1)

3decv onepamop M; deiicmsyem no gopmyae (M, f)(x) =z f(x).

Loxazamesvemeo. locTaToOMHO BOCTONB30BATHCA Teopemon 9.1 u ym-
paxuenusmu 9.1 n 9.3. O

ITocmoTpum HA HEKOTODEHIE IIPUMEDHI.

IIpumep 9.7. (Cp. mpumep 9.6.) Hycrs K C C— xoMmaxT, CHAGKEHHBIN
o6eranon mepont Jlebera, M; € %(L*(K))— onepaTop yMHOXKEHUA HA «He-
aaBucuMylo nepeMennyioy. Toraa My — s-IukaMaeckuil onepaTop, a GyHK-
mus & = 1 — s-mmkimaeckun BekTop mis M;. CooTeTcTByOmas Mepa fi
coBIagaeT ¢ Mepon Jebera.

Ipumep 9.8. Oneparop asycroponnero capura Ty € B((?(Z)) *-nukru-
qeckutt. Bexrop e € £2(Z) (Bupotem, Kax u 000U APYTOR BEKTOD €, 13
CTaHIApTHOTO 6asuca mpocTpancTea (2(Z)) +-uuxkandeckuit 1 T.
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Yupaxuenue 9.4. B 0603HaYEHUAX MPEIBIIYLIIErO IPUMEPA OIUIIATE
MEpPY Heg -

Yupaxuenue 9.5. JokaxuTe, 9T0 ecau HopMaabHb oneparop T'€ B(H)
ABIAETCA *-IUKINIECKAM, TO BCE €r0 COOCTBEHHBIE 3HAYMEHNA OJHOKDATHHI;
€CJIM Ke MPOCTPAHCTBO H KOHEYHOMEPHO, TO BEPHO U OOpaTHOE.

3ameuanue 9.3. [1o pTON NpUYUMHE *-IUKINIECKAE HOPMATLHBIE OTEpa-
TOPBI MHOT'JIA HA3BIBAIOT ONEPAMOPAMU € NPOCNbLM CNEKMPOM WA ONEPA-
mopamy co cnexkmpom kpamuocmu 1. Bckope Mb1 06CyIuM BOIPOC O KPaT-
HOCTH CIIEKTPa B Gosee OOIIeN CUTYalun.

Ynpaxuerue 9.6. [Ipy Kakux yCIOBUAX JUATOHATLHEIN omepaTop M)y €
€ B(%) apageTca *-MIKITIeCKIAM?

Yupaxnenue 9.7. [Ipy xaxux ycaopusx omeparopw casura B L2 (R)
u L*(T) ABIAIOTCA *-IMUKITIeCKAMME?

§9.3. OYHKIMOHATLHAA MOAEIb: OOIIMA CIyIan

Ilepengem Tenepsb K HOCTPOEHUIO (PYHKIMOHAILHON MOIEMN [IPOU3BOIL-
HOTO (T. €. y2Ke He 0613aTeIbHO IUKInIeckoro) ruibbeprona C (X )-Momys.
HamoMuMM: MBI XOTUM TTOKA3ATh, 9TO JIOOGOU TaAKOU MOAYIb U30MOP(EH MO-
oy, onucanHoMy B ipumepe 9.5. Orciona, B vacTHOCTH, OYA€T CJIETOBATH,
4TO JIOGOU HOPMANBHBIN OMEPATOP B THILOEPTOBOM MPOCTPAHCTBE YHUTAP-
HO 3KBHMBAJICHTEH OIIEpaTOpy yMHOxkeHus M, neicrsyomeMy B IPOCTPaH-
cre Buga L2 (2, p) mo opmyae (M, f)(z) = o(z) f(2); 3mecs (27, p) —ne-
KOTOPO€ MPOCTPAHCTRO ¢ MEPOH, & (0 — OTPAHUIEHHAA U3MEpUMaA QyHKIAA
Ha 2 . OCHOBHAA WA TOCTPOEHUA GYAET TAKOBA: MBI BHAYAIE DABIOKAM
HAIl oneparop (Wi ruib6epTOB MOAYJIL) B CYMMY HUKIXIECKUX, & 3aTeM
«CKIeNM» UX (PYHKIIMOHAILHBIE MOIEJIN B OJHY.

Orcrymwrenne. Takou mporece MOCTPOeHns (HhYHKITMOHATHEHON MOTET —
2TO TIPUMEHEHUE CJACAVIOMEro O6Iero MPUHITATA: ITOOBI TIOIYHUINe U3y INTh
KaKOU-Iub0 MATEeMATAIECKUN OOBEKT, HAJIO0 Pa3bUTh ero Ha «IeMEHTap-
HbIE KHPIMYIUKWY. BOT HECKOIBLKO APYTUX KIACCHIECKHUX IIPUMEPOB TAKOTO
poja: TeopeMa O CTPOEHUK KOHEYHO [MOPOXKICHHLIX abeleBblx rpyni (io-
6as Takasd TPYINa — MPAMAA CYMMa IUKIXIECKUX), TEOPEMa O YKODIaHO-
BOU HODMAIBHOU (opMe (I06ad MATPULA — OpAMad CyMMa ¥KODTaHOBBIX
KJIETOK), TEOPEMa O NPEJCTABJICHUAX KOHEYHBIX rpynmn (moboe mpeacTa-
BJEHUE — [PSAMAasg CyMMa HEIPUBOAUMELX),. .. (Moxkere npogomkurs 3T0T
CHUCOK CBOUMMU JIOOUMEBIMU [IpuMepaMu.) Bo Bcex nmepeducaeHHBIX IpuMe-
pax pedb UIEeT O PA3NOKEHUU TOrO WIM MHOTO MOAYJA B MPAMYIO CyMMY
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HOAMOJIYJIEN: B IEPBOM CJIydae — HaJ KoabLoM Z, Bo eropoMm — Hajg C[t],
B TpeTbeM — Haj rpynnoson aareGpou CG. B mepBeIx AByX caydasx mon-
MOIYJIV IAKANIECKAE, & B TPeTheM (6Iarogapa HEKOTOPBIM XOPOIIUM CBOU-
crBaM anre6per CG) ux ynaerca BuIOpaTh gaxe HenpuoguMmbivu. C ruib-
6P TOBBIMU MOAYJISAMA, KAK MBI BCKOPE YBUIUM, CUTYAIIUST TAKOBA: JEOOON
ruas6epToB C(X)-MOayab pasiaraeTcs B IPAMY0 CYMMY IUKAXIECKUX (HO
He HenpuBoauMbIX!) mogmonyaen. s pa3IoKeHus HA HEIPUBOLUMBIE [0/~
MOZYJIU B CIEAYIONIEN INIABE HAM NPHUAETCA HCIONL30BATEL YK€ HE MPAMBIE
CYMMBI, & TAK HA3BIBAEMBIE TIPAMEBIE HHTETPAJIHL.

* ok ok

UTak, MBI XOTUM PAa3JOKUTH MPOU3BOJILHBIN HOPMAJIBHEIL OIEPATOD
B MPAMYIO CYMMY TMKAndeckux. /[nda Hadana nmpugaauM Gppase «pas3aokuTh
B MPAMYIO CYMMY» CTPOTHHU CMBIC.

3ameuanue 9.4. Huxe mam npugeTcs UMETEH 0610 C PAJAMY BAIA Y | &;,
iel
rae I — MHOXeCTBO Tpou3BoibHOU MoimaocTu u z; € C. Crenaem B cBA3M
¢ DTUM HECKOJbKO 3aMedaHui. Mur 6yeM TOBOPUTH, ITO TAKOU PAIL abCco-
JIIOTHO CXOAUTCA, ecan MHOKecTBO J = {i € I: x; # 0} He Gosee ueM CUETHO
u pag Y. |z;| cxogurcs npu kakou-amu6o (< npu 060M) HyMepanyun MHO-
ieJ
xecrsa J. IIpym »ToM MBI monaraeM IO ONPENENEHHIO Y L; = Y &;; JTa
il i€

CyMMa TakKKe He 3aBUCAT OT HyMEPAIN: MHOXKECTBA .J.

Iycts {H; }icr — HEKOTOPOE CEMENCTBO IMIbOEPTOBBIX MPOCTPAHCTE.

Ompegenenue 9.6. INuavbepmosa npamas cymma cemencrsa {H; }ierp on-
peenseTes CAeqyIonmM 06pa3om:

2
DH = {m: (@) e [[H:i: Y llzill® < oo}.
iel iel iel
Yupaxuenue 9.8. lokaxure, IT0 ruibbepToBa mpsaMmas cymma H =
= @ H; sBasercs BexrTopHbIM nogupocrpancrsoM B || H;, mas m06bix
il iel
x,y € H pag > (x;,y;) abcomorno cxogurcs u dopmyda (x,y) = > (zi, yi)
il il
3aJ3eT CKALAPHOE npouseenenue B H, otrOCHTENbHO KOTOpOro H apaserca
rEIBGEPTOBLIM IPOCTPAHCTBOM.

3ameqanwue 9.5. [l xaxgoro ¢ € I npocrpancTtso H; oueBuaabsM 06pa-
30M BKJAAABIBaeTCA B H B kKavecTBe 3aMKHYTOr0 IOAIPOCTPAHCTBA. B 1aib-
HeHieM Mbl OyaeM 0TOXAeCcTBAITHL H; ¢ ero obpaszom B H u caurarh, 4T0

H;,CH.
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Ipumep 9.9. Ecu I =N u H; = C anna secex i € I, o @ H; = 2. laa
iel
OPOM3BOILHOrO I MBI MOIy9aeM IPOCTPAHCTBO, KOTOPOE IO IIOHATHOK IpH-
qune o6oznaaercs tepes (2 ().

Teneps mepengeM 0T TPOCTPAHCTE K OIIEPATOPAM.

Yupaxuenne 9.9. [Iycts nus xaxgoro ¢ € I 3ajaH OrpaHUYeHHBIA OIe-
parop T; € B(H;), mpuiem sup ||T;|| < co. Jokaxkure, aro popmyaa T (z) =
i

= (Tix:)ier (vme x = (x;)icr € @ H;) 3anaer orpanudeHHsn onepatop I
icl
B @ H;, u aro upu >rom |T|| = sup || Z:||-
icl @

Onpegerenne 9.7. Onepartop T, onpeneTeHHBI B TPEALAYIIEM YIPAXK-
HEHNH, HA3BIBACTCA 2UabOepmosoti npamot cymmotl CEMENCTBA OIepaTopoB
{T;}ier u obo3nauaercsa uepes @ T;.

iel
Ipumep 9.10. Eciu I =N u H; =C pus Bcex i € I, o @ T; —»r0 upo-
iel
4 2
CTO IMArOHAJBLHBIN omepaTop M)y B £°.

IIpex e wem onpeneniTs ruabLGEPTOBLL IPAMBIE CyMMEL MJIBOEDTOBEIX

MOZYJIeH, JOKAXKEM HPOCTYIO JEMMY.

Jemma 9.1. ITycms A — yHumMaadbHas UHGOAOMUCHAL OAHATOBA aAA2E-
opa, H — aeswrli ynumaavnwrl euabbepmos A-modyav. Toeda ||a - x| <
< lalllz]] das arwbizae A, x € H.

Loxazamesvemeo. [loCTATOYHO BOCTOMB30BATBHCA TeM (HAKTOM, HUTO
MpECTABICHNE YHUTATBHOU WHBOJIOTUBHON GaHAXOBOU AATeOpHl HE YBEIU-
quBaeT HOpMY (cM. npemaoxenue 6.9). O

O0beauusAs DTy JeMMy ¢ yrupaxkuenueM 9.9, moxydaeMm caenyoiiee mpe-
JIOXKEHUE.

IIpeamoxenue 9.2, I[Tycms A — ynumaavbnoes unB040MUEHAL (aNATO-
8a anzebpa, {H;}icr — cemelicmeo A€6bIT YHUMGALHBIT 2UabOEePMOEHIT

A-modyaet. Toeda ux zuavbepmosa npamas cymme P H; ssasemes ae-
i€l

BbIM YHUMAALHBIM 2UALOEPTOBLIM A-MOdysem OMHOCUTNEADHO ONEPAUUL

a-(zi)ier = (a- zi)ier.

B cayuae, korga Bce Moayau H; mexaT B OMHOM 0OINEM MUIBEOEPTOBOM
mvomyae H, onmepanma ruibGepTOBOM IPAMOU CyMMEI CBOAMTCA K B3ATHIO
3aMKHYTOH JUHENHOU 060/109KK. UT06OL B 3TOM yOEIUTHLCA, CAETANTE CJe-
IyIOIIee yIpaKHEHUE.
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Ympaxuenue 9.10. Ilyctes A— yHuTaIbHAS HHBOTIO TUBHASL HAHAXOBA, AJI-
re6pa, H — jeBblll yHUTAAILHBIN ruibbepros A-monyiab, {H;}er — cemen-
CTBO MOMMAPHO OPTOrOHANBHBEIX 3aMKHYTHIX moamonyaed B H. Jokaxwure,

9TO CYLIECTBYeT enuHCcTBeHHBIN Mopduam U: @ H; — H B A-Hmod, yao-
iel

BJACTBOPAOIMN yeaoBuio Ux = 2 mia awboro x € H; u awoboro i € I. Tlo-

kaxkuTe, 9T0 Mopduam U mszomerpuder, u ImU = > H; (3amblkaHue aj-

reGpandecKOon CyMMBI). el

IpucTynum Tenepp K Pa3iIoKeHWIO MMALOEPTOBA MOAYJA B CYMMY LU-
xianmdeckux. KurogeByio ponb 34ech urpaeT CIeLyIOMmas IPoCcTas JeMMA.

Jemma 9.2. ITyemv A — unsoaromuenas 6anazosa aseebpa, H — acevii
euabbepmos A-modyav, Hy C H — zamrnymorii nodmodyas. Tozda u Hg- —
Nn00M0dYAb.

Joxazameavcmeo. Ecm x € Hy u a € A, To ana moboro y € Hy Mur
nveeMm (a - z,y) = (z,a* - y) = 0. CregoaTensno, a - x € Hy". O

IIpegmoxenne 9.3. llycms A — ynumaavnas uH6040MUBHESL OAHATOBA
ageebpa, H — aesbili ynumaavuwiti 2uavbepmos A-modyav. Tozda cyue-
cmsyem maxoe cemeticmeo {H;}icr 3aMEnymuie nonapro opmozonatoHuls
yuraunveckur nodmodyaeti ¢ H, wmo H = > H;. Kax caedcmeue, mo-
dyav H uzomopgen @ H; ¢ A-Hmod;. iel

iel

Hoxazamesvbcmao. llycts M — MHOXECTBO, COCTOSINEE M3 BCEBO3MOXK-
HBIX HAOOPOB HEHYJEBLIX MOMAPHO OPTOTOHATBHBIX 3aAMKHYTHIX TUKJIAYIE-
CKUX TOAMOAYJer B H. DT0 MHOXECTBO YACTUIHO YIOPSIOYEHO IO BKIIOTE-
uuio. Jlerko Bugers, uro M ymoaerBopsieT ycaoBuam gemmbl [opua. Jen-
CTBUTEIBHO, eI moaMHOkecTBo C' C M JIMHENHO YIOPALOYEHO, TO Ha-
6op a =J{f: B € C} sBaserca breMeHTOM MHOXKeCTBa M ¥ Maskopupyer
aobon saement w3 C. CregoBaTeasro, B M eCTh MAKCUMATBHBIN DJIEMEHT
~v={H;}icr- Nonoxum Hy = > H; u nokaxem, uro Hy = H. Ecau s1o He

iel
Tax, 7o Hy- # 0 u Hy- — noavonye 8 H mo mpensitymei temme. Bribepem
IPOM3BOJILHEIA HeHy1eBor BekTop = € Hy ; Torga Az C Hy — HeHymeBon
3aMKHYTHIN MUKJINYECKUN [I0IMOIYJ/Ib, OPTOrOHAILHLIN BCeM MOIyJaaMm H;.
OTO MPOTUBOPEIUT MaKCUMAaIbHOCTHU Habopa . CregoBaTtensuo, Hyg = H,
KakK 1 TPpeOOBAJIOCE. O

Bumecte ¢ Teopemont 9.1 3T0 IPUBOANUT K CAEAYIOUIEMY PE3YJILTATY.

Teopema 9.3. I[Iycms X — xomnaxmmuoe xaycdopdoso monoao2uueckoe
npocmpancmeo, H — aeswiii ynumaavnoiii 2uavbepmos C(X)-modyan. To-
2da cyuecmeyem makoe cemeticmeo {[;bicr HEOMPUYAMEABHBIT PE2YAAD-
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noir bopeaesckur mep wa X, wmo modyab H uzomopden 2uavbepmosoti
npanoti cymme @ L? (X, ;) 6 C(X)-Hmod.
iel
B kagecTBe CAENCTBUA MBI MOMYIAEM COOTBETCTBYIOIIUN PE3YILTAT 00
omepaTopax.

Teopema 9.4. IIycmy T € B(H) — nopmasbnorii onepamop. Toeda cy-
wecmeyem maxoe cemeticmeo {; bicr HEOMPUYAMEADHBIT PERYAAPHBIL 00~
peaescrur mep wa o(T), wmo onepamop T ynumapno sxeusasenmen one-

pamopy @ M}, ede das wancdoeo i € I onepamop M} deticmeyem
el
6 L*(o(T), pi) no gopmyae (M{" f)(2) = 2f(2).

Hoxazamesbcmao. [loCTATOIHO IPEBPATUTL TPOCTPAHCTBO H B ruab-
6eptor C(o(T))-Moayas (cuM. dopmyay (9.1)) ¥ IPUMEHATH TPEALIAYIILYIO
TeopeMy. O

Teopema 9.4 maeT BaxKHYI0 MH(MOPMAITUIO O CTPOEHUN HOPMATBLHOT'O OTIe-
paropa. OJHAKO y Hee eCTh OAUH CYNIECTBEHHBIN HEJOCTATOK: PA3IOKEHUE
omepatopa T' B cymmy omepaTopos yMHOxkeHus M/}, BooGme roBops, He-
eIUHCTBEHHO. B 9acTHOCTH, 0quH @aeMenTapHbll Kupnuanks M/} Bnonue
MOXKET OKa3aThbCA CyMMOW OBYX OPYruX. UTOOHI B »TOM yOeaWTBCH, COe-
JauTe CACAYIOIee yIpakHeHWeE.

Yupaxuenue 9.11. [locrpoure HenyeBLE PEryIApHLIE GOPENEBCKUE Me-
pBI p, V1, V2 HA KakoM-HUOyah xommakTe K C C mak, 9T06BI omepaTop
M}' € B(L?(K), p) 6611 yHUTAPHO DKBUBATCHTEH omepaTopy M,* & M.

3ameuanue 9.6. BriocieacTBun MBI YBEAMM, UTO Pa3JOXKeHUe, YKa3aH-
HOe B TeopeMe 9.4, Bce Xe eTMHCTBEHHO, €CIN CIaraeMble TOMKHBIM 00pa-
30M CrpynnupoBaTh U YIIOPAOOYINTE.

O6cyauM Temeps oaHY OOINYyI0 aarebpanvecKyo KOHCTpykuuioo. [lycTs
A n B— 6anaxoBbl aareOpsl, 1: A — B — HempepuIBHLIN TOMOMOPGhU3M.
Kax nuin seein Ganaxos B-monyab M MOXHO TOrIa PACCMATPUBATL U KAK
JeBbll 6anaxoB A-Moayub, noaarai a - ¢ =¥(a) -z g a € A, x € M. Ecau
u: M — N —wmopdusm B B-mod, To ou xke Gyger moppusmom u B A-mod
OTHOCUTENBHO TOJLKO UTO BBEJEHHOTO AencTBua aarebpul A ma M u N.
TeM caMbIM OIpeeleH KOBAPUAHTHEIR (hyHKTOP ¥ : B-mod — A-mod. On
HA3BIBACTCA PYHKIMOPOM OMCIMYNAECHUS BIOIDL 1) WA GYHKMOPOM NPAMO20
obpa3a.

HazBanue «pyHkTOp mpsaMoro o6pazay MOXKET HOKA3ATHCSI HECKOJIbKO
HEOXUJAHHLIM — Beb B TO BpeMs KaK TOMOMOPGU3M 1) meucTByeT m3 A
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B B, dyukrop ¥ pmeiicteyer w3 B-mod B A-mod (a BoBce He HAOGO-
poT). DTa TEePMUHOJIOIUA OLPABALIBAETCI TEM, YTO LIPU [EPEX0OLe OT IIPO-
CTPAHCTB K aare6pam QYHKIUU HA HAX CTPEAK: o6pamaioTcs (T.e. QpyHK-
TOP «IPOCTPAHCTBO — aarebpa (PYHKIUMY KOHTPABAPUAHTEH; CM. §5.5).
BoT TunuuHLIN 04 TaJbHEUIIErO TPUMED.

IIpumep 9.11. lycre (27, &7, u) — npocrpancrso ¢ mMepon, X — KoM-
HAKTHOE XayCAOP(OBO TOMOJOTHIECKOE IPOCTPAHCTBO, ¢: 2 — X — us-
Mepumoe orobpaxkenne (oTHOCHTEIbHO 7 U HBor(X)). Oupememum romo-
mopdusm ¢*: C(X) — L>(Z", u) dopmyaon ¢*(f) = f o . OH, B cBOW
ouepens, 3agaet GyskTop (¢®)# : L2(2°, u)-mod — C(X)-mod. Eciu mpu-
MEeHUTHL 3TOT byHkTOp K npocrpanctsy L2(2, 1) (koTopoe oveBuaHbIM
00pa3oM HaJeIaeTcs CTPYKTypou Monydas Hany L°(Z27 ) u)), MBI noay<um
C(X)-mozyas L*(Z, ), (cM. mpumep 9.5).

Teopema 9.5 (o dbyskumonarsHon Mogema). [Tycms X — xomnaxmmuoe
zaycdopdoso monosoeuneckoe npocmpancmeo, H — aeswiii 2uvbepmos
modyav nad C(X). Toeda cywecmsyiom maxoe npocmpancmeo ¢ mepot
(2,4, 1) u makoe uzmepumoe omobpaxcenue p: 2 — X, wmo modyav H
usomopen L* (X, 1), 6 C(X)-Hmod;.

Aokxazameavcmso. llpegcraBum H B Buge, ykazanaoMm B Teopeme 9.3,
U paccMOoTpuM AudbioHkTHOe obbesunenue 2 = | | X;, rae X; = X naa
iel
Beex i € I. Onpenenum o-amrebpy o/ C 2% u mepy p: o/ — [0, 4+00] creny-
oM 06pa3oM:

o = {|_| Bi: B € %or(Xi)},
icl
”(I_I Bi) _ Y ier i(Bi), ecmm TOT pAL CXOZUTCA,
eI +00 HHAYE.

Haxkomer, onpegenuM usmepuMoe 0Tobpaxenune ¢: 2 — X, monaras ¢(x) =
= msa aodoro x € X; u awobdoro ¢ € I.

YroGer noctpouts mdomopduam mexay H u L2 (2, 1)y, AL KaxkKI0ro
i € I paccMOTPUM 3aMKHYTBIM TIOAMOIYIb

H;={f¢ LZ(%,M)¢: f =0 mourn Bcroay BHe X }.

fcno, uro H; L H; mpu i # j. Kpome Toro, otobpaxenue U;: L*(X, ;) —
— H;, comoctapasiomee kaxjgon dymxmum f € L?(X, ;) ee mpogomxke-
HUe HyJaeM BHe X;, ABIAeTCsa, odeBuano, usomopdusmom B C'(X)-Hmod;.
C yuerom ympaxuenusa 9.10 MBI TmOIyIaeM H30OMETPUIECKUH MOPGDU3IM
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U: @ L*(X, ;) — L*(Z, 1)y, Orpanntdenne KOTOPOro Ha KaxK 10€ IOAIpO-
icl

crparcteo L?(X, ;) comanaer ¢ U;, a 06pas ects » H;. OcTanocs 3ame-

TuTh, uTO Mopdumsm U copbekTusen. B camom aéfd, ecm f € L2(27, p)

u f L H;, o f =0 nouru Bciogy na X;. Eciau ke 310 Tak muas Beex i € I,

To f =0 noarm Bcooay ma 2 . Cregosaresuo, (ImU)+ =0, u U — m3ome-

TPUIECKUN U30MOP(DU3M. O

Ha s3eixke onepaTopoB moc/iaeqHss TeOpeMa 3By IUT TaK.

Teopema 9.6 (o dynkumonaasHOM Mogesmm). [Tycme T € B(H) — nop-
maavnbili onepamop. Toz2da cywecmsyom makxoe nNpocmpancmeo ¢ me-
pott (X', 4, 1) v maxas usmepumas oepanuuennas Pyuxyus p: X — C,
wmo onepamop T ynumapro sxsusasenmen onepamopy ymuoxrcenus M, €
€ B(L*( X, ), deticmeyrowemy no Gopmyae (M, f)(z) = p(z) f(z).

Yupaxuenue 9.12. Eciu npoctpancTeo H cemapabensHo, a omepaTop 1'
CAMOCOIPSIKEH, TO B KadecTBe 2 MOXHO B3ATb R, a Mepy jt BEIOPATH KO-
HETHOH.

Teopema 0 PyHKIMOHAILHOU MOAEIN — IPE3BLIMaHO MOLIHOE CPEACTBO,
[O3BOIAIONIEE (334aPOM» HOLYIATH COAEPKATEILHYIO HHMOPMALAIO O HOP-
MaJbHBIX omeparopax. Hampumep, ITOOH OmpeneauTh GOPETeBCKOe UCIn-
CJIeHNe OT HOPMAJBLHOT'O omepaTopa 7', TOCTATOYHO MPeJACTaBUTL 1 B BUIE
U _1M¢,U (rae U — omepaTop, OCYIECTRIAIIINN SKBUBAJCHTHOCTh MEX Y
T u M,) unonoxurs f(T) = U Mso,U. ToqHO TaK 3Ke MOXHO HOCTPOUTE
pazaoxenue egununsl T' (cMm. ynpaxnaenus 7.15 u 8.7).

Bor eme oxHO mpmioxenue.

Yopaxuenue 9.13. Ilycre T' € B(H) — nopMaubHBIT HEOGPATUMBIN OLle-
paTop.

1. Moxkaxute, iTo 06pa3 Im7T 3amMkHyT < (0 — M30IUpPOBAHHAS TOUKA
criextpa o(T).

2. BepHo 1u mpenbiayinee yTBEpKJACHUE IS HEHOPMAABHLIX ONEPATO-
pos? Bepua s X0TsA OBl OJHA U3 UMILIUKAIUN = WA <=7

§9.4. L°°-dpyHKIMOHAIbHOE MCINCICHUE.
CkaispHas CIeKTpPaJbHAsg Mepa

Bepremcst Tenmeph K HaleMy OCHOBHOMY BOIPOCY O (OYHKIIMOHATHHBIX
ucuucreHunx. Mel yxke yOeIminch Ha, MHOIOYUCAEHHBIX IPUMEPAX, ITO YeM
6osbine 3anac QYHKIUN, KOTOPbIE MOXHO IPUMEHITH K JUHEHHOMY OIepa-
TOPY, TeM OOJbIIe MOXKHO CKa3aTb O ero crpoeHnn. Kak MBI yxe 3HaeM,
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0T HOPMAJBHOI'O ONEPATOPa B IMJILOEPTOBOM IPOCTPAHCTBE MOXKHO OpPaTh
J00BIe OrpaHuYeHHble O0openeBckre (PYHKIUU, ONPeJeJeHHbIE HA er0 CIIEK-
tpe (cM. . 7). o cyTm mena, mMeHHO 3>TOT (PAKT W MO3BOJAI HAM [0-
Ka3aTh CIEKTPATLHYIO TEOPEMY B €€ PA3INIHBIX (POPMyJIupoBKax. Kcre-
CTBEHHO TEMEPb TOMHTEPECOBATHLCA, MOXKHO JU OT HOPMAJIBLHOT'O OMEPATO-
pa GpaThb neoepanuuennbie bopenesckue Gyukunn. OKa3zbIBAETCA, 1UCTBU-
TEJABHO MOXKHO, HO €CJIM MEI IIPA 3TOM XOTHUM OCTaBaThCA B PaMKaX T€OpHUN
OrpPaHUYEHHBIX ONEPATOPOB, TO HAIM (DYHKIIUYU TOJKHBI OBITH CYULECTNE EH-
HO 02PARUUEHHBIMU TTO OTHOIICHNIO K HEKOTOPOU CIenraabaon Mepe. Hama
OMMKANIIAA eI — OTPEJEIUTE 3Ty MEPY U MOCTPOUTH COOTBETCTBYIOIIEE
L°°-pyHKIIMOHATEHOE NCINCTIEHNE.

ycts (X, o7, p) —upocTparcTeo ¢ Mepon. HamoMuuM, 9T0 CyImecTByeT
U30METPUUECKUN U30MOPPUIM

LX) — (LX), [ Fy, F/IeFf(g):/xfgdllvgeLl(XaN)-

Kax cregcreue, na L°(X, ) Bosumkaer ciabas* rononorumsa oL, L)

(cm. §5.2).

Yupaxuenue 9.14. [Iycte X — komnakTHOE XayCa0P(OBO TOIOIOTrHIe-
ckoe npocrpatcTso, i € M(X)—uneorpunareapuas pery/sapHas Gopenes-
cKasa Mepa.

1. Tlokaxwute, 9T0 00pas KaHoHWYIECKOro romomopdusma C(X) —
— L*°(X, 1), IEepeBOmAIero Kaxaylo (QYHKIHUI B € KIACC DKBUBAJICHT-
HOCTY OTHOCHUTEIBLHO (i, IWIOTEH B CIA00U™ TOMOJOT U,

2. lokaxkure, wro kanonudeckuu romomopdusm B(X) — L (X, i) ue-
[PEPLIBEH OTHOCUTENLHO caabo-mepuon ronosoruu Ha B(X) u crabou™ ro-
noaoruu Ha L2 (X, ).

Iycte Teneps T € Z(H ) — wopMausubin oneparop, K C C— komnakT-
HOe HOoAMHOXecTBO, i € M (K) — neorpunarensuas pery/sapHas Gopenes-
ckas mepa. Kak o6erano, yepes ¢ € L°(K, y) Mbl o603Ha4aeM (DYHKIUIO
t(z) = z (z € K), Tounee, ee KIaCC SKBUBAJICHTHOCTH.

Ompepgenenue 9.8. L™ -gynxyuonaapnvim ucuucaenuvesm ot T wa (K, u)
HA3BIBAETCA YHUTAIBHBIU *-IOMOMODPGU3M Yoo : L2 (K, ) — Z#(H), nenpe-
PBIBHBIA OTHOCUTEIBHO ciabon™ ronomoruu #a L (K, p) u caabo-onepa-
TopHOU Tononorud Ha HB(H) u Takou, 9T0 Yoo (t) =T

Yupaxuenue 9.15. llpennonoxum, 9yTo L°°-QyHKINOHATBEHOE UCUUCIE-
uue ot T ma (K, p) cymecrsyer. [Jokaxure, 910
1) ono eguncrBenHo;

2)o(T) C K;



§9.4. L*°-¢pyukunonansuoe ucuncaenue. CkanspHas cnekTpaabHas Mepa 143

3) muarpamma

B(K) —— #(H)

e

L2(K, p)

KOMMYTATUBHA (31€Ch Y, — O0PENeBCKOe ucIucienue o 1', a BepTUKATBHAA
CTPEIKa — KAHOHUIECKUT TOMOMOPQU3M; CM. yrupaxkuenne 9.14).

Ecan npo mepy p HE49ero #He m3BeCTHO, TO COOTBETCTBYIOIIEro L*°-pyHK-
LUOHAJIBHOIO UCHUCICHNsS MOXKET U He CyluecTBoBaTh (upusesure npumep!).
Hamma 3anaga 6yxeT coCcTOATE B TOM, 9TOOBL IT0 33, IaHHOMY oreparopy 1’ mo-
CTPOUTH HEKOTOPYIO CIENUAIBbHY0 Mepy 4 Ha o (T'), 1 koropon L°-dpyHk-
nroHaIBHOE ucuncaenue ot 1 cymecTByeT. OHa HA3BIBAETCA CKAAIPHOU
cnexmpaabhoti mepoti oneparopa T. CtpouTsb ee Mbl Gyaem B Gosiee 00mmem
KOHTEKCTE I'MILOEPTOBLIX MOIYJIEH.

Urak, nycte X — xOMmakTHOE XaycAOP(OBO TOMOJOIMYECKOE IIPO-
crpancTBo, H — yruransanim runsbepros C(X)-monyas, m: C(X) — HB(H)
u 7: B(X) — B(H)— cooreercrytomme npencrasnenns, F: Bor(X) —
— PR(H) — cooTBeTCTBYOIAA CHIEKTpaIbHas Mepa (CM. Teopemy 8.3).

Ompegenenue 9.9. Heorpunarensuas mepa p € M(X) HasbBaeTCa cka-
asprotli cnexmpasvnot mepot s H, ecim nna B € PBor(X) ycaosus
E(B) =0 u u(B) =0 skBHBaICHTHEL

[ malbHeumero HaM TMOHATOGATCA HEKOTOpHIE (PAKTH U3 TEOpUn
MepHI.

OTCTyHJIeHHe: HaAIIOMHWHAHWA U3 TEOPHUH MEPHI

IIycte X — muOXKECTBO, &7 — g-aarebpa ero moaIMHOXKECTB.

Onpeaenenne 9.10. Ilycte p, v — 0-agIuTHUBHBIE KOMILIEKCHBIE MEPBI
ma o/, v >0

1. ToBopAT, ITO Mepa [t a0COA0MHO HENPEPHIEHA OTNHOCUMEALHO V) €CTIH
u3 ycnosun v(A) =0, A € & crenyer, uro p(A) = 0. lpu sToM numyT
nLu.

2. Ecau p > 0, TO roBopsT, YTO MEDLL {4 ¥ V 9K6UBaAeHMHbL (M IUIILYT
[t~ V), €CILU OJHOBPEMEHHO BBIIOJIHAIOTCS YCJIOBUA i K ¥V U ¥V <K [t T. €. ec1u
g1 A € of yeaosus v(A) =0 u p(A) = 0 DKBUBATCHTHEL.
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Teopema 9.7 (Pagor, Hukogmm). IIycmo p,v — o-addumusnvie xom-
naekcubie mepst wa o-aazebpe of , npuuem v = 0. Toeda caedyrouyue ycaosus
IKBUB AAECHMMDL:

(1) p<y;

(2) cywecmeyem maxasn v-unmezpupyemas Pynxyus p: X — C, umo
u(A) = /A pdv das aw6o2o A€ o (m.e., 6 0603HAUERUAT 24. T, 1 =p - V);

(3) das wmobo20 £ > 0 naiidemea maxoe 6 > 0, wmo das 4106020 muodxuce-
emea A € of | ydosaemsoparowezo ycaosuo v(A) < 4§, ebinoaneno nepagen-
emso |p|(A) <e.

Hpu smom ecau >0, mo u p >0 v-n. 6. Kaacc sxsusaaenmuocmu Gynk-
yuw p (omuocumeavno v) onpedeaen odnosnauno. Pywkyus p 0603naua-

d .
emcasa di U Ha3viéaemca IIPpOU3BOITHON Pa,ZLOHafHI/IKO,ZLI/IMa MEPLL L NO V
v

(AU TWIOTHOCTBIO MEPLL (1 OMHOCUMEALHO V).

3ameqanue 9.7. Ha camom gesne Teopema Pagona—Hukoauma—>5T0 um-
wkanusa (1) = (2) B mpeabigymem yreepikgennn. Mmmimkamus (2) =
= (3) —5TO Tak HA3EIBAEMOE CE0UCME0 A6COMOMNOT HENPEPLLEHOCITY UH-
meepaaa, a munnkanua (3) = (1) oueBngua.

* k%

Bepuemcs k runsbepToBeiM MonysaiM. IIpexae 1eMm cTPOUTE CKAMAPHYIO
CIIEKTPAJILHYIO MEPy, 3aMETUM, 9YTO €CJH dTa Mepa CyLIeCTBYET, TO OHa
onpeneyeHa OJHO3HAYHO C TOTYHOCTBIO OO SKBUBAJIECHTHOCTH.

[nia TOCTPOEHUA CKATAPHON CHEKTPATBLHOW MEpHI HaM OymeT yA0OGHO
BOCIIOTB30BATHCA CJAEIYIONINM OOIIMM ITOHATHEM.

Onpegenenne 9.11. Bektop & € H Ha3RIBaETCA 0MOeastowuM s Tpe-
craBaeuua 7, ectu mas f € B(X) ws ycaopua 7(f)x = 0 caemyer, 9T0

#(f) =0.

IIpegmoxenue 9.4. Ecau sexmop x € H omdeasowuti, mo mepa i,
(em. fopamyay (9.2)) asasemes craaapnot cnexmpasvnot mepot das H.

[owxazameavemeo. Hamommmm, 910 e (B) = ||E(B)z||? naa awo6oro
Gopenesckoro muoxecrea B C X. Ilostomy p,(B) =0 E(B)x =0«
< E(B)=0. O

Yupaxuenue 9.16. /[okaxuTe, 9T0 BEPHO 1 00OPATHOE YTBEPKICHUE.

Nrak, BOnpoc 0 CymecTBOBAHUYU CKAMAPHOU CIIEKTPATILHON MEPBI CBEJICS
K BOIIPOCY O CYIIECTBOBAHUU OTIENAIONIETO BEKTODA.
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Mpegnoxenne 9.5. Ecau modyaw H cenapabeaen, mo 6 nem cyuecmsy-
em omdeasowuti sexmop. Kax caedecmeue, cywecmsyem crkasapuas cnex-
mpaabnas mepa das H.

Hoxasameavcmeo. llpencrasum H B Buge H = > H;, rae H; —nonap-
icl

HO OPTOTOHANBHBIE TUKJAWIecKue nogmonyma B H (cM. npepnoxenue 9.3).

W3 cenapabeasnoctu monyas H ciaemyer, wro I ne 6omee 4eMm CI€THO, IMO-

STOMY MBI MOXKeM cuuTaTh, 9to I =N wm I ={1,...,n}. das xaxmgo-

ro i € I BeIGepeM IUKIMYECKUN BeKTOp %; € H;, ||z;|| = 1, 1 momoxum

x; . o
T = Z 5 Jlerko BUAETH, ITO T — OTAEIAIOMNNA BEeKTOp. [lencTBUTENBHO,
2

ecau 7(f)x = 0 mua sexoropon ¢yukuuu f € B(X), To ©3 OpTOroHAIBEHO-
cru moagmonyren H; crenyer, aro 7(f)x; =0 naa scex ¢ € I. Iockoabky
x; — UuKIMgecKull BekTop aa H;, orcioga caenyer, wro 7(f)| g, =0 gas
Beex i € I, r.e. 7(f) = 0. CregoBaresbHo, & — OT €AY BEKTOD. O

EcTecTBeHHO CpOCUTH: a CYIIECTBYIOT JU KAKUe-HUOYIb TPYTue CKa-
JIPHBIE CIIEKTPAIBHBIE MEPHL 11 H , KpoMe Tex, KOTOPhIE YKABAHBI B P~
aoxerun 9.47 Ilpome Bcero oTBeTHTHL HA DTOT BOIPOC B CAy4ae Cemapa-
6eapHOTO MOy H.

Yupaxuenue 9.17. [Ipegnonoxum, 9ro B H cymecTByeT OTAeAAIONINN
BekTOp Z (3TO 3aBefOMO TaK, ecau Moayab H cenapabenen).

1. Moxaxute, uro ecmt v € M(X), v >0 u v < g, TO v = p, Aid
HeKOTOporo y € H.

2. HoxaxuTe, ITO JI00ad CKATAPHAA CIEKTpadbHad Mepa 11 H ume-
€T BHJ [t LI HEKOTOPOrO (BO3MOXKHO, APYIOr0) OTIENIOMIEr0 BEKTOPA
ye H.

Yrazanue. Bocnonesyurecs Teopemon Pagona—Hukoxuma.

Ha camowm gene B yCaoBuM MpEeABIIYIIErO YIPAXKHEHUA MOXKHO U HE Tpe-
60BATH HAMWYMAA OTAEIAIOMEro BeKTopa. [leo B TOM, 9TO CIpaBenIus Cae-
OYIOIIAY Pe3yabTarT.

Yupaxuenue 9.18". [Jokaxxure, 9TO CiaefyIOIINe yCIOBUS SKBUBAIEHTHEL:

1) B H cywecrByer OTIeIAIOIWUNE BEKTOD;

2) cymecTByeT CKadApHAs CleKTpajbHas Mepa ausi H.

ITpu aToM m06as CKaIApHAA CHeKTpalbHAA Mepa Aas H uMeeT BUJ fi, 111
HEKOTOPOT'O OTAEJSIONIEro BekTopa y € H.

Yxazanue. KmoueBon MOMEHT — CJEIYIOIIEE YTBEPKICHUE U3 TEOPUN
MEpBL: eC/IM HEKas Mepa [ DKBUBAJEHTHA ceMercTBy Mep {u;: i € [} B ToM
cmbicae, 9ro 4(B) =0 < p;(B) =0Vi € I, To oHA 3KBUBATICHTHA He Gomee
YeM CUETHOMY €ro MOACEMEUCTRY.
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Tak win unade, HO B 00weM caydae (T.e. M HECenapabeqbHOrO MO-
ayas H) npepnoxenue 9.5 nepecraer 6pirh BepubiM. [lonpobyire B aT0M
yOeauThCA.

Yrupaxuenue 9.19. [locTponTe HOPMAIBLHEIN ONEPATOP B HECEHAPAOETD-
HOM THILOEPTOBOM MPOCTPAHCTRE, He 00JaJAI0NINN CKATAPHON CIIEKTPATh-
HOU MEPOWU.

Yxazanue. Eciu o-agaurusaas mepa p > 0 rakosa, aro p({x}) > 0 mus
moboro z € X, To u(X \ S) =0 pra HEKOTOPOro He Oojee 4eM CIETHOIO
noamuoxecTtBa S C X.

Ilepengem Tenepb K moCTpoerHUIo L°-)yHKIMOHAIBEHOIO MCINCAECHH.

Ipenmoxenne 9.6. [lycmov y — craaspras cnexmpasvhas mepa das H.
Tozda

Kerr={feB(X): f=0p,nevVeeH}={feB(X): f=0 un.s.}.
Hoxazameavcmso. [ moboro 6openesckoro muoxkecTa B C X numeem
w(B)=0 <= E(B)=0 <= |[E(B)z|*=0V2 € H <= u,(B)=0Vx € H.

Orcioga caenyeT coBnajeHue BTOPOro u Tperhero Muoxkects. Cosnanenue
IepPBEIX [IBYX MHOXKECTB caeayeT m3 papenctsa ||7(f)z|? = /X |fl2dp,. O

IIpex ge vem GoOpMyIupPOBATL U MOKA3BIBATH OCHOBHYIO TEOPEMY, Cle-
JaeM OIHO HeCJOXKHOe HabawgeHre 06 MHBOIIOTUBHBIX aarebpax.

Onpegenenne 9.12. IIycre A —unBomorusHas aaredpa. IBycTopoHHMI
unean I C A nasmBaercsa x-udeasom, €Cau A JI0O60ro a € I BBIIOJIHEHO
BKIIOYeHne a* € I.

Yupaxuenue 9.20. [Toxaxure, 9T0 ecau [ — IBYCTOPOHHUU *-UIean
B MHBONIOTMBHON anreGpe A, To daxropairedbpa A/l ABIseTCA MHBOJIIO-
TUBHOU aaredpon oTHocuTeabHo uuBomouuu (@ + I)* =a* + I. B cayuae,
korjaa A —unpooruBHas 6aHaxoea aarebpa, IOKaXKUTe, 9TO (PaKTOpajre-
6pa A/I, cuabxennas GaKTOPHOPMOU U TOJBKO YTO BBELECHHOU MHBOJIIOLY-
el, TOXKe ABIACTCSA MHBOJIOTUBHON GAaHAXOBOU AIreOpOMN.

Teopema 9.8. ITycms X — xomnaxmuoe zaycdopdoso monoaoeuueckoe
npocmpancemao, H — cenapabeavnoe 2uavbepmoso npocmpancmeo. Ilyemo,
daace, w: C(X) — B(H) — ynumasvruvrli *-20M0M0pPusm, T — €20 KaHo-
nuueckoe npodoaxcenue na B(X), p e M(X) — coomsememeynowas cra-
Aspuas cnexmpasvuas mepa. Tozda cywecmeyem eduncmeennbil *-20mo-
MOPPU3M To: L°(X, u) — B(H), deaatouwuts caedyowyio duaepammy Kom-
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MYMamueHot:

L2(X, )

IIpy smom 20MOMOPPUIM Too UKHBEKMUBEH U HENPEPLIBEH OMHOCUMEALHO
caaboi* monosoeuu wa L (X, u) u caabo-onepamoprot monosoeuu wa

Hoxazamesbcmeo. EAUHCTBEHHOCTE TOMOMOP(IU3MA T, OUEBUTHA; T0-
KaxkeM ero cymectoBanue. [lomoxum Iy = Ker #; scHO, 9T0 5TO 3aMKHY THI
s-ugean 8 B(X). PaccmoTpuM JmHENHBIN omepaTop

oot B(X) /Iy — B(H), [+ Iy—7(f).

Jlerko BuAeThb, 4TO DTOT ONEPATOD OrPAHUYEH, UHLEKTUBEH U SBJIACTCH
s-roMoMopdumamom. C yuerom mpemmokenus 9.6 cymecTsyer m3oMeTpute-
ckuit #-usomopdusm B(X) /Iy — L>®°(X, u), mepesogsmumn f + Iy B xmacc
OKBUBAJEHTHOCTYH (PYHKIMU f OTHOCUTEIBHO 4 (cM. ympaxkuenwe 2.11).
Oroxgecreuas arredpsl B(X)/Ip u L*(X, ), morygaeMm MCKOMBIA [OMO-
MOPGU3M Too 1 L®(X, p) — B(H).

s noKazaTenbCTBAa HEIPEPHIBHOCTH MOMOMOP(U3MA Ty, OTHOCUTEIb-
HO YKa3aHHBIX TOMOJOTMA JTOCTATOYHO MO 3aJaHHBIM &,y € H momo6parh
p € LY (X, p) Tak, 9TO6BI BLITOTHAIOCH YCIOBHE

170 (F)|l2,y < |Ifll, mma mobon dpyuxumu f e L°(X, p). (9.5)

Urak, uycts z,y € H. Toraa
| 1ap.,
X

1700 (Pllay = (T (), y)| =
(371€Ch MBI, KAK OOBIYHO, WCIOJB3OBAIM OJWH W TOT Ke CAMBOI f 1A
o6o3HaveHus QYHKIUE U €€ KJIACCA DKBUBAJEHTHOCTH). U3 ompenenenus
CKAJIAPHOU CIEKTPAIBHOM MEpHL Jerko caeayer, 4ro E, , < p. ITonoxum
p=dE, ,/dy; Toraa u3 paseucts (9.6) momyaemM, ITO

e (F) oy = ] /. fpdu‘ — £l

4TO nOKasbiBaeT HepaeHCTBO (9.5). Tem caMelM Teopema gokasama. [

(9.6)

Yupaxuenue 9.21. /TokaxuTe, 9TO OTOOPAKEHNE oo U3OMETPUTHO.

IIpepgergymee yupakaenre HETPYAHO CAEIATH «B JOO», HO MOXKHO U BBI-
BECTH €ro 13 CJIedyIollero 6ojee oOMero yTBEPK eHuA.
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Ympaxuenue 9.22*. Ilycte A, B — yuuransusie C*-anrebper, ¢: A —
— B —VHBLEeKTUBHLIM YHUTAILHLIN *-roMoMopdusM. Torga romomopduzm
(0 MBOMETPUIEH.

EcTecTBeHHO TOMHTEPECOBATHCA: & HEMb3A JU BMECTO CKAJIAPHON CIIEK-
TPATBHOU MEPHI B MPEALIAYIIEN TEOPeMe B3ATh KaAKYIO-HUOYAL APYTYIO?

Yopaxuenue 9.23. Kaxou gomxua 6errs Mepa p € M(X), p > 0, 910651
1Js Hee ObLIo cupasefaunBo 3akiatodenue Teopemsl 9.87 (Hampure neobxo-
JAUMOE U JOCTATOYHOE YCJIOBHE. )

B npumenenun x omepaTopam TeopeMa 9.8 naeT CAenyOumMa pe3yabTaT.

Teopema 9.9. IIycmy T € B(H) — nopmasonvrc onepamop 6 cenapa-
beavnom 2uavbepmosom npocmpancmse H, K C C —xomnaxm, codepaca-
wutt o(T), p € M(K) — ckaaspras cnexmpasvras mepa onepamopaT. To-
2da L -dynryuonaavnoe ucuucaenue omT wa (K, p) cywecmeyem u edun-
cmeenno. Kpome moeo, oo u30mempuuno.

MMocmorpum Teneps HA CBOUCTBA L°°-QYHKIMOHAILHOIO UCUUCIACHUS.
EcrecrBenno oxungare, 410 L-()yHKINOHAIBHEIE NCINCACHUA HA PA3HBIX
KOMITAKTAX JOJKHBI OBITH COTVIACOBAHEL (Cp. yupaxkuenue 7.17). YTo6wr 510
YTBEPKJACHNE UMETO CMBICT, COTVIACOBAHBI JOJKHBI OBITH U CKAJAPHBIE CTIEK-
TpadbHbie Mephl. [as TouHOU GHOPMYJIUPOBKU DTOTO PE3YJILTATA BBEIEM
CIeYIOLIEE TIOHATHE.

Onpeaenenne 9.13. [Iycte X — koMmakTHOE XaycgopdOBO TOMOJIOU-
geckoe mpocTpancTso. Hocumeav Mepul p € M(X)— 5T0 MOAMHOKECTBO
supp p C X, onpenenseMoe ClefyIomuM 00pa3oM:

x ¢ supp p <= 3 okpectrocts U 3> z: pu(U) =0.
O4eBUIHO, SUPD [t — 3aMKHYTOE MHOXKECTEO.

3amedanume 9.8. CymecTByeT HOHATHE HOCUTENA MEpHI, 3aIaHHOU HA
TPOU3BONBHON T-AATredpe IO IMHOKECTB JI0O0T0 MHOXKECTRA, OIHAKO B 3TOM
CIyYae HOCUTEJb OMPEIETeH, BOOOIIE TOBOPS, HEONHO3HAYHO ((HOCUTEIb
C HEOIpEIeJEeHHBIM apTuKieM»). HocuTedb, OnpeseJeHHLIN BHILIE, €CTe-
CTBEHHO HA3LIBATDL «TOINOJOIMIECKAM HOCATENEM).

Ynpaxuerue 9.24. llycte T € A(H) — HOpMATLHEIA OMEPATOD B CENa-
paberbHOM Mr'IILOEPTOBOM MTPOCTPAHCTRE H , ji— ero CKaIApHaA CIIEKTPATh-
Hag Mepa, ompene’eHHaa Ha HexoTopoM kommakTe K D o(T). Moxkaxure,
aro supp p = o(T).

Caxegcrue 9.1. IIyeme K, K; C C—xomnaxmor, o(T) CK; CK, up €
€ M(K) — cxaaapnaa cnexmpaavuas mepa das T € B(H). Toeda ee oepa-
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nuuenue [l gor (k) € M (K1) maxyce a644emea CKAIAPHOT CREKMPAALHOT
mepott das T.

Yupaxuenue 9.25. B ycioBusax npensrayiero ciaecTBus 0O03HAYMUM e~
pea vE u 4Kt L gcaucaenma or T ma K u K| COOTBETCTBEHHO, a depe3
rrK,: L®(K, u) — L>(K;, p) —romomopdusm orpanudenus. [Jokaxure,
YTO CAeLYIOMWAsd TuarpaMMa KOMMYTaTUBHA!

LOO(Kap‘) “/ii
\
TKK) %(H)

/7

K
LKy, p) 7

IMockoabky L°°-pyHKIMOHAILHOE HUCIUCACHHE COVIACOBAHO € OOpesen-
cknM (cM. ympaxuenne 9.15) u He 3aBucut oT BeIGOpa KoMmakTa K D o(T),
MBI MO¥EM BMECTO Yoo ( f) MCTOMB30BATE TpaaunmoHHOEe 06osHadeHne f(T),
KaK U JJIA APYTUX BCTPEYABIINXCSA HAM paHee (yHKIMOHATLHBIX UCIUCTE-
HUU.

Emte oguo Baxuoe cBoncTBO L°-(OyHKIMOHATLHOIO UCIACICHUS, KOTO-
poro HeT y OOpeNeBCKOI'0 MCUUCAEHUSI, — DTO TeopeMa 00 OTOOpaKeHUm!
CTIEKTPA.

Yopaxuenue 9.26 (reopema 06 orobGpaxennmu cmektpa).llycrs T €
€ ZA(H) — HOpMATLHBIN OTMEPATOP B CemapabelbHOM TUILOEPTOBOM TPO-
crpacTBe H, p— ero ckaaapHad CIeKTpaIbHAs Mepa, ONpeIeJeHHas Ha
mekoropom kommakte K D o(T). [lokaxure, 970 a1a m060U PyHKIUU
f € L (K, ) cupaBe1uBO PaBEHCTBO

o(f(T)) = {MHOXKeCTBO cymecTBeHHBIX 3HadeHnn Gpyukunn f Ha o(T)}.

JlurepaTypHble yKa3aHUA

O GaHAaXOBBIX U THILOEPTOBBEIX MOAYIAX MOXKHO IPOMUTATH B KHATe [29].
A3bIK rUILGEPTOBBIX MOAYJEN MIMPOKO UCIOAB3YETCA B COBPEMEHHOU TeO-
pUM OIEpPaTOPOB; CM. IO >ToMy noBoay Monorpaduio P. dyrraca u B. Iloa-
cera [30]. Ynomsuyras mumoxogoMm reopema Ceppa—Cyona gokasana, Ha-
npumep, B Jekunax M. Aten [1]. Teopemy 0 GYHKINOHATEHON MOJENHN Ca-
MOCOTPAKEHHOT'O OMEPATOPA B THILOEPTOBOM MPOCTPAHCTBE MOXKHO HAUTH
B kuurax [30, 14, 23]; Ha ciyyall HOpMATBHBIX ONEPATOPOB U MAILOEPTOBBIX
C(X)-vonyaen ona obobwaercs 6e3 rpyaa. Jokazareascrso Teopemsl Pa-
pona—Hukoguma cogepxkurcs B kuurax [15, 14, 9]. Ilo noBoay ckausipHbIX
CIEKTPATBHBIX Mep U L°-ucuucaenus cM. yuebuuk Jx. Kouses [35].



10. TEOPUA KPATHOCTH

Brr, xome9HO, 3HAETE, 9TO KPATHOCTBIO COOCTBEHHOTO 3HAMEHUA A JIHA-
HEMHOT'O omepaTopa 1’ Ha3BIBAETCA Pa3MEepHOCTH Aapa omepaTopa I’ — Al.
YTo creryeT HAa3LIBATH KPATHOCTBIO TOYKY CTIEKTpa B 00mmeM caydae? Te-
OpUsA KPATHOCTH, ¢ KOTOPOU MBI TTO3HAKOMUMCSA B 3TOU TJIaBE, MA€T OTBET
HA DTOT BOIPOC 1A OPAHMIEHHEIX HOPMAIBLHBIX OMEPATOPOB B THILOEPTO-
BOM IIPOCTPaHCTBE. Bipodem, 0CHOBHOE JOCTOMHCTBO STOU TEOPUU JAKE HE
B TOM, 9TO OHA IPUJAET CMBICI CJAOBY «(KPATHOCTLY, & B TOM, YTO OHA [T0O3BO-
JIAET TIOAHOCTHIO KIACCU(DUITIPOBATH HOPMATLHBIE OTIEPATOPHL C TOTHOCTHIO
JI0 YHUTAPHOWN DKBUBAJEHTHOCTHU. JTO O3HATALT, UTO KAKJIOMY OTTEPATOPY
COIIOCTABIIAETCA HEKasg COBOKYIHOCTH OOBLEKTOB, KOTODAs SBIACTCI NOJA-
HOLM HAOOPOM YHUMAPHBLL UHEAPUGHIN06 B TOM CMBICJE, 9TO IBA ONIEPATOPA,
YHATAPHO SKBUBAJIEHTHBI TOTA M TOJLKO TOIIA, KOTAa COOTBETCTBYIONIAE
UM HAOOPHI YHUTAPHBEIX WHBAPUAHTOR COBMAAaf0T. TakuM 06pa3oMm, Teopus
KPATHOCTH TIO3BOJIAET OTBEYATH HA BOMPOCH! O TOM, ABJIAIOTCA JU [BA TaH-
HBLIX HOPMAJIBHEIX OMEPATOPa YHUTAPHO SKBUBAJEHTHBEIMU man HeT. Kpome
TOr0, TEOPUA KPATHOCTHU COMOCTABMAET KAXKIOMY HOPMAIBLHOMY OIIEPATOPY
HEKYIO KPACUBYIO [eOMEeTPUIECKYIO Mogeab (o psaay npudud Gosee yno6-
HYyI0, 9eM (QYHKINOHAILHAS MOIENb U3 IPeILIAYINEN TVIABH ), KOTOPAs IPeJ-
CTABJAET U CAMOCTOATETLHEIN UHTEPEC.

Y7008 JyHIle TOHUMATL CMBICT ATLHENIIINX MTOCTPOCHUN, TaBANTE BHA~
9gajIe IMOCMOTPUM Ha KOHEIHOMEDHBIA Crydan. Urak, mycts H — KOHETIHO-
MepHOoe ruasbeproso npocrpancrso, T € Z(H) — ouneparop, KOTOPBIU MbL
A TPOCTOTHI OyAEM MPEANOJAraTh CAMOCONPSKEHHBIM. 10rm1a, Kak m3-
BECTHO U3 JUHEUMHOU anre6phbl, H paszmaraeTca B OPTOTOHAMBLHYIO TPAMYIO
CYMMY COOCTBEHHBIX MOATPOCTPAHCTB omepaTopa 1"

H=  HM), rae HQ\)=Ker(T —Ap). (10.1)
Aeo(T)
CarenoBaTensHo, caM omepaTop 1 3amuchHIBaeTCA B BUIE
T = @ Mgy (10.2)
Aeo(T)

Ounpegenum gynryuio kpammocmu mrp ua cuexrpe o (1) popmyaon mp(A) =
= dim H()\). Torga napa (o(T), my) ABisercs HOJAHBIM HAOOPOM YHUTAD-
HBEIX MHBAPUAHTOB omeparopa 1':

‘ S u T yuurapso skeuBateHTHH < 0(S) =o(T) u mg =mr ‘ (10.3)
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Yupaxuenue 10.1. Eciau Bel panbiie He BCTPEYAIUCH C DTUM Y TBEPK Ie-
HUEM, TO JOKAXKUTE ero.

OCHOBHEIE PE3YIBLTATEL TEOPUU KPATHOCTH, IPYOO TOBOPSA, TIPEACTABIIA-
10T cobon o606menun pasnokenui (10.1) u (10.2) u yreepxaenus (10.3)
Ha GeckonevnomepHE caygan. Koreano, H (\) yxe e 6yayT COGCTBEHHBI-
MU TOANPOCTPAHCTBAMU (KaK BBl 3HAETE, COOCTBEHHBIX MOANPOCTPAHCTB
y T BooOme MOXKeT He OBITH); Oolee TOro, OHM, BOOGIE TOBODH, He Oy-
ayT noanpocrpancteaMu B H. A pasnoxkenusa (10.1) u (10.2) GyayT yxe
He OOBIMHBIME PA3JIOKCHUAME B IPAMYIO CyMMY, & Pa3JOXKCHUAMEH B TaK
HA3BLIBAEMBIN ([IPAMOU UHTErPAD .

Ha uHTYUTUBHOM ypOBHE OCHOBHOM M'€OMETPHUIECKAN OOBEKT, COIOCTA-
BJIAEMBIA ONIEPATOPY B TEOPUU KPATHOCTH, BEINVIALAT CIEAYIOIINM 00DA3OM.
5 mpeablayImen rIaBer MBI TIOMHMM, ITO ¢CTPOUTEIBHBIM MATEPUATOM) I
OYHKIMOHAILHON MOJEN HOPMATBLHOTO OonepaTopa (mim ruas6epToBa Mo-
Oyasl) CAyXKaT Lukaumdeckue ruibdbeprosel Mogyau H; (i € I), kaxapi us
KOTOpHIX m3oMopder Moyt suga L2 (o (T), j1;) 01a HEKOTOPOR MEpHI j4; Ha
o(T) (cm. Teopemur 9.3 u 9.4). /lna mocTpoeHna HyHKITUOHAILHON MOIEIH
(Teopema 9.5) MBI, TOBOPA HEPOPMATBHO, (CKICHIN» APYT C APYTOM TIPO-
crparcTBa ¢ Mepont (o(T'), ;) 1 Ha KaxKA0M U3 HUX PACCMOTPEN (DyHKIUIO
f{t) =1 (cM. npuBegEHHLIN HUXKE PUCYHOK).

((T), 1) (o(T), p2) (a(T), ps)

(2, 1)

B pesyabrare 5TOM KOHCTPYKIUMEM TOJYYAIOTCA MPOCTPAHCTBO ¢ MEpPOn
(Z°,) m orpaHWYeHHAA M3MepUMaA (QYHKIUA ¢ HA HEM; TIPA DTOM WC-
XOMHBIN omepaTop 1 OKa3BIBAETCA YHUTAPHO DKBUBAJEHTHBIM OIEPATOPY
ymuoxenus M, B L*(27, ).

Moxwno, oznako, me «upukieusBaTby npocrpascrsa (o(T'), u;) Apyr
K IPYT'Y, & PACIOIOXKUTL UX «IPYD HAJL APYIOM» TAK, YTOOBL OHHU IIPO-
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(a(T),13) :
(0(T)pg) ——— §© —
(o(T),p1)

o(T)
A

extuposanuch Ha o(T), cM. pucynok. TeomeTpuaecknii OGBEKT, KOTOPBIT
[PY 3TOM BO3HUKACT, HABEIBACTCA USMEDPUMBIM 2UAbOEPMOBHIM PACCAOCHU-
eM WL UBMEPUMBLY NoAeM 2Uuabbepmosuix npocmparcme. O6paTuTe BHU-
MAHHUE Ha TO, 9TO TOPU3OHTAJLHEIE OTPE3KA HA DTOU KAPTUHKE VMEHT
Pa3pBIBBI; DTO O3HAYAET, UTO «HA i-M DTaxKe» M300pakeHa He BCA - KO-
mua npoctpancTsa ¢(T), a TOILKO HOCHTENIb MEPHI ji;. WCJIO0 TOYEK Ha
BEPTUKAILHON LPSAMOU, T.€. PA3MEPHOCTL «Ca0sy Hany Toukon A € o(T), —
3TO U €CTh KPATHOCTb 3TOH TOYKH. I'MIb0€PTOBO MPOCTPAHCTBO, B KOTO-
poM geucTByeT omeparop 1, cienyer MpeacTaBiATh cebe KaK «HETPEPHIB-
HYIO TIPAMYI0 CyMMYy» CJIO€B HaJ ToukaMu cnekTpa o(T); cam ke omepaTop
(CKJICEH» 13 OmepaTopoB T\, KaXkKIBIU W3 KOTOPEIX AEUCTBYET B CJAOE HAI
A € o(T) yMHOXEHHEM HA YHCIO A.

B uacrrocTu, ecau npocrpancrso H xoneunomepno, o cuexrp o (1) ko-
HEYeH U HaJ KA JOU €r0 TOIKOU A «BUCUT» COOTBETCTBYIOIIEE COOCTBEHHOE
noanpoctpancTeo H (). Tunuaasii 6€CKOHETHOMEDHEIN TPUMED — Ollepa-
Top ymHoxenusa My, neicreytommi B L?[0, 1] mo npasury (M, f)(t) = tf(t).
poctpancteo L2[0, 1] Ipu 3TOM OKA3BIBAETCA (HEIPEPHIBHOM TPAMOU CyM-
Moy ogaoMepubix npocrpancrs Cy (no Bcem A € [0,1]), a oueparop M; —
(HETIPEPBIBHON MPAMOK CyMMOI» OIIEPATOPOB YMHOXKEHIA HA A B IPOCTPAH-
ctee C,.

MMepenrgem Tenepsb K CTPOruM GOPMYINPOBKAM.

§10.1. Uamepumsbie ruib6epTOBLI PACCIIO0 CHMAS
M IIPSMbI€ WHTETPaJIbI

I[Iycre X — muoxecTBo, &/ — o-airebpa €ro MOAMHOXKECTB, U IyCTh
{H(N): A € X} —HeK0OTOpOE CeMeHCTBO MIILOEPTOBEIX IPOCTPAHCTB. IIps-

Mmoe mpomsBefienne || H(A) HazOBEeM npocmpancmeom ceuenud DTOTO ce-
xex
MENCTBA. HaHOMHI/IM B 3TOHU CBA3U, IYTO

[[EN= {u: X~ || HV: w(h) e HA) VA€ X}.
AEX AeX

IIpocrpancreo H(\) Gyaem HazoBarh caoem Hay A € X.
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ToBopst HEOpMATLHO, U3MEPUMOE TUILOEPTOBO PACCAOCHUE — DTO Ce-
MercTBo ruasbeproBbix npocrpancTs {H(A): A € X} Bumecre ¢ Borgesen-
HEIM IOAIPOCTPAHCTBOM IPOCTPAHCTBA €0 CEHEHHUN, HIEMEHTHl KOTOPOIrO
MBI XOTUM OOBABUTH M3MEPUMBIMU.

Ompegenenue 10.1. Azmepumoe 2usbbepmoso paccaoenue (COBOPAT TaK-
Ke: UBMePUMOoe noae 2uabbepmosuit npocmpancms) uag (X, .of ) —osro napa
= ({H(N): A€ X}, F), cocroaman u3 ceMeucTBa ImAb0EPTOBEIX IPO-
crpancte {H(\): A € X} u BekTopHOro moanpocrpanctsa % C [[ H(A),
Y AOBJCTBOPSIONIETO CACAYIOMINAM Y CJIOBAM: AEX

(1) pas kaxapix u,v € & ¢yukuusa A — (u(\),v(A)) uamepuma ma X;

(2) ecim cewenve u € [[ H(A) Takoso, uro Gyskuua A — (u(A),v(A))
rex
u3MepuMa, st Jrboro v € &, To u €

(3) cymecTByeT TaKoe CIeTHOE CEMEUCTBO {Uy o2, C &, uUT0
N o
span{u,(A) oo, = H(A).
DJIeMEHTEL IO AIPOCTPAHCTBA % HA3HIBAIOTCS USMEPUMBLUY CEUEHUAMY DAC-
cnoenus ¢ .

3amevanue 10.1. 3ameTnM, 9TO M3 MOCIETHETO YCJIOBUA CIEIYET, UTO
BCe mpocTpancTBa H () cenapabenbHbl. JTO OrDAHUYIEHUE MOXKET HA Mep-
BRI B3MVISA[ MOKA3ATHCA MOBOJBHO UCKYCCTBEHHLIM, HO B TAJLHEUINEM MbI
YBHIUM, 9TO OHO UI'PAET BECHMAa CYIIECTBEHHYIO pOjib. Bupodem, B npenn-
OYLIEH TVIaBe HaM yKe MPUIUIOCH OAUH Pa3 HAIAIATh YCJAOBUE Cenapabenb-
HOCTU — a MMEHHO, TOPJa, KOTWIa MBI CTPOWIN CKAMAPHYIO CIEKTPATLHYIO
Mepy omepaTopa. Teopus KpaTHOCTH [ ONEpaTOPOB B HecenmapabenlbHBIX
MPOCTPAHCTBAX TAKKE CYIIECTBYET, HO UMEET 3aMETHO 00Iee CIOKHBIU BUI,
U MBI €10 BAHUMATHCA HE OyIeM.

Mpumep 10.1. IpocTentunu npuMep #3MEPUMOTO THILGEPTOBA PACCIO-
eHUA noayauTed, ecan noaokuTb H(A) = C nus Becex A € X u B3aATH B Ka-
YecTBe . MHOXKECTBO BCEX M3MEPUMBIX PyHKIMN Ha X .

IIpumep 10.2 (mocrosnuoe pacciaoerue). [Iycre H — cenapabenbHoe
IIILOEPTOBO IPOCTPAHCTBO. Bynem roropmts, uTto Qymkmug u: X — H
UBMEPUMA, ecam i aboro ¢ € H wamepuma dyakma A — (u(A), z). Tlo-
aoxuM H(A) = H pnsa Bcex A € X u BO3bMEM B KadecTBE .# MHOXKECTBO
BCEX M3MEePUMBIX QyHKIuY Ha X €O 3HadeHuamu B H.

Yupaxuerme 10.2. [IposeprTe BEInONHEHEE akcuoM (1)—(3).

ITpumep 10.3 (nokampHO mocTosAHHOEe pacciaoenue). [Tycte X mpexcra-

Baeno B Buge X = | | X, rae X, € &7, [lasa kaxaoro n 3apukcupyem ce-
neN

napabeabHoe ruwibbepToBo npocrpancrso H, u nonoxum H(A) = H,, nas



154 10. Teopus xparHOCTH

xaxgaoro A € X,. Ilycrs

F = {u € H H(X): dyukuus ulx, : X,, — H, usmepumaVn € N}.
AEX

Ynpaxuenue 10.3. IIposeprre Brmmonzenue akcuom (1)—(3).

Oxa3BIBAeTCsA, MPYTUX U3MEPUMBIX MAILOEPTOBBIX PACCIOCHWN, KPOME
ONMMCAHHLIX B IPEALIAVINEM NpuMepe, He ObBaeT. UTo0bI chopMyInpoBaTh
2T0 6oJee CTPOro, HAMO BBECTH TMOHATHE MOP(PUIMA M3MEPUMBIX THILOED-
TOBLIX PaCCIOCHUMN.

Onpeaenenne 10.2. [IycTs gaHel m3aMepuMble TMILOEPTOBEL PACCAOCHUA
H={HN: e X}, F)u A" ={H (N: \e X}, %) uan (X, o). Mop-
Puam (unu uzmepumoe nose onepamopos) T: H — H'— 510 Takoe cemen-
ctBO omepatopos {T(A) € B(H(X), H'(\)): A € X}, 9o mua awoboro u € F
cegenue Tu € [[ H'(A), onpegensemoe pasercteoM (Tu)(A) = T(A)u(A),

reX
OPUHALIEKAT F'.

Ecim p— o-agmuTuBHAA HEOTPHIATEABHAA Mepa Ha &7, TO MOPQPHU3M
T: # — 7' Ha3BIBAETCA [1-CYUWECTNBENHO 02DGHUUEHHBIM, €CaU (DYHKIAA
A= || T(N)|| p-cyuecTBeHHO OrpaHUtIeHA.

Mopduam T': 7 — ' Ha3LIBACTCA YHUMGPHLIM UZ0MOPHUIMOM, €CIT
T'(\) — yuurapusir uzoMopdusm mist Beex A € X,

ITpumep 10.4 (amaronamsubir Mopdusm). [Iycts f: X — C — uamepn-
mas byskmua. Juazonaavnvtti mopduszm Dy: I — I onpepenserca hop-
myaonr Dy(X) = f(A)1g(n) (yOemurecs, 9T0 3TO Ha caMoM feie MOPQUaM
ruab0epToBLIX paccioenun). fcuo, wTo Mopduam Dy cymecTBeHHO orpa-
HUYEH TOPHA M TOJBKO TOrAa, KOrAa (pyHKIuUsA f CYIIECTBEHHO OrpaHUYe-
HA, U ABLIETCS YHUTAPHBIM H30MOP(PU3MOM TOTAA U TOJIBKO TOCA, KOTIa
|f(A)]| =1 gaa Bcex A € X.

Onpegexenne 10.3. Usmepumoe ruinbepTOBO PACCIOEHUE HA3LIBAETCS
MPUBUAALHBILM, €CJU OHO YHATAPHO U3OMOPQHO IOCTOSHHOMY PACCIOEHUIO
(cM. mpumep 10.2).

B pambuenmenm depes N Mer 6y1eM 0603HAMATDH «PACIIAPEHHOE MHOKE-
cTBO HarypaabHbix duces N U {0} U {oco}.

Teopema 10.1. ITycmy J — usmepumoe 2uab6ePMOB0O PACCAOEHUE HAO
(X, o). daa wancdozo n € N noaoxcum X, = {\ € X: dim H(\) =n}. To-
2da X, € o u oepanuvenue I\ x, mpusuasvrno. Kax caedecmeue, 7 u3zo-
MOPPHO A0KAADHO NOCMOoAnKOMY paccaoenuio (cm. npumep 10.3). B wacm-
HOCTNY, USMEPUMOE 2UALOEPMOBO PACCAOECHUE MOCTNOAHKOU PA3MEPHOCTIU
MPUBUAALHO.
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3ameqanue 10.2 (aa4 mo6uTesei Tomoxormu). C TOUKY 3PEHUA TOIOIO-
ruy, GOPMyIUPOBKA T€OPEMbI BHIIVIALUT HECKOJILKO HEOXKM IAHHOM: BEb HE
BCE K€ JIOKAJIbHO TPUBUAJbHBIE BEKTODHBIE paccaoeHus Tpusuaibabt! Ho
TEOPUs MEpH — HayKa ropasno 0omee «MArKasy, 9eM TONOJOTWS; HAIPU-
Mép, OTPE30K U OKPYKHOCTD, KOHEYIHO, He FOMEOMOP(HEL APYT APYTY KaK
TONOMOrNIECKHE IPOCTPAHCTBA, HO KAK U3MEPUMEIE IPOCTPAHCTBA OHU HU-
4eM Apyr OT gpyra He oraudaiorcsa. [IpuMepHO TO ke caMoe MPOUCXOLUT
U C PACCIOCHUAMHU. ..

Aoxazameavcmeo (nabpocox). Beibepem cuerTHoe CeMEUCTBO U3MEDU-
MBIX CeYeHul {u, }, yaosreTBopsawomee ycaosuio (3) onpexenenms 10.1. Tas
Kaxaoro koHeunoro noamuoXkecTBa I C N u xaxmoro n € N ompeneanm
dyuxmn 6r u A, va X dopmyramu

or(A) = [ det({ui(A), u;(N))ijerl;
Ap(A) =sup{ér(A\): I CN, Card I =n}.

Acno, aro 7, a caegoBareabHo, U A, ABIAITCA & -usMmepuMmbiMu. Ilpu
sroM u3 ycaosus (3) onpenenenus 10.1 crenyer, aro dim H(\) < n B Tog-
Hocru Torga, korga A,(A) =0. Mus xaxgoro n € N muoxecrso Y, =
={Ae X :A,(\) =0} npunagrexur . CregoBaTelbHO, MHOXECTBA

Xn=Y, 1 \Ye, Xo=Y1 u Xoo = X\ | X, Takxe qexar B & .
n=0

ITpu gokazaTerbCTBE TOTO, UTO PACCAOEHNE 7 TPUBMATHLHO HA KaXK IOM
MHOXECTBe X,,, MBI MOXKEM CIUTATh, 9T0 X = X,,.

Jemma 10.1. I[Tycmb 5 — uzmepumoe 2usb0epmoso pPaccA0enue, npu-
wem dim H(A\) =n das ecex A € X (3deco n € N). Tozda cywecmeyem ma-
xoe cemeticmeo uzmepumuir cevewutd {e;}r,, umo {e;(A)}_, — opmonop-
muposannbili 6azuc 6 H(X) das scex A € X.

Yupaxuenue 10.4. [Tokaxure 5Ty JeMMYy.

Yxazanue. [MOKa3aTEIbCTBO HAOMHUHACT MIPOIECC OPTOrOHATU3ALNM
Ipama—IIMuara. A ¥UMeHHO, BO3LMUTE TAKOE CEMEUCTBO {u;}, KaK BHI-
IIe, ¥ MOATPABLTE ;: BHAYAIE N0OABLTE K HEMY CyMMY Buza » . fu; (rae

i>2

fi —nogxopgsue uaMepuMble (DYHKOUKA) TaK, 9TOOBL LOLYICHHOE CEUCHUe
u] HWTOe He O6paIlatoch B HYJIb, & 3aTeM monoxute e; = u) /||uy||. Jaree
3aMeHHUTe Kaxjgoe u; (Ipu 4 > 2) Ha u) = u; — (U, €1)e1; NOTYIeHHEIE Cede-
HuA OyAyT B KaXKJIOU TOYKE OPTONOHAIBHEL €1. OTOPOChTe TOXK IECTBEHHO
HyJIEBLIE CEYEHUA U IIPOJEJAlTe C OCTABIIMMUCA TY K€ IPOLeLypy, ITO
¥ C CEeYEHUAMH 1U;; 3TO AACT €, U T. 1. Ha BLIXOZE MOIYyIUTCA HYKHOE Ce-
MencTBo {e;}.
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[lnsa 3aBeprieHns I0Ka3aTEILCTBA TEOPEMBI OCTACTCA B3ATH THILOEP-
TOBO IpocTpaHcTBo H) ¢ opToHOpMEpOBaHHBIM OasucoM {e}}; u onpe-
IEIUTh YHUTAPHLIA n30MOpduaM 1), U3 MOCTOAHHOIO PACCAOeHuA Ham X,
co cioem H), B J|x, dopmyson T'(N)e; = e;(A). Hakonen, nycts ' —
JIOKATBHO TIOCTOSHHOE DACCIOEHUe, MOCTPOEHHOe o paszbmennio {X,} co
cioem H), na xax oM muOX)ecTse X p,. Torna mopdusm T': # — #, coBna-
nparommui ¢ T), Ha KaXKIOM MHOXKECTBE X, ABIAETCH, KAK JErKO yOeIuThCA
(yGegurecs!), yHUTADHBIM U30MOPQMU3MOM. O

B kadecTBe CI€ICTBUA MBI MOMYYIAEM CJACAYIONIAN PE3YALTAT O €IUH-
CTBEHHOCTHU CEMEUCTBA U3MEPUMBIX CEUCHUHU.

Yupaxuerue 10.5. [Iycte {H()\): A € X} — cemeiicTBO ruan6epTOBBIX
IPOCTPAHCTR, & U %' — CEMEeNCTBA €ro CEUeHNN, VIOBICTROPSIIONINE Y I0-
BuaM (1)—(3) ompenenenus 10.1. Toxaxure, uro F = 7.

Teneps MBI TOTOBBLI BBECTH IIOHATHE IPAMOTO MHTErpafia. llycTs ma-
HBI IPOCTPAHCTBO ¢ Mepou (X, o7, j1), n u3mepuMoe ruaIbGepTOBO PACCIOe-
une 7 Hag (X, o). OGo3HaunM depes .F MPOCTPAHCTBO N3MEPUMEIX Cete-
HUI DTOr0 PACCIOCHUA.

Onpenexenne 10.4. [Toroxxum 10 OpeaegeHAIO
LX, H#) ={uc F: pynxkmua A — |u(\)|* p-uarerpupyema}.

dnementsl MuOKecTBa L2(X, #) 6yaeM HasBIBATL K6AJPAMUUNO UHME-
2PUPYEMBIMY CEYEHUAMY PACCTOCHA F .

Jlerxo Bugets, aT0 £2(X,.#) — BeKTOPHOE TIOAMPOCTPAHCTBO B .Z.
Onpegennm Ha HEM MOJLYTOPAIUHEHHYIO HOPMY

() = [ {u3). o) ). (10.4)
Onpegerenne 10.5. PakTOPIPOCTPAHCTBO
LX, ) [{u: u=0 p-m.B.}

@ .
0603HAMAETCSA CHMBOJIOM /X H(\) dp()\) nin T%(X, ) u nassisaercs npa-

mbim unmezpasom cemenctsa {H(A): A € X} o mepe p.

3ameuamme 10.3. Kak u B caygae o6br4ubx L2-IIPOCTPAHCTB, MBL 9aCTO
OyaeM MOMyCKATh OIPEAEICHHYIO0 BOJLHOCTE B PEUM U OOO3HAYMEHUAX U Ha-
3BIBATh dMeMenTH U3 [2(X, 7) «cedermavmy (XOTA, CTPOTO TOBOPA, Pevhb
OpY 5TOM BCEra OyAeT UATH O KIACCAX DKBUBAJCHTHOCTH).

®Popmyaa (10.4), Kak HETPYIHO BUIETH, 3a43€T CKALAPHOE [IPOU3BELe-
nue Ha [%(X, /) u mpeppammaeT ero B IpeATWILGEPTOBO TPOCTPAHCTBO.
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Ympaxnerue 10.6. Toxaxute, aro I'?(X, #) — ruis6epToBo mpoOCT-
PAHCTEO.

Hpumep 10.5. Hycte X = {1,...,n},raen € N, w nyers p({k}) =1 1
Beex k («camraromasy mepa). Toraa

@& .
/X H(\)du(N) = €D H(k).

1<k<n

Mpumep 10.6. I[Iycts 57 — nocrosuuoe pacciaoenue co cioem C. Torga

D
/X H(N) du() = L2 (X, o).

Mpumep 10.7. [Iycte 5 — nocrosunoe paccaoenue co caoem H. O6o-
auaduM gepes L, (X, 1) MHOKECTBO KJIACCOB SKBUBAJEHTHOCTH /i-A3MepU-
Mbrx yuknmit u: X — H, 111 koTopbix Gyrkmms A — |[u()\)||? naTerpupy-
eMa, U BBEJEM Ha HeM CKajlapHoe npomsseaenue dopmydon (10.4). Torga,
KaK HETPYIHO BUIETH,

D
/X H() dp(\) = I2(X, ).

Ipumep 10.8. Ilycre X npexacrasiaeno B suge X =| | X, rae X, € &7
n

s Beex n, u nycts H(A) = Hy, gua Bcex A € X, u Bcex n € N (cm. npu-
mep 10.3). Torza

o) .
|0 ) = B T, (Ko

neN

Caemyomee npeIIoXeHne 9aCTO NPUHUMAIOT B KAIECTBE 0npedesenis
TIPAMOT'O MHTETPATA.

Teopema 10.2 (koopAMHATHOE OIMCAaHWe MPAMOro MHTerpaia). [lycmob
H — uzmepumoe 2uabbepmoso paccaoenue nwad (X, o, pn). Aas xancdozo
n € N noaoxcun X, = {\ € X: dim H(\) =n}. [Iyecmbv Hy, — beckoneuno-
MePHOE cenapabesbroe 2utbOePMoso NPOCMPAHCTNEO € OPMOHOPMUP OB AH-
notm Oasucom {eg }ren. dan wancdozo n €N nosoncum Hy=span{ey,...,e,}
u Hy={0}. Toeda

®
/ H(\) du()) =
b'e
~{ue Ly _(X,p): u(\) € Hy dan noumu ecex X € X, Vn € N}.
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Loxazameavcmso. Nocrarouno obwveauants Teopemy 10.1 u mpumep
10.8. O

B pampHenmimeMm HaM MOHATOOUTCA CACAYIONIEE BCIIOMOTATEILHOE TIOHSA-
THE.

Onpegerenne 10.6. Mur 6y1em HA3BIBATL M3MEPHMOE ILIEOEPTOBO pPac-
cinoenne S van (X, o, p) npusedennvin, ecmu u({A € X: H(A) =0}) =0.

Kax noe rums6epToBO PACCAOSHNE MOKHO CIEAATH IPUBEICHHBIM, HE M3~
MeHUB ero npamon narerpat. Jux sroro nonoxum X . ={Ae€ X : H(\) £0},
u BBegeM HOByIO Mepy ' ma X mo dopmyne p/' (V) = p(Y N Xy) nas Beex
Yed.

Yupaxuenue 10.7. [lokaxuTe, 4TO paccaoeHue S¢ SBIACTCA PUBEIECH-
ueM Hag (X, o7, 1) u

D 53}
/X HO) dp(\) = /X HO) i/ (V).

Urak, KaXXIOMy M3MEPUMOMY TWILOEPTOBY PACCIOCHUIO TMOCTABICHO
B COOTBETCTBUE MILOEPTOBO TPOCTPAHCTBO — ero mpaMon nuTerpat. Kak
U CIELOBAJIO OKUAATH, DT KOHCTPYKIUA €CTECTBeHHA. TOYHee, CIpaBeIInB
CAEIYIOIIUN PE3YALTAT.

Ipenmoxenwe 10.1. [lycmo T: 5 — ' — cywecmeenno oepanuuen-
wollh MopPuzm usmepumuiy euabbepmosvir paccacenut wad (X, p). To-
2da das moboz2o u € L*(X, ) cevenue Tu aencum ¢ L*(X,#"). Kax
caedemeue, onpedeaen onepamop T: T*(X, ) — T*(X,#"), nepesoda-
wWulh KAGCC IKEUBAACHIMHOCTIU CEUEHUA U 6 KAACC IKBUEAACHIMHOCTIY CEUe-
nua Tu. Onepamop T oepanuuen, u ||T|| < esssup |T(N)].

AeX

Hoxazameavcmso. Honoxum C = esssup || T(A)||. Torza s mroboro
AeX

€
u € L?(X, ) vt umeem | T(N)u(N)]|? < C?|lu(N)]|? a1s moutun Beex A € X,
rax aTo Tu € £?*(X, ). UnTerpupys nociegHee HEPABCHCTBO, MOLy9aeM
| Tu|)* < C?||ul|?, xax u TpeGoaroCh. O

Ynpaxnerwne 10.8. [lokaxuTe, 110 Ha camom aere || T]| = esssup || T'(N)]|-
AEX
Takum 06pasoM, MBI MOAYIaeM (DYHKTOP W3 KATENOPUU HM3MEPUMBIX

IUIBLOEPTOBLIX DPACCAOCHUN ¥ CYIIECTBEHHO OTPAHUYEHHBIX MOPQU3IMOB
B KATErOpUIo TUIHLOEPTOBBIX TPOCTPAHCTB U OIPAHUYEHHBIX OTIEPATOPOR.

Ompegenenne 10.7. Oneparop T, nocrpoensst B npeanoxenun 10.1,
HA3EIBACTCA NPAMBIM unmezpatom cemenctsa oneparopos T'={T(A): Ae X }
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@
1 0603Ha4aeTCA /X T(A) du(A). Oneparoper ua I'(X, ) 8 T'(X, ), ume-
IOIINE YKA3AHHEIA BUT, HA3LIBAIOTCA Padaodcumviny (1o ¢pon Houmanmy).

IIpumep 10.9. B curyanun, onmcansoud B npuMmepe 10.5, MBI mMmeeM

T= @ T(k). Takum 06pa3om, B «(IUCKPETHOM» CIydae, Koraa (X, ) —

1<k<n . . .

ATO CIETHOE WIM KOHEIHOE MHOKECTBO CO «CIUTAIONIEN» MEPOU, IPAMON

UHTErpajy — 3TO TO XKe CaMoe, 4TO MUAbLOepTOBa HpsAMas cyMMa (CM. mpe-
ABLIYIIYIO TJIABY).

Caenyromun mpuMep, Kak MbI BCKOPE YBUAUM, ABIACTCA B OTIPEACTICHHOM
CMBICJTIE «MOIEIBbHBIMY.

Mpumep 10.10. IIycre 5 — uamepumoe ImibOEPTOBO PACCIOCHUE HAI
(X, u). Kax gas cymecrenno orpanuyennas uamepumast pyuxnus f: X —C
33/JaeT OMEpPaTOp

B ®
Df:/x FN) g0 du(A),

o . ®
OEeACTBYIOUU B npocTpancTee H = /X H(X)dp(N). DTor oneparop acco-
LUUPOBAH € fuaroHaIbHbIM Mopduamom Dy (cm. mpumep 10.4). Onepato-
pel B H, mpeacTaBuMBIC B YKA3aHHOM BHUJE, HA3BLIBAIOTCA UG2OHAAUIUDPY-
EMBLMU.

IIpumep 10.11. Eciu B npeabiayuieM npuMepe B3aTh B KadecTse (X, i)
mHOXKeCTBO N co cumratomen mepou u noaoxuts H(n) = C gua Bcex n,
TO HOLYYMTCA HAII CTAPBIA 3HAKOMBIM — JUAIOHAJIBLHBIA oneparop B f2
(cm. mpumep 3.1). Ecau xe (X, p) npousBoubHo, a S — IHOCTOSHHOE Dac-
croenne co croem C, To Dy —>»To onepatop ymuoxenua My: L2 (X, p) —
— L*(X, ) (cm. mpmvep 3.2).

Jlerxo BugeTh, uTO omepaTop D 3aBUCAT TOTBKO OT KJIACCA [1-DKBH-
BaNTeHTHOCTH GYHKIUE f, T.€. OT COOTBETCTBYIOmEro aaemenTa L (X, p).
Kpowme Toro, auaronaiuzupyemMble oIepaTopbl 06/1a1al0T CAeIYIOMUMEY OYe-
BUIHBIMU CBOIU/[CTBaMI/I:

2) l?af+397: ng +6Dg (f7g € LOO(X7M)a Oé,ﬁ S (C)a

3) Dyg=DyD, (f, g€ L>(X,pn));

1) Dy = D; (e I~(X, 1))

WHBIME CTOBAME, CIPABEIINE CACIVIONINN pe3yabTarT.

Ilpeamoxenme 10.2. Omobpaxcenue

e - [ " H) W), Dy, (10.5)
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ABAAECMCA YHUMAALHOIM *-20MOMOpPusmom. Tarxum 06pazom, 2uibbepmoso
®
npocmp(mcmeo/ H(X) du(N) emanosumes aesvim ynumasbubim 2uabbep-

mosvim L (X, 1)-modyasem.

I'mas6epToB MOAYIb, OMUCAHHBIA B MPEABIIYIIEM TPEIJOKCHNN, ARJIA-
eTCA B ONMPEJCTCHHOM CMBICTE «MOJEMBLHBIM MPUMEPOM» THILOEPTOBA MOILY-
as wag aarebpou L®°(X, u). Muer e 6ygem cTporo GopMyIupoBaTh U J10-
Ka3bIBaTh COOTBETCTBYIOLIEE YTBEPXKACHUE, IOCKOIbKY atreGpa L (X, u)
UT'PAET A HAC CKOPEE BCIOMOIATENbHYIO POIb. HamoMHEuM, 9T0 0CHOBHOU
anre6pou, TPeICTABIEHNA KOTOPON ( = MUIBOEPTOBBI MOAYIN HAJ KOTO-
pOM) HAC MHTEPECYIOT, ABigeTcA aarebpa C(X) HENPePHIBHEIX (GYHKIUT HA
kommakTe X (cM. Teopemy 8.4).

Ecin X — xommakTHOE XaycaopdoBO TOMOIOIHIECKOE IIPOCTPAHCTBO,
a ft — peryaApHas MOJOXKUTEabHAas OopeneBckas mepa Ha X, TO aire-
6pa C(X) xamommdecku orobpaxkaerca B L°(X,u), Tak 4TO KaxKIBHIM
ruas6epToB L (X, 14)-MOIYIb MOKET PACCMATPUBATHCA U KAK TUILOGEPTOB
C(X)-vonyab (cM. mpeasiaymyo miasy). [losToMmy m3 npeasoxenns 10.2
BEITEKAET TAKOU PE3yJIbTAT.

Caegersue 10.1. Hycms X — womnaxmuoe zaycdopdoso monosoeuue-
CKOE NPOCMPAHCINGO, [t — PELYAAPHAL NOAOHCUMEALHAA GOPEaeBCrAs MEPa
na X, A =({H(N): A€ X},.F) — usmepumoe 2uabbepmoso paccioenue
nad (X, Bor(X),n). Toeda omobpancenue (10.5) npespawaem 2uavOep-

®
M0B0 NPOCMPANCINGO /X H(A)du(A) 6 aesvrii yrumaavnbiii 2uavbepmos
C(X)-m0dyav.
Yupaxuenne 10.9. [oxaxure, 9T0 ecau paccioerue ¢ NPUBEIEHHOE,

X . . ®
TO [4 ABIAETCS CKATAPHOU CIEKTPAJILHON MEPOH I /X H(X) du(N).

§10.2. Pasuxoxenue ruis6eproa C (X )-mopgyuas
B IPAMOM HMHTeErPa

Hamma caeayromas mneib — mokasaTh, 9TO JHOOOU YHUTATBHBIU Cemapa-
Genpubin runsbeptos C(X)-moxyas umeet sug [ (X, 5) ams HekOTOPOro
u3MepuMoro ruasbeprosa paccaoenus # nag X (cu. cregersue 10.1). 1o
U eCTb Ta CaMas «reOMeTpUYecKas Mogenby runbbeprToBa C(X)-momyis,
0 KOTOPOHN YIIOMAHAJIOCH B HAYAJE [VIABHI.

Teopema 10.3. I[Iycmv X —xomnaxmuoe raycdop@oso monoso2useckoe
npocmpancmeo, H — ynumaavnerii cenapabeapniii euavbepmos C(X)-mo-
dyav, € M(X) — ckanapras cnexkmpasvuas mepa 3mozo modyas. To-
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2da cywecmsyem npueedennoe uzmepumoe 2uabbepmoso paccaoenue S =
={HW\): Ae X}, Z) nad (X, Bor(X), ), das £0mopo2o umeem mecmo
U0MOPpPU3IM

©®
= / HO)du(\) 6 C(X)-Hmod,
X

Ilpexkge veM QOKA3BIBATH TEOPEMY, AOTOBOPUMCA O TEPMUHOIOTWM.
[Iycte 57 — namepuMoe TrIIBGEPTOBO PACCAOCHNE HAJ TIPOM3BOJBLHLIM TTPO-
crparcTBoM ¢ mepout (X, .o/, n), H =T2%(X, ) — ero mpsamoi mHTErpar,
M C £*(X, ) — HeKOTOpPOe MHOKECTBO KBAIPATUIHO UHTErPUPYEMBIX
cevenunt. PaccMoTpuM mmoaMonyan

:{Zai-ui: a; € C(X), u; € M, nGN}CH;

ACHO, 9TO 3TO HAUMEHBIIMN TIOAMOAYIb B H | cofep:Kammy KIacchl SKBUBA-
JEHTHOCTU Beex ceveHun u3 M. Mo OyaeM roBOpUThL, 9TO TOAMOLYTb H jp
noposcden cemerucTBoM cedenur M.

Jlemma 10.2. IIycmy M = {u;: i € I} C L*(X, ) — xoneunoe uau
cuemnoe cemeticmeo cenenuti, Hyy C I2(X, ) — noposcdennvii smum ce-
meticmeom nodmodyas. Ipednoaoxcum, wmo das noumu écex X € X nod-

npocmpancmeo span{u;(A): i € I't naomuno 6 H(N). Tozda nodmodyav Hys
naomen 6 I2(X, ).

Joxazameavcmeo. lycrs v € Hi;. Torga aua mwobbix i € I u f € C(X)
MBI EIMEEM

= (fus,v) / FO) (0, 0(0) (). (10.6)

Onpenennm dyukimio p;: X — C u kOMIIEKCHYIO GOPENeBCKYI Mepy V;
Ha X dopmyaamu p;(A) = (u;(A),v(N)) u v; = p; - p. Hockoabky mepa p
peryJpHa, a Mepa V; aOCOMIOTHO HEIPEPBIBHA OTHOCHTEJIBHO HEe, Me-
pa v; Takxke peryaspHa (cM. Teopemy 9.7 (3)). Ipogomkas memouky pa-
BercTB (10.6), MBI BHAUM, 9TO /X FA) dvi(A) =0 mua mobon GyHKIMK
f € C(X). CrepoBarensuo, v; =0, T.e. p; =0 p-1. B. ITO, B CBOIO OYepenb,
osra4aer, 410 u;(A) L v(A) p-u.B. Iockoasky 310 Tak mus moboro i € I
a muOxkecTBO I He Gosee 4eM CUeTHO, MBI 3akiat0o4daeM, 410 v = () p-o. B.,
T.e. uTo Hi; = 0, Kax u Tpe6oBanoCh. O

Hoxasameabcmeo meopemui. [Ipegcrasum H B Bujje THILO0EPTORBON CyM-
MBI IUKINYECKUX MOgyiaenm: H = @H Iycrs x, € H,, — uukanyeckun

BEKTOD, [n = Ha, —COOTBeTCTBonmaﬂ mepa. Ilockonbky p, < i, cyuie-
CTByeT OOpeneBCcKas p-MHTerpupyeMmas (GyHKUuUs p, > 0, yIOBIeTBOPSIO-



162 10. Teopus xparHOCTH

WA YCAOBUIO [y = py - p. Homoxum X, = {A € X: p,(N) # 0} u BBegem
Pynryuo xpamuocmu m: X — N, momaras m(\) = Card{n € N: A € X/ }.
Haxoner, gns xaxgoro p € N momoxum X, = {A € X: m()\) = p}. Torga,
oueBunno, X = | | X,.
peEN
Yrpaxuenue 10.10. JoxazxknuTe, 1T0 MHOXKeCTBa X, 6OpejeBCKUe.

Teneps mocTpoMM MCKOMOE THIBOEPTOBO PACCIOEHUE. SAPUKCUPYEM
0ECKOHEeYHOMEPHOE cemnapadenbHoe TUILOEPTOBO TPOCTPaHCcTBO Ko C Op-
TOHOPMUPOBAHHBIM 0a3UCOM {€p }nen, A Kaxkgoro n € N monoxum K, =
= span{ey,...,e,}; nycrs takxke Ko =0. Jua kaxzgoro A € X noaoxum
H()) = Ky (x) 1 0603H241M qepe3 # COOTBETCTBYIOIee JTOKATBHO MOCTO-
AHHOE TMILOEPTOBO paccioenne Ha X (cMm. mpumep 10.3); TakuMm oGpaszom,
Ha Kakjgom mHOXKecTBe X, (p € N) paccioenme % MOCTOSHHO M WMeeT
caon K,. Ormernm, 4TO ¢ — NpPUBEJEHHOE DACCIOEHUE; B CAMOM [eIe,
u3 paseHcTBa fi,(Xo) = 0, cupaBemauBoro s Bcex n € N, nerko ciaenyer
(omacHuTe Kak), 9T0 (4(Xo) = 0. PaccmoTpum mpsaMoi mHTErpast

52]
K:/)HMMMM:
X
={ueLk_(X,n): u()) € K, ana nourn Beex A € X, Vp € N}.

(cm. Teopemy 10.2). Hama 3agaua— DOCTPOUTD M30METPUIECKUN U30MOP-
dusm H n K xak C(X)-moxyen.

[Lns Toro uTo6nl onpeaeants Mophusm u3 H B K, gocTaTodno 3a1aTh
€ro Ha KaxJIoM IpAMOM caaraeMoM H,; manee, m3 IUKIMIHOCTH MOMIY-
qen H, cremyer, 9To0 ao60u Mopduam n3 H, 0IHO3HATHO OTPENEICH CBOUM
3HAYEHUEM Ha IIUKJINIECKOM BEKTOPE &p. TakuM o0OpasoM, MJIs KaxKaoro 7
MBI IOJKHBI YKa3aTh HEKUH BEKTODP U, € K, a IOTOM OTOPABUTL B HE-
ro ,. Ilpu >TOM MBI IOMXKHBLL 00ECHEYUTHL IONAPHYIO OPTOrOHAJLHOCTH
BEKTOPOB U,. CIenaTh 5TO MOXKHO CISIYIOMIM 00pa30M.

3apuxcupyem n € N n 1s kaxkgoro A € X, MOM0KAM

qg(n,\) =Card{k e N: k<n, A€ X}
Ouesngro, ¢(n,A) < m(X). Onpegemny ¢yskumio u, € L (X, p) dop-
MYJION
un(\) = Pn(Negm,n)y; A€ X,
" 0, A X).
M3 mepasenctra ¢(n, \) < m(A) = dim H()) ciegyer, 910 uy () € H(N) man

Beex A € X, 1. e. QpyHKUMA U, (TOUHEE, €€ KIACC DKBUBAJCHTHOCTH) IIPUHA I
aexnt K.
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Jlemma 10.3. Jaa xascdozo n € N cywecmsyem eduncmsenmubiti mop-
Pusm euavbepmosuir C(X)-modyaet p,: H, — K, ydosasemsopsowui
ycao8ui0 O(Ty) = Up. IMOM MOPPHUIM UZ0MEMPUYEN.

Hoxasamesvcmeo. EMUHCTBEHHOCT MODOU3MA @, CIEIYET U3 TOrO,
9TO Xy — OUKAUICCKUE BEKTOD. /A MOKa3aTenrnLCcTBa CyMEeCTBOBAHUA 3a-
meruM, 9ro ais Juobon Gyukuuu f € C(X) cupaBeiinBbl paBeHcTBa

Il = /X FOP dpn()) = /X FO) o) du(h) =
- /X FOP a2 da(h) = /X 1 - ) O eyt = 1 - -

Orcioga caegyer, aro orobpaxenue C(X)z, — K, f -z, — f - u,, Kop-
PEKTHO OIpPeseneHo u w30MeTpuaHO. O9eBUAHO, OHO TAKKE ABIAETCA MOP-
dpuzmom C'(X)-moxgyaen. Ilockoapky moanpoctparcTso C(X)z, mWIOTHO
B H,, TOCTPOEHHBIN MOPQU3M OJHOZHATHO MPOJOIKAETCA HA BECH MO-
ayab Hy,. JanbHeninee OYeBHU THO. O

Jlemma 10.4. IIpu i # j svinoanaemes ycaosue Imp; L Im ;.

Hoxazamesvcmao. llyctes nasa onmpenenennoctu ¢ < j. Ham moctaTowno
IoKa3aTh (0ObACHUTE moveMy), 9T0 u;(A) L u;(A) g1t mourn Beex A € X.
Ecmm A € X[ N X}, To w3 ycnosus i < j creayer, 1o (i, A) < q(j, A), =,
srauuT, u;(A) L uj(A). A mqus Bcex ocranbHbIX A MBI uMeeM 1100 u;(A) =0,
60 u;(A) = 0. Tem camMbIM JeMMa JOKA3aHA. O

Jlemma 10.5. ITodmodyas Y Imy; naomen 6 K.
J

Loxazamesbemeo. YKa3aHHLIM TOIMOIYJIb TTOPOXKAEH CEMEUCTBOM Ce-
wennn {u;}. llooromy ¢ yaerom gemmebr 10.2 HaAM JOCTATOYHO MPOBEPUTH,
aTo Aas mroboro A € X mognpoctpancTeo Ky = span{u;(\): ¢ € N} mior-
o B H(A). Bospmem 1O eguucTBenuoe p € N, mma xoroporo A € Xp;
oycTh s onpegenennocty p < oo. Torga cymecTByeT equHCTBEHHBIN Ha-
60p HATYPAIbHBIX dHCEI N < Mg < ... < Ny, VIOBIETBOPAIONIMN YCIOBUAM

! ! !
AEX, N...NX} nA¢ X npuk¢{ni,...,n,}. Us onpenerenns ceve-
HUW U; CIEAYEeT, ITO

Up, (A) = pny (N)er, Uny (A) = pn,(Nea, -y Un, (A) = Pn, (/\)epv

1, KpoMe TOro, pn;(A) #0 mna Beex j = 1,...,p. OTciona cregyer, 4To
e1,...,ep € Ky, r.e. Ky = H(A). Ecan xe p = 00, TO, IpUMeHsa aHAJOIHY-
HBbIE PACCyXAeHus (C TOU JULIb PA3HULEN, 9TO HAGOp Ny < Np < ... Oyger

6ECKOHEUHBIM ), MBL BUAUM, 49TO €, € K nas Bcex n € N, r.e. K, mwiorHo
B H()\). Tem caMbIM JeMMa [OKA3aHA. O
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[lna 3aBepiieHUs TOKA3aTEILCTBA TEOPEMBL OCTAETCI PACCMOTPETH TOT

eguHcTBeHHBI Mopdusm ¢: @ H, — K, y xoroporo ¢|g, = ¢, oai
n
BCex n. V3 Tpex mpegpIyImx JeMM CIEIYeT, ITO MOP(pU3M (0 M3OMETPUICH

I UMeeT IIOTHHH 06pa3. CleoBaTelsHO, OH eMHCTREHHEIM 00pa3oM IPOo-
JIOMKAETCA 10 U30MEeTpUIeckoro usoMmopopusma ¢: @@ H, = H — K. Teo-

pema ITOKa3aHa. n O

B TepMuHax OMepaTOPOB IOKA3AHHAA TEOPEMa TPUOOPETAET TAKOW BU.

Teopema 10.4. IIycmv H — cenapabeavnoe 2uapbepmoso npocmpan-
emeo, T € B(H) — nopmaspnbit, onepamop, [ — €20 CKAAAPHAS CNEK-
mpaavuas mepa. Toeda cywecmseyem marxoe uamMepumoe NPUGEIENHOE 2UAb-
bepmoso paccaoenve ' =({H(\): Aea(T)},.F) nad (o(T), Bor(c(T)), 1),

®
ymo onepamop T yHumMapHo 3K6UBGAECHINEH ONEPATNOPY /X Al (n du(N),

deticmeyrowemy 6 /j H(A) du()).

§10.3. Teopema o kraccudpuKanuu

Kak yxe ynomuHamocs B Hadajie TVIABHI, TEOPUA KPATHOCTH ITO3BOJIAET
[JaTh MMOJHYK KIACCU(UKAINIO HOPMAJIbLHBEIX OIIEPATOPOB B cenapabdenbHBIX
rIIb0EPTOBLIX TPOCTPAHCTBAX C TOYHOCTHIO N0 YHUTAPHON 3KBABAJIEHTHO-
ctu. [lna >Toro HaM TOHAAOOUTCS YTBEpXK IeHNE, oOpaTHoe K JemMe 10.2.

Jemma 10.6. ITycms 7 — uzmepumoe 2uabbepmoso paccaoenue wad
npocmpancmeom ¢ mepoti (X, o, p), H=T2(X, ) — ezo npamoti unme-
epaa, M C L*(X, ) — nexomopoe MHOHCECTNEO KEAOPATNUNHO UNIE2PU-
pyemviz cenenuti, Hyy C H —nodmodyas, noposxcdennoviii muoncecmseom M.
IHpednoaoncum, wmo nodmodyav Hy naomen ¢ H. Toeda nodnpocmpan-
emso span{u(A): u € M} naomuo 6 H(X) das nowmu scex A € X.

Hoxazameavemso. Iyctb {uy tneny C F — CI€THOE CEMENCTBO W3MepH-
MBIX CEYEHUN, yAOBICTBOpsAIee yeaosuwo (3) ompeneaerua 10.1. 3amensan
Opy HEOOXOAMMOCTU KaxkAoe U, Ha U, (A) = un(A)/||un(N)|| (mas Tex A,
rge u,(A) #0), MBI MOXEM CYMTATH, 9TO CEYEHUS U, KBAADATUIHO WUH-
terpupyemsr. s kaxgoro A € X nomoxum Hy; = span{u(A): v € M}
¥ TIPEINONOKIM, UTO 3aKTOYCHNe JeMME HeBepHo, T.e. uto Hiy # H ()
HA MHOXECTBE MOMOKUTENBHOU Mephl. [laa xaxgoro n € N momoxum
Xp={\€X:un(\) ¢ Hy,}. Us cneraHnoro mpeAmnoNoKeHus CIefyeT, ITo
1(Xy) > 0 s HekoToporo n. 3aguUKCUPyeM TAKOE 1L U PACCMOTPUM (QYHK-
o d,,: X — [0,00), dp(N) = p(un(N), Hyy). Mt umeenm d,,(\) > 0 gos aiio-
6oro A € X,,; CIeIOBATEILHO, CYIIECTBYIOT Takoe € > 0 1 TaKoe MHOXKECTBO
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Y c X, aro pu(Y) >0 u d,(N\) > e gasn moboro A € Y. Torga mus a060ro
v € Hyy cripaBeqIuBa OIIEHKA

o= unll = [ 100) =W du3) > [ 20 () > ).

CregoBaTensHo, Uy, ¢ Hpyr, a 970 npoTuBopednT ycaosuio. Tem caMbIM JieM-
Ma TOKa3aHa. O

Teopema 10.5. I[Iycmv X —xomnaxmmuoe taycdop@oso monoso2useckoe
npocmpancmeo, p, i € M(X) — neompuyameapnvie mepwvr, 4 uw JH' —
npusedennbie uamepumble 2uabbepmosst paccaoenus nad (X, Bor(X), 1)
u (X, PBor(X),u') coomeememeenno, H=T(X,#) uw H =T(X,#") —
ux npamvie urnmezpaavl. Toeda caedywwue ymeeprcdenis dK6U6alLeHINHbE

(1) H= H' ¢ C(X)-Hmody;

(2) p~p', vdim H(A) =dim H'(\) p-n. s.

Hoxazameavcmso. (2) = (1). Ilpexcrapum H u H' Tak, xak 5170 yka-
du ,_dy
a P
ca (ybegurecn), ato pp’ = 1 mourm Beiogy. llanee, Kak U B TOKA3ATEMb-
cTee qemMer 10.3, mposepsaeTcs, ato onepaTtop T: H — H', nencreyrommn
no dopmyae (Tu)(A) = /p(A)u()), KOPPEKTHO OmpemeNeH, U30METPUICH
u asiaserca Mopusmom ruasbepTosex C (X )-monynen. C Apyrou CTOPOHBIL,
oneparop S: H' — H, meuctyromui 1o gopmyte (Su)(A) = +/p (ANu(A),
aBasieTcs, ogeBuaHo, obparubiM k 1. Cregosarensno, T — uzomopdusm
B C'(X)-Hmod;.

(1) = (2). OxBUBATEHTHOCTE Mep 4 U [/ creayeT m3 ynpaxkuenns 10.9.

IMonoxum

mA)=dimH(A), m'(A\)=dimH'(\) n Z={ e X:m(\) #m'(\)}.

3aH0 B TeopeMme 10.2, m mojoxmMm p = Jlerko y6Gezurs-

Homycrum, aro pu(Z) > 0. Torga cymecTByeT 60peNeBCKOE MOIMHOKECTBO
Y C Z, nna xoroporo pu(Y) > 0 u Ha K0TOpOM QYHKIMEA M U 1’ TOCTOAH-
uel. U3 Toro, uro H u H' wsomopduer 8 C(X)-Hmod;, oueBnganiv o6pa-
30M CJEAyeT, 9TO UX 3aMKHyThe moamoaymu Xy H u xy H' usomopdubr
B C(X)-Hmod,, wmu, uro sxeuBanenTro, B C(Y)-Hmod;. IlosTomy B gans-
HEHIIeM MEI, He OrPAHNYIMBAA OOMIHOCTH, MOXKEM CIATATh, 9T0 Y = X.
Oycte gaa onpegererHocTH M(A) = p < ¢ =m/(A\) g aodoro A € X,
u nycte @: H — H' — mzomopdusm B C(X)-Hmod;. C yuerom Teope-
MBIl 10.2 MBI MOXEM CUMTATh, 970 H = qup (X,p) mu H = L%Iq (X, '), roe
H, u H;— ruib0epToBbI IPOCTPAHCTBA PA3MEPHOCTEN P U § COOTBETCTBEH-
HO. Bosbmem opTOHOpPMupOBaHHEBIN 6a3uc e1,...,e, B Hp n mia xaxnoro
k=1,...,p paccMOTpuM NOCTOAHHYIO (yHKIMIO €): X — H)p, €x(N\) = eg.
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W3 gemmer 10.2 crepyer, 4T0 OAMOAYIb B H | IOPOXK AEHHBIN €1, . . . , €p, ILIO-
Tern B H. [lna kaxgoro k=1, ..., p serbepem dpyrxmmo vy : X — H,, xracce
SKBUBANEHTHOCTH KOTODPOU eCTh (& ). U3 Toro, 9ro ¢ — maomophusm,
JErKO CIEAYeT, UTO Vg,. .., 7V, HOPOXAAIOT INIOTHLM noaMonyias B H'. Ho
Torga u3 aemmsl 10.6 caenyer, aro span{vi (A), ..., v,(A)} = H, aua nourn
Bcex A € X, a 3TO HEBO3MOXKHO BBUIY yCiaoBusa p < ¢. Tem caMbiM TeopeMma,
JOKAa3aHa. O

O6beaunsas TeopeMbl 10.3 u 10.5, MBI mOJSy4IaeM CASAYIOMIUNA Pe3yIbTAT,
KOTOPHIN, TIO-BUAUMOMY, MPEACTABIAET cOO0N Hauboee TOMHY0 (IO CpaB-
HEHUIO C PaHee 06CY K IaBIIMMUCA) POPMYJIUPOBKY CIIEKTPATBEHON T€OPEMEL.

Teopema 10.6 (cmexTpansHas Teopema). [Tycmy X — xomnaxmnoe zayc-
dopgoso monoaoeuueckoe npocmpancmeo. Tozda cnpasedausvl caedyio-
WUE YMBEPHCICHUSA.

I. dasn 06020 yrumaavnozo cenapabeavrozo 2uabbepmosa C(X)-mo-
dyas H cywecmsyiom maxas neompuyamenvnas mepa b € M(X) u maxoe
npusedennoe uzmepumoe 2uabbepmoso paccaoenue I nwad (X, Bor(X), u),
wmo H 2 T?(X, ) 6 C(X)-Hmod;. IIpu smom p ssasemcs cransapnot
cnexmpaabrot mepot das H.

I1. Ilycmoe H v H' — ynumaavuvle cenapabesbrble 2uabbepmoabt Mo0yau
nad C(X), vy’ — coomeememeyowue mepor, 7 u ' — coomseememey-
0ULE NPUBEIENHBIE UBMEPUMbIE 2UAbOEPMOSLL Paccaoenus. Toeda caedyro-
WUE YMEEPHCIEHUA IKEUB AAEHTMHDL:

(1) H¥ H' ¢ C(X)-Hmody;

(2) p~p' uwdim HA) =dim H'(\) p-n. e.

Teopema 10.6 mo3BOISIET AATH CIAEAVIOUIEE OIPE/ICICHUE.

Onpegenenne 10.8. IIycre H — cenapabeibHbll YHUTAALHBIN FHALOEP-
ToB C(X)-MOAyIb, (t — €ro CKaIApHAs CIEKTPATLHAL Mepa, U MyCcTh S =
=({H(\): A € X}, #) — npuseneHnoe M3MepuMoe IIILGEPTOBO PACCIOE-
Hue, yaosieTopsiomee yeaosmio H = T2(X, ) (cm. m. 1 Teopemsr 10.6).
Bopenerckaa dyuknusa myg: X — N HaseBaerca @ynkyued xpamuocmu
mogyas H, eciu mpy(A) = dim H(A) p-n.s. Pyakumen kparHocTH My
HOpMAaIBHOrO oneparopa T € ZB(H) B cenapabeabHOM ruabGepTOBOM MPO-
cTparcTBe H HazoBeM (YHKINIO KPATHOCTH TPOCTPaHCTBA H Kak Twib-
6eprosa C(c(T))-Mmoayas.

U3 teopemer 10.6 cregyer, 9T0 GyHKIUSA KPATHOCTH KOPPEKTHO OIPe1e-
JIEHA U €€ KJIACC [-3KBUBAJIEHTHOCTYU OJHO3HAYHO ONPEReIeH KJIACCOM H30-
Mopduama Moayas H.
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Taxum o6paszom, Teopema 10.6 gaeT mOJHYIO KIACCU(PUKALUIO Cermapa-
GeJIbHBIX YHUTAIBHBIX ruib0epToBbix C'( X )-MOAyIel ¢ TOYHOCTBIO 4O U30-
METPUIECKOr0 n30MoppuaMa. [Ipu 5ToM pakTuIecKn MOXKHO 0GOUTHCH 6e3
UCTIONB30BAHUA U3MEPUMBIX PACCIOeHWH. UTOGH yBUAETHL DTO Gonee OT-
YeTINBO, BBEAEM HEKOTOPHIE 0003HaveHus. Kcaum H — ruisbepToBO mpo-
crpancTBo, T € (H) — OrpaHWYeHHEIR ONepaTop, TO AIA Kakaoro p € N
gepes pH (coorsercreenuo pl') 6yaer 0603HAMATHCA PHIALOEPTOBA [IPAMAsL
CyMMa, P 3K3eMILIPOB npocrpancrsa H (coorsercrsenno oneparopa T').

Yupaxuerme 10.11. [Iycts p € N, H,, — cenapabenbHOe IIILOEPTOBO
OPOCTPAHCTBO pasMmepHocTH p, 4 € M(X) — meorpunarenbuas mepa. Ilo-
xaxure, 1o ruasdeprossr C(X)-vogym L3 (X, p) u pL?(X, p) usome-
TPUICCKHU U30OMOP(HEL.

Teneps paccMOTPHM MHOXKECTBO Beex map (i, m), vae p € M(X)—mneo-
TpunaTersHag mMepa u m: X — N — 6openenckas dyrkmma. apy (i, m)
OyneM HaspBaTh npusedennoti, ecau m(A) > 0 p-u.B. [Be npusesenusie
napet (u,m) m (',m’) Gygem HA3LIBATE 9K6USAAECHMHBIMY, ECTA [1 ~ [t
u m(\) =m/(\) p-ms. [l1a 3ananmoir 6openesckon gpyukmum m: X — N
n kaxoro p € N momoxmv X™ = {\ € X: m(\) = p}. Haxonen, ompene-

P
amM Mepy fy € M(X) dopmynon u,(B) = (BN X,).

Teopema 10.7 (o knaccmbukanun). Cywecmsyiom OUEKYUL MHOHCECTS

—

cenapatfe/zbnbw YHUMAADHBIT —

KAGCCHL UBOMEMPUNECKO20 UB0MOPHUIMG
euavbepmosuir C (X )-modyaet

= u € M(X) — neompuyamesvras mepa,

{ KAGCCHL IK6UBAACHMNOCTIU Npusedenubiz nap (u, m), ede
m: X — N —bopeacsckas Pynryus

Omobpascenue, delicmeyowee cie6a HaANPa8o, CONOCMABALCM KAAHCIOMY
MOJYAI0 €20 CKAAAPHYIO CNEKMPAIbHYIO MePY U PYHKYUIO KPAMHOCTU.

Omobpascenue, delicmsyrouee cnpasa nateso, conocmasasem nape (fw, m)
2uavoepmos C(X)-modyan

P rL* (X, ) = P pL* (X", ).
peN peEN
Hoxazameavcmso. JoctaTtouno oObenquuuTh Teopemy 10.6, Teopemy
10.2 (cM. Taxxe mpumep 10.8) u ynpaxuenue 10.11. O

[Mns momuoTH KapTuHBL copmyaupyem anazoru teopem 10.6 u 10.7
B TEPMUHAX OIIEPATOPOB. B masbHenmmeM CuMBOJI = B IPUMEHEHUU K OIe-
paTopaMm 6yaeT 0O603HAYATEH YHUTAPHYIO SKBUBAJIEHTHOCTD.
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Teopema 10.8 (cumekrpansHas Teopema). [Iyemv H — cenapabeavnoe
2uavbepmoso npocmpancmeo. Toeda cnpasedausol caedyruue ymeepicde-
HUA.

L. Zas arwb020 nopmasvrozo onepamopa T € B(H) cywecmeytom ma-
xaa weompuyamesvras mepa s € M(a(T)) v maxoe npusedennoe usme-
pumoe 2uavbepmoso paccaoenue H = {H(N): A € o(T)} nad npocmpan-
emsom ¢ mepot (o(T), Bor(a(T)),p), wmo

2]
o(T)

IIpu amom p asasemcs ckaaaproti cnexmpaabroti mepoti das 1.

IL Iycme T € B(H) uT' € B(H') — nopmasvrbie onepamoput 6 cena-
pabeavnbir 2uabbepmosuir npocmpancmear H v H' coomeememeenno, u
u i — Uz crasapuble cnexmpaavnvie mepvl, H u ' — coomeememeyio-
wue npusedennbie usmepumbie 2usblepmosvt paccaoenus. Tozda caedyio-
WUE YMEEPHCOEHUA IKBUBAACHITIHDL:

()T uT' ywumapno 3K6uBGAEHMMHBY;

(2) o(T)=0(T"), p~p wdim HA) =dim H'(\) p-n. 6.

Taxum 06pasoM, ecay pp — CKAIIpHAA CHeKTpaTbHAA Mepa OmepaTo-
pa T, amrp—ero GyHKIUA KPATHOCTH, TO Tpouka (o (T), ur, mr) aBraerca
NOJTHBIM HAOOPOM YHUTAPHBIX MHBAPUAHTOB oneparopa 1. ITo n ecTb 00e-
manHoe 0600UIeHNEe KIACCUIeCKO TeopeMbl u3 aunennou aare6per (10.3) na
6eckonevHOMEpHBIN ciaydan. COOTBETCTBYIOMAA KIACCUPUKAIIUOHHAS TEO-
peMa, A1 OMEPATOPOB BHITVIAIAT CACIYIOIIAM OOPa3OM.

Teopema 10.9 (o k1accubukauun). Cywecmsyrom GUEKyUY MHOHCECTNE

KAQACCHL YHUMAPHOT, IKE6UBAAEHMHOCTU
HOPMOADHLIT ONEPAMOPOE =
8 CeNapabeasbHbly 2uabOePMOsHIT NPOCPAHCNEAT

mpotixu euda (K, p,m):
K Cc C—xomnaxm,
(1, M) — KAGCC IKBUBAAELHMHOCTIUY
npugedennot napwvi (f,m), 2de
1€ M(K) — maxas neompuyameibnas
Mepa, wmo supp u =K,
m: K — N — Gopeaescras Pynrxyus

1!

Omobpaxcenue, deticmeyouwee CAe6a HANPAGO, COMOCINABALEM KAHCJO-

MY ONEPAMOPY €20 CNEKMP, CKAAAPHYIO CHEKMPAALHYIO MEPY U GYHKUUIO

kpamunocmu. Omobpadcenue, delicmsylouee cnpasa Ha1e60, CONOCMABAA-

em mpotive (K, u,m) onepamop @ pM}”. 3deco uepez M}'® o6o3nauen
peEN
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onepamop 6 2uavbepmosom npocmpancmee L (K, p1,) = LQ(KI’)”,N), deti-
emsyowut no gopmyae f— (z+— zf(z)).

Hoxazameavcmso. Yreepxaenue cregyer u3 teopem 10.7 m 10.8 u yu-
paxuenus 9.24. O

3ameuanue 10.4. [Ipencrasrenue onepatopa T B Buge € pM}”, yxa-
. peN
3aHHOE B IIOCJELHEN TEOPEeMEe, — 3TO U €CThb TO (YIOPSLOYEHHOE DPABIONKE-
HFEe» OIEPATOPA B CYMMY OIEPATOPOB YMHOXKEHUA, KOTOPOE YIOMUHAJIOCH
B 3aMevanun 9.6.

Y100k aydllle TOHATE, KaK «pad0oTaeTy TeopeMa O KJIACCUDUKAIINY U Ka-
Kas OT Hee IOJIb3a, CACJAUTE CJACIYIOINE YIPAKHEHIL.

Yopaxuenue 10.12. Jus caegyromux oneparopos S € B(H)uT € B(K)
BBLACHUTE, SABAAOTCA U OHH YHUTAPHO SKBUBAJEHTHBIME. B Tex caywasx,
KOT[Ia TO TaK, MOCTPONTE YHUTAPHYIO SKBUBATEHTHOCTD B ABHOM BUE.

1) H=K = L[0,1], (S)(t) =tf (), (Tf)(#) =t*F(1);

2) H= LZ[O’ 1], K = LQ[_L 1, (SHE) =tf (), (TH@) = tzf(t)§

8) H =~ 3, 5|, K = L*(R), (SA)(t) = t1(1), (TN)(1) = awctgt - (1),

Yupaxuenue 10.13. Hanaure cKaaApHyIO CIEKTPAIbLHYIO MEPy U QyHK-
M0 KPATHOCTY AMATOHATBHOTO OTlepaTopa B £2.

Yupaxuenue 10.14. Hangure cKagApHYIO CTIEKTPATBLHYIO MepPy 1 QYHK-
umio kpaTHocTH onepatopos casura B L2(T) u L*(R).

Yopaxuenue 10.15. Ilycre T € B(H) — HOpMaILHBIU OLEPATOD B CEIa-
pabenbHOM ImILGEPTOBOM NPOCTPAHCTBE H | f1— ero ckanapHas CnekTpaib-
Hasa Mepa, m — QYHKIUA KpaTHocTH. [lokaxuTe, uTo onepatop I’ ABIseTCa
*-IIMKJIMIECKAM TOTAA W TOJBKO TODAA, KOTAa m = 1 u-m. B.

Kcraru, mosesHo comocTaBuUTh PE3YIBTAT NMPEABIAVIINX TPEX YIIPaKHe-
uun ¢ ynpaxksenusyu 9.6 u 9.7; cm. Takxke 3ameuanue 9.3.

Yopaxuenue 10.16. Ilycre T € B(H) — HOpMaIbHBIU OLEPATOD B Cela-
pabenbHOM IIIbOEPTOBOM NPOCTPAHCTBE H | f1— ero CKanapHas CeKTpaib-
Hag Mepa, M — QYHKIUA KPATHOCTHU. [[OKaXuTe, 9TO CACAYIONME YTBED-
K ICHUS DKBUBAJCHTHEL

1) m=o0 p-n.B,;

NT=TeT;

) TESESD®S @ ... oaa HEKOTOPOI'O *-LUKIUIECKOI'O OLepaTopa
SeBH.
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Yupaxuenue 10.17. IIycte X — xommakTHOE XayCcHopdhOBO TOIMIOJOIU-
YecKoe IPOCTPAHCTBO, 1, o € M (X ) —mHeoTpruuarenbHble Mephl, KOTOPLIE
83AUMHO CUHYAAPHDL, T. €. cylecTByeT Takoe pa3buernne X = X; LI X5 mpo-
cTpaacTBa X HA B3 GOPEIEBCKUX MOIMHOXKECTBA TaKOe, 9TO fi1(Xz) =0
n p2(X1) = 0. Pacemorpum rumsoepTorsr C(X)-moaymn H; = L2(X, ;)
(1 =1,2). Onummre Bce MopduamMbl u3 Hy B Hs.

WNnorga yHWTAPHO 3KBUBAJICHTHEIE ONEPATOPHI BBHIMVIALAT Ha IEPBBIN
B3TVIAM COBCEM HEMOXOXUMU APYT HA APYyTra. UToOBI B >TOM yOEAUTHCA,
cHemanTe CIeAyIoIee yIpakHeHne.

Yopaxuenue 10.18*. Ilycts I = [0,1] x [0,1] —ksaagpar ¢ mepon Jle-
6era, H = L*(I), K = L?(R). Paccmorpum oneparoper S € B(H) u T €
€ B(K), pencrayonme 1o Gopmynam (Sf)(z,y) =zy f(z,y) n (Tf)(z) =

1, .
= §(sm:1: + 1) f(z). Hoxaxure, uro S u T YHUTAPHO SKBUBAJCHTHEL

3ameuanue 10.5. V3 npenbinymmx ynpakHEHNH HAIPALIMBACTCA TAKOU
BHIBOJ: (pyHKIMA KPATHOCTHU omepaTopa ymHOox)enus My € B(L*(X, p)) Ha
CYMIECTBEHHO OTPAHMICHHYIO maMepuMyto pyrakmmmo f: X — C conocranis-
er kax oMy A € 0(M;) umcao Togex B npoobpaze f~(A). Ctporo roesops,
5TO HE COBCEM TaK: HyxXKHO Oparhb He mpoobpas, a TaK HA3LIBAEMLIN CY-
wecmeenuviil npoodpas. O TOM, 9TO HTO TAKOE, MOKHO MPOIATATL B CTa-
The [33].

JIurepaTypHBIe yKa3aHUS

Teomerpuieckas Momens rumbbepTosa C(X)-MOymsa, 06Cy XK TaBIIAACS
B DTOH IJIABE, OMUCAHA B PAIE KHUT TI0 OMIEPATOPHBIM antrebpaM (Ha pyCCKOM
A3BIKE CM. [2]), OHAKO M3I0KEHNe OOBIYHO BEAETCSA B TEPMUHAX anreOp GoH
Hoitmanna. g ciydas 0JHOTO CaMOCOIPAXKEHHOT'O OIepaTopa CM. TaKxKe
kaaccudeckyto Monorpaduio U. M. leandanga u H. . Bunenkuna [0]. ox-
XO[, HIPUHATHIA B JAHHBLIX JCKIUAX, HAUOO0JCE GIU3KO COOTBETCTBYET KHU-
re [39]. Hcnonpsyemas HAMM TEPMUHOJOTHUS 3AMMCTBOBAHA M3 HECKOIBLKUX
HENABHUX CTaTed (MO-BUAUMOMY, TEPMUH (M3MEPUMOE THILOEPTOBO PaC-
CIOEHWE» MOCTEIEHHO BLITECHAET COOOU TEPMUH (A3MEPUMOE ITOJE THIb-
6EPTOBLIX TPOCTPAHCTBY). TeopeMa 0 KIACCHPUKAIIA CAMOCOTPAKEHHEIX

OLIepaTOpOB A0Ka3aHa B yueOuukax [30, 35] 6e3 uCHOAB30BAHMA S3BIKA [UIb-
6epToBbix paccroeHun (cum. Teopemy 10.9). ITo moBOAY HECKOIBKO WHOTO
noaxona (B ayxe Teopmu Mephl) cM. [33]. TIpuBeeHHOE HAMM JOKa3ATEb-

CTBO T€OPEMEI O KﬂaCCHq)HKaHHH HECKOJJIBKO OTINYIaeTCA OT TPAJUIINOHHBIX
U IPEeICTABAACT COOOU IONBITKY UX (CeOMETPU3ALINIY.

B mecemapabenbHOoM ciaytdae TeOpUsS KPATHOCTH BHIDVIAIUT 3aMETHO
caoxuee u onucana B kuure I1. Xamvorma [10].
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